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Multifacility Minimax Location Problems via Multi-Composed
Optimization*

Gert Wanka! Oleg Wilfer?

Abstract: We present a conjugate duality approach for multifacility minimax location
problems with geometric constraints, where the underlying space is Fréchet and the dis-
tances are measured by gauges of closed convex sets. Besides assigning corresponding
conjugate dual problems, we derive necessary and sufficient optimality conditions. More-
over, we introduce a further dual problem with less dual variables than the first formulated
dual and deliver corresponding statements of strong duality and optimality conditions. To
illustrate the results of the latter duality approach and to give a more detailed characteri-
zation of the relation between the location problem and its dual, we consider the situation
in the Euclidean space.

Key words: Conjugate Duality, Composed Functions, Minimax Location Problems,
Gauges, Optimality Conditions.

1 Introduction

Facility location problems are known for their numerous applications in areas like computer sci-
ence, telecommunication, transportation and emergency facilities programming. In the frame-
work of continuous optimization where the distances are measured by gauges, two kinds of
location problems are particularly significant. The first one consists of the so-called minisum
location problems and has the objective to determine a new point such that the sum of distances
between the new and given points is minimal (see [2, 3], [4] [10, 14}, [I7]). The second class contains
the so-called minimax location problems, where a new point is sought such that the maximum
of distances between the new and given points will be minimized (see [5} 6], 9, 12} [13], [16), 18] 20]).
The latter type of location problems was extensively studied in [23] in the context of conjugate
duality.

The central concern of this article is the consideration of a more general and complex problem,
namely the so-called multifacility minimax location problem (see [7, [19]), which has attracted
less attention in the literature compared to the multifacility minisum location problems (see
[8, 1T} 15, 21]). The objective of the multifacility minimax location problems is to determine
several new points such that either the maximum of distances between pairs of new points or
the maximum of distances between new and existing points is minimal. In our analysis we will

*This work was supported by the DFG (the German Research Foundation) under ProjectWA922/8-1.
fFaculty of Mathematics, Chemnitz University of Technology, D-09107 Chemnitz, Germany,

email: gert.wanka@mathematik.tu-chemnitz.de
Faculty of Mathematics, Chemnitz University of Technology, D-09107 Chemnitz, Germany,

email: oleg.wilfer@mathematik.tu-chemnitz.de



use the results recently presented in [22] for multi-composed optimization problems to deliver a
detailed duality approach to this type of location problems. In concrete terms, this means that
we formulate an associated conjugate dual problem as well as derive necessary and sufficient
optimality conditions. Especially, we show that in the settings where the underlying space is
Fréchet and the distances are measured by gauges of closed convex sets strong duality can always
be guaranteed.

Further, we introduce another dual problem reducing the number of dual variables compared
to the first formulated dual problem. Continuing in this vein, we will also employ a duality
approach including statements of strong duality and optimality conditions.

As the most location problems are considered in Euclidean spaces, we particularize the latter
case in this context and show that we have a full symmetry between the location problem, its
dual problem and the Lagrange dual problem of the dual problem, which means that the La-
grange dual is identical to the location problem. Finally, we close this paper with an example
showing on the one hand how an optimal solution of the location problem can be recovered from
an optimal solution of the associated conjugate dual problem and on the other hand how we can
geometrically interpret an optimal dual solution.

To this end, we start with recalling some preliminary notions and results from the convex analysis
needed for our approach.

2 Preliminaries

2.1 Elements of convex analysis

Let X be a Fréchet space and X* its topological dual space endowed with the weak* topology
w(X*, X). For z € X and 2" € X*, let (2", x) := 2*(x) be the value of the linear continuous
functional z* at x. For a subset A C X, its indicator function d4 : X - R =R U {£o0} is

0, if x € A,
400, otherwise.

da(x) == {

For a given function f : X — R we consider its effective domain
domf:={xeX: f(zx)<-+oo}

and call f: X — R proper if dom f # () and f(x) > —oc for all z € X. The conjugate function
of f with respect to the non-empty subset S C X is defined by

fs: X" =R, f5(x%) = (f +05)"(z%) = Slelg{@*,l‘) — f(x)}
x
In the case S = X, it is clear that fg turns into the classical Fenchel-Moreau conjugate function
of f denoted by f*. Let us mention that it holds f*(z*) = supedom f1(7", ) — f(x)} as well as
flz)+ f(z*) > (z*,x) for all z € X, x* € X*, which is the so-called Young-Fenchel inequality.
Additionally, we consider a non-empty convex cone K C X, which induces on X a partial
ordering relation “<g”, defined by

Sk={(r,y) e X xX:y—z e K},

i.e. for x,y € X it holds x S y < y — x € K. Note that we assume that all cones we consider
contain the origin. Further, we attach to X a greatest element with respect to “<g”, denoted



by +o00k, which does not belong to X and denote X = X U{+ook}. Then it holds x <y +oog
for all x € X. We also define z <j y if and only if 2 <y y and = # y. Further, we define
Sp,=:< and <p, =:<.

On X we consider the following operations and conventions: z + (+oog) = (+oog) + & =
+oog Vo € X U{+ook} and A - (+ook) := +oog VA € [0,400]. Further, if K* := {z* €
X*: (2*,2) > 0, Vz € K} is the dual cone of K, then we define (z*,4+o00g) := 400 for
all z* € K*. On the extended real space R we add the following operations and conventions:

A+ (+00) = (+00) + A 1= 400 VA € (—00,+00], A + (—00) = (—00) + A := —o0 VA €
[—00,+00), A- (+00) 1= +00 VA € [0,400], A (400) := —00 VA € [-00,0), A (—00) :=
—00 VA € (0,4+00], A+ (—00) := +00 VA € [—00,0), (+00) + (—0) = (—0) + (+00) := 400 and

0(—o00) :=0.

Let Z be another Fréchet space ordered by the convex cone Q C Z, then for a vector function
F:X — Z = ZU{+00g} the domain is the set dom F := {z € X : F(z) # +o0og}. When
F(Az+ (1 - Ny) Sg AF(x) + (1 — A\)F(y) holds for all z,y € X and all A € [0,1] the function
F is said to be Q-convex. A function f : X — R is called convex if f(Az + (1 — A)y) <
AM(x)+ (1= X)f(y) for all z,y € X and all X € [0, 1].

Further, we consider the epigraph of a function f defined by epi f := {(z,7) € X xR : f(x) <r}.
The Q-epigraph of a vector function F' is epip ' = {(z,2) € X x Z : F(z) ¢ 2z} and we say
that F'is Q-epi closed if epig F' is a closed set.

If Q" :={a* € X*: (z*,2) >0, Vo € Q} is the dual cone of @, then we define for z* € Q*
the function (2*F) : X — R by (2*F)(x) := (z*, F(x)), where it is not hard to see that
dom(z*F) = dom F'. Moreover, it is easy to see that if F' is Q-convex, then (2*F') is convex for
all z* € Q*.

A function f : X — R is called lower semicontinuous at € X if liminf, ,z f(z) > f(Z) and
when this function is lower semicontinuous at all z € X, then we call it lower semicontinuous
(Ls.c. for short). The vector function F' is called star Q-lower semicontinuous at x € X if
(z*F) is lower semicontinuous at x for all z* € @Q*. The function F is called star @Q-lower
semicontinuous if it is star @-lower semicontinuous at every z € X. Note that if F' is star
Q-lower semicontinuous, then it is also QQ-epi closed, while the inverse statement is not true in
general (see: Proposition 2.2.19 in [I]). Let us mention that in the case Z = R and Q = Ry,
the notion of @)-epi closedness falls into the classical notion of lower semicontinuity.

A function f : X — R is called K-increasing, if from x <y y follows f(z) < f(y) forallz,y € X.

Definition 2.1. The vector function F : X — Z is called K-Q-increasing, if from x < y
follows F(x) <q F(y) for all z,y € X.

For a set S C X the conic hull is defined by cone(S) := {Az : x € S, A > 0} and sqri is used
to denote the strong quasi relative interior, where in the case of having a convex set S C X it
holds

sqri(S) = {x € S:cone(S — z) is a closed linear subspace}.

In this paper we do not use the classical differentiability, but we use the notion of subdifferen-
tiability to formulate optimality conditions. If we take an arbitrary = € X such that f(x) € R,
then we call the set

of (x) :={a" € X" : f(y) — f(x) > (z",y —2) Vy € X}

the (convex) subdifferential of f at z, where the elements are called the subgradients of f at x.
Moreover, if 0f(xz) # ), then we say that f is subdifferentiable at x and if f(z) ¢ R, then we



make the convention that df(x) := (). Note, that the subgradients can be characterized by the
conjugate function, especially this means

¥ € df(x) < f(x)+ ff(z*) = (z,x), Ve € X, ¥ € X7, (1)

i.e. the Young-Fenchel inequality is fulfilled with equality.
Let C' C X. In conclusion of this section we collect some properties of the gauge function of the
subset C, 7o : X — R defined by

o [ if {A>0:2eXC) =0,
Tet) = inf{\ > 0:2 € \C}, otherwise.

The following statements were proved in [23].

Theorem 2.1. Let C' C X be a convex and closed set with 0x € C, then the gauge function ¢
s proper, convexr and lower semicontinuous.

Lemma 2.1. Let C C X be a conver and closed set with Ox € C, then the conjugate of the
gauge function v is given by

* (.’L‘*) — {07 ifO-C(x*) < 17

400, otherwise,

where oc is the support function of the set C, i.e. oc(z*) = sup,cc(z*, ).

Remark 2.1. Note that the gauge function vo is not only convex but also sublinear. Moreover,
if 0x € int C, then ¢ is well-defined, which means that dom~yo = X.

Definition 2.2. Let C C X. The polar set of C is defined by

o0 .= {m* € X* :sup(a*,x) < 1} ={2z" € X" :0¢c(2") <1}
zeC

and by means of the polar set the dual gauge is defined by

Yeo(2") == sup(z®, z) = oc(z”).
zeC

Remark 2.2. Note that C° is a conver and closed set containing the origin and by the definition
of the dual gauge follows that the conjugate function of yo can equivalently be expressed by

e 400, otherwise.

* (.’L'*) — {07 ZfVCO(x*) < 17

Furthermore, it holds the generalized Cauchy-Schwarz inequality

(x*, 2y < vyoo(z")vo(z) Va* € X*, z € X. (2)



2.2 Lagrange duality approach for multi-composed optimization problems

The purpose of this section is to recall some important results from [22] by studying multi-
composed optimization problems. Let us consider an optimization problem with geometric and
cone constraints having as objective function the composition of n + 1 functions:

(PY)  inf(foF'o..oF™)(z),

zeA

A={zeS:g(x)e-Q},

where X; is a Fréchet space partially ordered by the non-empty convex cone K; C X; for
i =0,...,n — 1. Moreover,

e 5 C X, is a non-empty convex set,
e f: X — Ris proper, convex and Ky-increasing on F''(dom F') + Ko C dom f,

e F': X;, > X, 1 =X, U {+o0K,_,} is proper, K;_j-convex and K;-K;_j-increasing on
Fl(dom F') + K; C dom F* for i = 1,...,n — 2,

e F" 1 X, 1 = X, 90 = X, 1 U{+oog,_,} is proper and K, 1-K, o-increasing on
F'(dom F" N A) + K1 C dom F" 1,

e F": X, — X, 1= X,_1U{+o00k,_,} is a proper and K,,_1-convex function and
e g: X, — Zis a proper function fulfilling SNg='(—Q)N((F")"to...o(F})~1)(dom f) # 0.

Additionally, we make the convention that f(+oog,) = +oo and Fi(4+o0g,) = +oog, ,, ie.
f:XO%Rand Fi:Xi—>Xi_1,i:1,...,n—1.

Remark 2.3. Let us point out that for the convexity of (foFlo...o F™) we ask that the function
f be conver and Ko-increasing on F'(dom F') + Ky and the function F' be K; 1-convex and
fulfills also the property of monotonicity for i = 1,...,n — 1, while the function F™ need just be
K,,_1-convex. This means that if F™ is an affine function, we do not need the monotonicity of
Fn=1 since the composition of an affine function and a function, which fulfills the property of
convezity, fulfills also the property of convexity. In this context one can choose K,,—1 = {0x, .}
(for more details see Remark 3.1 and 4.1 in [22]).

The corresponding conjugate dual problem to the problem (P®) looks like (see [22])

n—1
(DY) sup { igfs{@("*”*, F™x)) + (2", g(x))} — f*(z") — Z(z(”)*FZ)*(z’*)},
ZreQ*, ziveky, (7 i=1
i=0,...,n—1

where 2% := (20%, ..., 2(n=D* zn%) ¢ K* = K§ x ... x K}_; x Q" are the dual variables.

We denote by v(P®) and v(D®) the optimal objective values of the optimization problems (P®)
and (DY), respectively. To guarantee strong duality, i.e. the situation where v(P®) = v(D?)
and the conjugate dual problem has an optimal solution, we consider the following generalized
interior point regularity condition introduced in [22]:



(RC) fis Ls.c., S is closed, g is Q-epi closed, K;_1 is closed,

int K;_1 # (0, F*is K;_1-epi closed, i = 1,...,n

0x, € sqri(F!(dom F') — dom f + K),

0x,_, € sqri(Fi(dom F?*) —dom F""' + K;_1),i=2,....,n — 1,
0x,_, € sqri(F"(dom F* Ndom g N S) — dom F*~! + K,, 1) and
0z € sqri(g(dom F* Ndomg N S) + Q).

In [22] the following theorems have been stated.

Theorem 2.2. (strong duality) If the condition (RC) is fulfilled, then between (P) and (D)
strong duality holds, i.e. v(P®) = v(DY) and the conjugate dual problem has an optimal solution.

Theorem 2.3. (optimality conditions) (a) Suppose that the reqularity condition (RC') is fulfilled
and let T € A be an optimal solution of the problem (PC). Then there exists (0%, ..., 2"~ D* 2% ¢
K§ x ... x KX | x Q*, an optimal solution to (DY), such that

(i) f((F'o..o F")(@)) + f*(Z) = (2, (F' 0.0 F")(T)),

(it) (ZOV*FY)((Ftlo...o F?)(T))+ (Z0- D Fiy*(z%) = (2%, (F*o...o F")(T)), i = 1,...,n—1,
(iii) (Z" D F™)(@) + (279)(T) + (Z" D F™) + (27 9))5(0x;) = 0,

(iv) (z",9(z)) =0,

(b) If there exists T € A such that for some (2%, ..., z2("=1* z» ) € Kjx..x K: | xQ* the
conditions (i)-(iv) are fulfilled, then T is an optimal solutwn of( A, (2%, ...,Z") is an optimal
solution for (D) and v(PY) = v(DY).

Remark 2.4. If for somei € {1,...,n} the function F* is star K;_1-lower semicontinuous, then
we can omit asking that K;_1 is closed, int(K;—1) #  and F' is K;_1-epi closed in the reqularity
conditions (RC') (for more details see Remark 4.2 in [22]).

Theorem 2.4. Let a; € Ry be a given point and h; : R — R with h;i(x) € Ry, if v € Ry, and
hi(x) = 400, otherwise, be a proper, lower semicontinuous and convex function, i = 1,...,n
Then the conjugate of the function g : R™ — R defined by

maX{hl(xl) + a1, 7hn(mn) + an}a foz € R+’ = 17 ey Ty
g(x1, .y Tp) =

400, otherwise,

is given by g* : R™ — R,

Lemma 2.2. Let a; € Ry be a given point and h; : R — R with h;y(z) € Ry, if v € Ry, and
hi(z) = +o0, otherwise, be a proper, lower semicontinuous and convexr function, i = 1,...,n.
Then the function g : R™ — R,

(x ) = max{hi(z1) + ai, ..., hn(zn) + an}, ife; e Ry, i=1,...,n,
JAEL woes 400, otherwise,



can equivalently be expressed as

9(x1,y ey y) = sup {Z 2% [hi(2:) + az}} , Va; >0, i=1,..,n.

n .
> zg*gl, 29*20, i=1
1=

i=1,...,n

For the associated proofs of the last two statements see [23]

3 Multifacility minimax location problems with mixed gauges

In this section we use the results of our previous approach to develop a conjugate dual problem
of the multifacility minimax location problem with mixed gauges and geometric constraints.
Furthermore, we will show the validity of strong duality and derive optimality conditions for the
corresponding primal-dual pair.

Let X be a Fréchet space, Cjr € X with Ox € int Oy, for jk: eJ ={jk:1<j<m, 1<
kE<m, j+#k}, andC]ZCXWIthOXElntCﬂfOI"]ZEJ ={1<j7<m,1<1i<t}, be
closed and convex as well as S € X" non-empty, closed and convex. Moreover, let w;; > 0,
jkeJ,w; >0, ji € J as well as Yoyt X = R, jk € J, and G, X =R, jie j, be gauges.
Obviously, these gauges are convex, lower semicontinuous and well-defined.

For given distinct points p; € X, 1 < i < ¢, the multifacility minimax location problem minimizes
the maximum of gauges between pairs of m new facilities x1, ..., T, and between pairs of m new
and t existing facilities, concretely this means that

(PM) inf max {wjk’ycjk (:Cj — a;k), 7k € J, @ji'y@i(mj —pi), ji € j} .

=(T1,...,Tm )ES

We introduce the index sets V' := {jk € J : wj, > 0} and Vi={jieJ: wj; > 0}, which allows
us to write the problem (PM) as

(PM) inf max {wjk’YCjk(l”j —xy), jk €V, @ji*yaji(:cj — i), Ji € ‘N/} )

(561,---7xm)65

Take note that |[V| < m(m — 1) and V| < mt. Now, we set Xo = RIVI x RIV! ordered by
Ko = RV RV X7 = XIVI % XIV1 ordered by the trivial cone K, = {0x,} and Xy = X™,
where the corresponding dual spaces and dual variables are (2%*,20%) = <(z?,:) JkEVs (E?f )ji eV’) €
RIVI « RIVI and (21*,71%) = (( ]k)]kev,( i )ﬂev) € (X*)\vl X (X*)\vl.

We continue with the decomposition of the objective function of the problem (PM) into the
following functions:

o f:RVI xRVl 55 R defined by f(3°,7°) = max {wjkyg?k, jk €V, @il ji€ 17}
if 40 = (y?k)jkev € R‘f‘ and §¥ = @0 )]zev € Rl |, otherwise F@°,9°) = +o0,

e F1: XIVIx XVl I RIVI x RIVI defined by Fi(y',7") = ((’Yc]-k(yjl-k))jkew ('76*~-@31‘i)>jie‘7) )
Jji
where y! = (yjl.k)jkev e XVl and 3! = @Jz)]zef’ e xV R



o F2:X™ — XVl x XV defined by F?(x) = ((Ajkﬂf)jkew (Bjix — pi)jief/)’ where

1 J k m 1 J m ~ .
Ajr. = (0,...,0,1,0,...,—1,0,..,0), jk €V, Bj = (0,..,0,1,0,...,0), ji € V, 0 is the
zero mapping and [ is the identity mapping, i.e. Ox; = Ox and Ix; = x; Vz; € X,
i =1,...,m. In particular, A;; : X" — X is defined as the mapping

T = (T1, .0y Tpy) —
0x1 + ... +0xj_1 +Ix; +0xj11 + ... + 0z — T2} + Opp g + ... + 0y,

ie. (z1,....,2m) = xj —x), jk € V, and Bj; : X™ — X is defined as the mapping

(1‘1, ,l‘m) — 0xp + ... + Ol‘j,1 + Il‘j + Ol‘j+1 + ...+ 0x,, = Zj, Jji € ‘7

Thus, it is easy to see that the problem (P™) can be represented in the form

(PY)  inf(fo F' o F?)(x).

Like mentioned in Remark we do not need the monotonicity assumption for the function
F!, because F? is an affine function. Furthermore, it is clear that (PM) is a convex optimization
problem. Besides, it can easily be verified that f is proper, convex, R‘X' X R‘X‘—increasing on
Fl(dom F') + Koy = dom f = ]R‘J‘r/‘ X RLY' and lower semicontinuous and that F! is proper and
R'X' X Rf‘—convex as well as R'Xl X R‘f‘—epi closed.

To use the formula from the previous section for the dual problem of (PM), we set Z = X™

ordered by the trivial cone @ = X™ and define the function g : X™ — X™ by g(z1, ..., Tm) :=
(1, -y Tm). As Q* = {0(x+)m }, which means that z%* = 0(x+ym, we derive for the dual problem

(DM) sup { 11612 { Z <z]1-,f§, Ajpx) + Z~ (5]1;", Bjix — pl>}
(=0%,20)erl Y], ’ JkeV Jiev

(zl*,El*)e(X*)|V|><(X*)\‘7‘
_f*(20*7 50*) o ((ZO*, '730*)}71)*(21*7 gl*)}7

and hence, we need to calculate the conjugate functions f* and ((2%%, Z2%*)F1)*. Let h; : R = R
be defined by

h(l’) — Zi, if x; €R+,
o 400, otherwise,

then the conjugate function of A\;h;, A; > 0, is

0, if 2 < A,

) ,1=1,..,n.
400, otherwise,

(Aihi)"(27) = {



and by Theorem [2.4] we get for f*,

0, if 207 < wirhje, 29 < @iidjin X Ajp+ 3 Nji <1
s 0% ~0x% Jjkev j’LEV
f1E72T) Vi V|
(Ajr)jkev € RY "and (Aj;).. o € R,
JieV
400, otherwise,
1 1 \% \%
0, if vak ik Zwﬂ?z*gl 2 e RL') 50*6RL',
= ke jieVv

400, otherwise,

while for ((z%*,2%*

)F1)* we obtain by using the definition of the conjugate function

(27,29 Fhy (1, 2") = sup { > iy +
ylexVl glexVl  jrev
e by 0 ~0 ~
G - D e i) — > By ’Y@i(y}i)}
jieVv jkev jieVv

0= 1 ~l*x ~ * ~
sup { ]k’?y]k> jkWCjk(yjk)} + Z sup {(z]lz ’y]12> - %'?z ’Y@ji(ygl‘i)}

]kEVyngX ]zGVy“ Sl
p— ~1*
= Z( 2ikCu)" Jk + Z “ji 70 "(Z5)
]kGV ]ZEV
0% 0% \4 V] v _ (o1 1% e _ o1 v
for all (2™,2%) € Ry xRy " and 2™ = (2j3)jkev € XVl and 2% = (ij*)gzev e XVl Hence,
the dual problem may be written as
(DM) sup inf ®(2%%,20%, 21 21,
(20%,20% 51% z1) erlV |l VL x IV x x 1V zes
_1 ,0% 1 0%
jhev Wik 7k+ Z @'z‘ jigl
where
0% ~0% 1 21 : 1 ~1
@(Z *’Z *72 *’Z *) — aleelfS' Z<ZJZ;,A]]€$>+ Z(Z]:,B]Zﬂf_p1>
Jkev jieV
0= * 0 1k =0 x (> 1*
- Z (ijWCjk) (ij) - Z(Zﬂ 75],1.) (ij‘)'
jkev ]26‘7

Let I := {jk : z

>O}andI —{]Z:NO*
the sum into the terms with z i A{])l* > 0 and the terms with 29 k,

> 0}, then we separate in the objective function ®

"'0*
Zji =0

inf > gk Apx) + > (Zf, Bjix — pi)
jkev jieV
=Y ) ) = Y e, ) ER)
jkel jiel
=300 ) ) - S0 ) ED.
jk¢l jigl



Now, it holds for jk € I that (see [1])

. . , if e, ( 1) < zol’g,
(2567c,) " (257) :{ ’
400, 0therw1se,

and analogously, it follows for ji € I that

~1 % 7 if 700 ( ) < 2(])1*7
(Z ie,) (7)) = (4)
400, otherw1se.

For jk ¢ I it holds

0, if 25 = 0x-
(0 VCjk) ( ]k) Skuer{< Jk’y]k>} { 400, otherwise,

and analogously, we get for ji ¢ I,

0, if 2}¥ = Ox»
NS Fley ) ji X*
(0 /YCJ') (%) { +o00, otherwise,

which implies that if jk ¢ I, then 2]1,’; = Ox~ and if ji ¢ I, then Ejll* = Ox». Therefore, we obtain
for the dual problem of the location problem (PM):

(D) sup inf { > (2> Ajr) + ij}?ijifU—Pﬁ},

(ZO* 0% Zl* Zl*)GBIGS jkel jiel

where
B= {(ZO*,EO*,zl*,zl*) eRVI RV s )V (x9VIi1cv, TCV,

i >0, 2fi € X7, 00, (57) < 2 Gh €T, >0, 27 € X*, 0 () <, i€ I,

225 =0, 25 =0x-, ef ¢ 1, 3% =0, 23 €0x-, ed ¢ I, Y 120 P+ A <1y,
jker 7" jiel

Since, the objective function of the conjugate dual problem (D) can also be written as

. 1x ~1%
;Ielg { Z <ij, A]kd,') + Z(Zji ,Bjix - pz>}

jkel JZET
s * >lx >1x
- w{ (S + S o) |- St
jkel jiel jiel
where
1 ]1 ]f m 1
* * * *
(A% kZ]kv w) = ((Ox+, oy Ox5, 255, 0%, ooy O, =25, Oy oy O ), (@1 oy T)) = (255, 75 — k)

10



and

1 J m
(BEZH ) = ((Oxry oo, Oxcy 25, e,y o, Ox00), (1, ) = (Z0F, ),

we can express (DM) as

(DM) sup )EB{ —0s (— Z A;k - ij}:) - Z~<Eglf>pz>}

(ZO*,EO*,Zl*,El* ]kel j’LEI j’lEI
Remark 3.1. Take note that the problem (DM) is equivalent to the following one
(DM) sup —os|— > Ajkz};; - Z B;z?: - <~5]1:’p2> )
(20% 20% 21* Z15)e B Jjkev GieV JieV

where

B= {(20*,50*,z1*,51*) e RV RIVT s (x) Vs (xx)IVI- Yoo, (447) < 25, Gk €V,

75%(5]11*) jZ’ ]ZGV Z wk ]k+ Z = }’

Jkev ]zEV
which can be proven as fgllows. R B
Let (2%%,29%, 21 Z1%) € B be a feasible solution of (D), then it holds for jk & I and ji ¢ I,

0< 'ycgk(zjl-,’;) = Se%‘p <z]1-,€, ) <0e (2} Zig, @) =0 Vz € Cjp, & 2]1,: = Ox+
x ik

as well as

0 < g0 (2 Zji) = sup (Zf,2) <0 & (3

zeCj;

ﬂ, >:0Vx€6ji<:>5ﬁk=0x*.
The latter implies that from jk ¢ I, i.e. 2° k = 0, follows z = Ox~ and from ji ¢ I i.e.
20 =0, zl* = Ox~. This relation means that B= B, i.e. that ( 0*, 20% 21 Z1%) s also a feasible

]l
solution of (DM) and as

=2 A= D0 BiE |+ X0 (E )

Jjkev jiEV szV

* ~1*
Z A]kzjk Z sz 7t + Z ]z 7pz
Jkel jzel szI

one has immediately that v(DM) = v(DM).

Vice versa, if we take a feasible solution (2%, 2%, 21*, Z'*) of the problem (DM), then it is obvious
that we have then also a feasible solution of (DM), which again implies that v(DM) = v(DM).
From the theoretical aspect a dual problem of the form (DM) is very useful, as one has a more
detailed characterization of the set of feasible solutions. But from the numerical viewpoint it is
complicate to solve, as the index sets I and I brings an undesirable discretization in the dual
problem. For this reason it is preferable to use the dual problem (lA)M) for numerical and (DM)
for theoretical studies.

11



We know that the weak duality between the problem (PM) and its corresponding dual problem
(DM) always holds. Now, we are interested to know whether we also can guarantee strong
duality. For this purpose we use the results from Section As Z = X™ ordered by the trivial
cone @ = X™ and g : X™ — X™ is defined by g(z1,...,2m) = (21, ...,Tm), it is obvious that g
is Q-epi closed and Oxm € sqri(g(x) + Q) = sqri(X™ + Q) = X™. More than that, recall that f

is lower semicontinous, Ky = ]RL‘_/‘ X R'Xl is closed, S is closed and F! is ]R'_i‘_/l X R‘X'—epi closed.
As

ORW'XRW' € sqri(F'(dom F') — dom f + Kj)
+ +
= sqri(F'(dom F') — R x RIVT 4 RV RIVT)
RIVI « Rm,
Oyiviuxivl € sari(F?(dom F?) — dom F' + K1)
= sqri(XV! x XV — dom F! + ;) = XV x xIV
and F? is {0y vy x17 }-epi closed, the generalized interior point regularity condition (RC') is

fulfilled, it follows by Theorem the following statement (note that we denote by v(PM) and
v(DM) the optimal objective values of the problems (PM) and (DM), respectively).

Theorem 3.1. (strong duality) Between (PM) and (DM) holds strong duality, i.e. v(PM) =
v(DM) and the conjugate dual problem has an optimal solution.

The previous theorem implies the following necessary and sufficient optimality conditions for
the primal-dual pair (PM)-(DM).

Theorem 3.2. (optimality conditions} (a) Let T € S be an optimal solution of the problem

*

(PM). Then there exist (?0*,50 ,21*,~ ) € ]R'Vl R‘X' x (X*)VIx (X*)'f/| and index sets I and
I as an optimal solution to (D™), such that
(i) max {weﬂcef(fe —Zg), ef €V, Wearg,,(Te — pa), ed € ‘7}

_ =0 —
= Z ];ﬂ ( — ) + Zﬁzjﬂaﬂ(fﬂj - Di)s
jkel jiel

(ZZ) < EfA;kzjlz + Z B* N]z 7> = inf <2Ajk:zlz + E B* le? > ’

. S
gkel jiel e gkel jiel
1 =0 130 _ o 20 g o T T T =0 T
(113) Zwk],’:—i—zw” i =1 23>0, jkel, z;; >0,ji€l andz; =0, ef ¢ 1,
jkel jiel
=0x =
Zeg =0, ed ¢ I,

(i) Z9ive,, (Tj — Tk) = (Z5,Tj — Tk), jk €1,

=1

(U) ZJZVC ( pl) = < ]z’ p2> .]7’ € Ta
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(vi) max {weﬂcef(fe —Zg), ef €V, Wearg,,(Te — pa), ed € ‘7} = wikyc,, (Tj — Tn), jk € 1,

(vii) max {wefvcef(fe —Ty), ef €V, Wearg, (Te — pa), ed € ‘7} = @jivg, (T —pi), ji€l,
(viii) Veo, (*Jk) = z?;;, reX* jkelandz Zef =0x~, ef ¢ 1,
jk

=1x =0% =l .. =1x =~
(ix) 700( i) =Zji, 25 € X, ji€l and Z,q = Ox+, ed ¢ 1.

(b) If there exists T € S such that for some (EO*,EO*,%* z "1, I) the conditions (1)-(ix) are

fulfilled, then T is an optimal solution of (P°), (50*750*721*’~ I I) is an optimal solution of
(DM and v(PM) = v(DM).

Proof. (a) From Theorem one gets

(i) max{wef’ycef(* — ), ef € V, ﬁed’yé (Te — pa), ed € 17}
Z Z]kﬁycjk( xk) + Z 2]170 ([E] pz):
kel szI

(ii) 27£Z7Cjk( )+ Z Z 1'70 ( —pi) = Z}E}Z’fj >+ Z( Zjis T — Di)s

jkerl jiel Jkel jiel

(iii) < > oAnE 4+ Y B;fﬂ,> =—os |- X Az 2 B;‘fﬁ ;

jkel jiel jkel ]’LEI

(iv) 2 wikigl: Z ZJZ <1, ZO* >0, jkel, 7j1 > 0, jZEIaDd zo* =0,ef ¢1,
jkel ]lel
Zog=0,ed ¢ 1,

(v) ’YCO( 1*) <z§)}:, JI;EX*, jkefand?i}:OX*, ef &1,

(V1) 7 G V<3, Ei e X, jieland T = Ox-, ed ¢ 1.

Condition (ii) yields
O — _ 1% — =lx _
Z [Z?kfyojk (1']‘ —Ty) — <Z31'Z7xj + Z Zji PYC —pi) — < Zjis Ty — pl>] =0 (5)
jkEY leI
and by , and the Young-Fenchel inequality it follows that the brackets in are non-

negative and must be equal to zero, i.e.

—0x% _ _ —1x% » =
2070, (Tj — Tk) = (Zj5. T — Tw), jk €T and zmc (Tj —pi) = (2, T5 —pi), jicl. (6

Combining the condition (v) with @ reveals by using the generalized Cauchy-Schwarz inequality
(see [2)) that

2500, (T — T) = (21, Tj — Tp) < g (Zji)ve,, (@ — T) < Zpne,, (T; — Tk), jk €1,
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which means that

Yoo, (zji) =20, jk el (7)
In the same way we get
=l =0 .. ~
Moreover, by conditions (i) and (iv) we have
max {wef’ycef (Te —Tf), ef €V, @ed’y@d (Te — pa), ed € 17} (9)
= ZE?Z’YCM( )+ Z Jﬂc —pi)
]kET ]ZGI
1 1 ,\D*
= Z Win ]kw]k’YC k )+ Z Zji wJZVC ( —Di)
jke] szI
1 . _ - _ ~
< > wff(;k max {weﬂcef (Te = Ty), ef €V, Weayg,,(Te — pa), ed € V}
jkel k
+ Z z * max {wef’YCef(fe —Ty), ef €V, @ed’Y@d(fe —pd), ed € ‘7}
]zEI
< max {wef’ycef (fe — ff), ef €V, we”@d (Te —pd), ed € ‘7} , (10)

which implies that

1 _ _ ~ _ ~ _
Z —Z?Z [max {weffycef (Te —Ty), ef €V, Wed g, , (Te —pa), ed € V} — WjkYCy), (T — mk)}

Wik

1 —o« _ _ ~ o ~
+ Z ~—Zji |:maX {wef’YCef (xe - ﬂTf), ef eV, wed’}/@ed(l‘e _pd)a ed € V} w]z’YC ( pz):|

Jj)l >0, ji € I it follows that

and as wjy, E?,’: >0, jk € I, and wj;, 2
max {wef'ycﬁf (Te — ff), ef €V, ﬂfed’)/@ed(fe —pd), ed € ‘7} = WjKYC,y, (fj —Ty), ik € I (11)
and
max {wef’}/cef (fe — ff), ef €V, {Eedﬁ/éed(fe —pd), ed € ‘7} = ﬂ}/jiq/éji(fj — pi), Ji € f (12)
Furthermore, we get by that
1 . _ - _ ~
Z mz?k max {wef'YCef(JUe - JUf)a ef €V, wed’Yéed(xe _pd)a ed € V}
jkel

1 -0 _ . ~
+ Z EZ] max{wef’YCef(Te — ), ef €V, wed'}/éed(zve —pa), ed € V}
= J
jiel

= max{wef’ycef(fe — ), ef €V, @ed'y@ed(@ —pd), ed € 17} )
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from which follows that
) wjkzjk+ - <y (12)

Combining now the conditions (i)-(vi) with @, @, , , and provides us the

desired conclusion.
(b) The calculations made in (a) can also be done in the reverse direction, which completes the
proof. O

Remark 3.2. We want to point out that the optimality condition (i) of the previous theorem
can be expressed by means of the subdifferential. We have

. ~ = . 1% 1%
f(y()’@'(]) — { max{wjky?kv jk € Vv w]z@?p Jre V}7 Zf (y07@'0) € ]R|+ | X Rl—‘,— |7
400, otherwise,

and

1 ~O* D* VI ~0x |‘7‘
x 0 0% 0% Zfzwk.]k—i—zwz]lglz €ERyL, ZTERL
f (Z X ): jkev JiEV
400, otherwise,

and by the optimality condition (i) of the previous theorem, it holds

f ((’YCEf (fe — ff))efEV; (’75 d(fe _pd)>ed€X7) + f*(z()*’éﬂ*)
Z ij’YC]k $k + Z z_]’L ’YC (wj pz)

jkel ]26[

in other words, the optimality condition (i) can be rewritten as

(i) (2. 2") € 0f (16, @ = F)esev, (i, (Fe — i) caer) -

More than that, for the optimality conditions (ii), (iv) and (v) one gets by analog considerations

(i) — X Anzl— 3 BiZ) € 065(z) = No(@),

Jkel jiel
(iv) z; € O(Z HC]k)( | — Tg) = 3@?1’27@&(%#) At A*kzz € A%O((Z k’YCjk) o Ajx)(Z), jk €
I,
_p _ 0% .
(’U) Z i € a( Zji ’YC )(‘TJ _pi) = a( Zji 70 )(B )

* * =0 — .. T
BﬂﬂeBaQ@W@gu%m—mﬂuxﬂeL

where Ng(T) := {a* = (27, ...,2},) € X* x .. x X*: (z",y —7) = Y i (af,ui —Ti) <0, Vy =
(Y15, Ym) € S} is the normal cone of the set S at T € X™. Taking (i7), (iv) and (v) together
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implies that

x =¥
Z Agkz_yk Z B]z Ji
jkel ]ZEI

S A5y o A @) + X B0 ((Gjivg,) o Bid(- = p)) (@) | N (=Ns(@).
jhel jiel

Finally, notice that the optimality conditions (iv), (v), (viit) and (ix) of the previous theorem
give a detailed characterization of the subdifferentials of the associated gauges.

Now, we show that the dual problem (D) is equivalent to the problem
(DM)  sup ~{ —0s ( Z A2 — 20 B}TL) - Z}E;%,pi)}, (14)
(z*,2*)eB jiel jiel

where (2*,2%) = ((Z;k)jk€V7 (%kz)ﬂef/)) and

B = { (( 2 )jkev, (2 ]Z)]16V> e (XHVI x (X*)IV\ ICV, ICV,

E wikpy ( ]k) + Z ’YCU( _]7,) S 17
jkel jZEI

S €X*, jkel, e X*, jieland 2%, =0xe, ef ¢ I, 35y =Ox-, ed ¢ f},

in the sense of the next theorem, where U(EM ) denotes the optimal objective value of the
problem (DM).
Theorem 3.3. It holds v(DM) = v(DM).
Proof. Let (z*,2*) be a feasible element to (D) and set

ik = Dy 2gh = veo, (2ji) for jk € 1, Zef = Ox, 20p =0 foref ¢ 1,
and

R i © ~0% __ T

i =3, (z5;) for ji € I, Zog = Ox+, Zeq =0 fored ¢ I.
Then, it is clear that (20*, 2%, 21* Z1*) is a feasible element to (D). Furthermore, it holds

< Z A - Z B;[;) B AZ~</ZV;4<2-,]91'> =

Jkel jiel

( Z A]kzzjk Z B;z~31:> - Z <Ejlz*apz> < U(DM)7

jiel

for all (z*,%*) feasible to (DM), from which follows that v(DM) < v(DM).
Now, let (2%%,2%%, 21* Z1*) be feasible element to (D). By a careful look at the constraint set
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B we get by setting z;k = z Yfor jkel, Z zh; = Ejlz* for ji € I and z;‘f =0x-foref ¢ 1,2z}, =0x-~
for ed ¢ I that

1 ~
Z wijk’yCO ]k + Z ~j ’YCO (ij) < L.
jkel jiel

Therefore, (z*,%*) is feasible to (D™) and we have

JkEI jiel jz‘e[
—0s ( Z A]kzjk Z BJ*ZN;1> - Zj%},pi) < U(DM)7
jiel jiel

for all (20%,20%, 21* Z1%) feasible to (DM), i.e. v(DM) < v(DM), which completes the proof. [

The next two theorems are direct consequences of Theorem [3.3]

Theorem 3.4. (strong duality) Between (PM) and (DM holds strong duality, i.e. v(PM) =
v(DM) and the dual problem has an optimal solution.

Theorem 3.5. (optimality conditions) (a) Let T € S be an optimal solution of the problem
(PM). Then there exist z*,7) € (XVI x (X)W and index sets T and I as an optimal
solution to (DM), such that

(i) max {weﬂcef(fe —Ty), ef €V, Wear (Te — pa), ed € ‘7}

* — - =* —
= > ey, (z jk)’YCjk(wj —Tp) + Zﬁ%ﬁoi(zji)%jﬂ(xj — i),
jke[ ]167 J

W < - Ajkzjk - Z i 3“ > =os| X Aﬂkzﬂﬂ T Z Gi%ji |
jkel jiel jkel jiel

(iii) Yoo, (Ziveu () — Tn) = (Z, T — Tn), jk € 1,

(v) 0 B0, (@ = o) = (Z1 % = p), Gi€ I,

(v) max {weﬂcef(fe —Ty), ef €V, Wearg (Te — pa), ed € ‘7} = wjyey, (T — Tn), jk e,
(vi) max {weﬂcef(fe —Ty), ef €V, Wearg (Te — pa), ed € ‘7} = wjing,, (Tj = pi), ji € T,
(vii) 35 e () + X 7 IYCO(A);'L) L yeo, (Z5) > 0, jk €1, 700( ) >0, jiel, and

jkel ]26[
szZOX*v €f¢77 Ev:d:OX*v €d¢f

(b) If there exists T € S such that for some ( ",z 1, I) the conditions (i)-(vii) are fulfilled, then
7 is an optimal solution of (PM), (z%,Z",1,1) is an optimal solution for (DM) and v(PM) =
v(DM).
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Proof. (a) Theorem [3.4/implies for an optimal solution T € S of (PM) the existence of (z*,7) €
(Xj)'v‘ x (X*)IVI and index sets I and I, an optimal solution to (D), such that v(PM) =

v(DM), i.e

max {we FYCs (Te

* —% * =K
=D AT - Z Bjizji

jkeTl

jf)a ef €V, wed’}/éed(fe

pd), ed € ‘7}

- Z<§;zapl>

szI jief
& max {weﬂcef(fe Ty), ef €V, Weavg ,(Te — pa), ed € ‘7}
* —% * =K
o Z A]kzjk B Z B]Z Ji + Z jzapl -
kel szI ]zel
& X{wef%*ef Ty), ef €V, Weavg ,(Te — pa); ed € ‘7}
5 =
Z AJk’ZJk ZB]Z jZ + Z jZ’p’L
kel jiel jiel
[ jk P)/C]k(i - xk) ? ]mfg - xk
jkel
- Z h/Cjok (z;k)'yc]k (E‘] - fI»c) - <§;k7fj — Ek>]
jkel
=k _ = __
+ 3 b G, @ — v~ Eu Tl = Yl B, (s — p0) — (ol =0
jiel jiel
& [ max{(wepic, @ = Tp))esev, @eave,, (@ = Pa)) ey |
- Z ’YCO jk,‘)’ycjk Zj — ZEk Z’YCO Zji 'YC pz)]
]kEI j’LEI
+ Z [%‘;?k (Z5)ve; (T — Tk) — (Zjk, Tj — Tk)]
jkel
—*
+ Z '700 jz)r}/C ( —pi) —(z Zjir T, — i)
]ZEI
—x

k=%
=D AT -

jkel

5 =*
> BiZi

jiEI

*‘<5?k753 — T) +’<ij
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< [fnax{(ukaCq($e——wf)ﬁjeva(ﬁ%d75w(we—-pdﬁedev}

2 Wji
jiel

— Z L'WCO (z Jk)wjlﬂcjk( —Ty) — Z ;vagi(:jz)wﬂfyc ( pl)]

+ D les, E)r0, (@ — T) — (Z Ty — 7))

jkel
= _
+ Z AVCO Jz)'VCJZ( —pi) — (25, Tj — pi)]
]'LEI

— =k . — =k __

- Z A;kzjk - Z B;z ji + <A;kzjk7$> + <B;lzjl7x>] =0.
jkel jiEI

Lemma implies that the first bracket is non-negative, from the generalized Cauchy-Schwarz

inequality (see[2]) follows that the brackets in the two sums are non-negative and from the Young-

Fenchel inequality we get that the last bracket is also non-negative. Hence, the statements
(i)-(iv) are proved. Now, we take a careful look at the first bracket

max {wef’ycef(fe —Z5), ef €V, Gedfyé (fe —pdq), ed € ‘7}

= 3 e v, — T+ X g Gine, (5 )
jkel J ]'LGI
< ZLVCO(z%)maX{w (@ ~7p), ef €V, Werg, (T — pa), ed €V}
- 4 Wik ik Jjk ef’ycef € f)s ) edf)/ced e Pd),
jkel
+ Z @ﬂ’yogoz( ﬂ) max {’LUef'YC (@e—Tp), ef €V, Q'Dedvcxed(fe —pd), ed € V}
]zEI

< max {wef’YCef(je_jf)a ef €V, wed’}/éed(je_pd% ed € ‘7}>

from which follows on the one hand that

Z L’YCO (Zjk) + Z Wi 700 (z:) =1,

jkel Wik jiel
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i.e. condition (vii), and on the other hand that

1 . L _ » ~
Z " k'yco (zj),) max {wef’ycef (Te —Ty), ef €V, wed’y@d(me —pd), ed € V}
jkel

+ Z =0 (F1) max {wepye,, (Fe = 1), ef €V, B, (T —pa). ed € V}
71
jzel

- Z ’700 ]k wjk’YC k(i —Tg) + Z T '700( gz)wjﬂ/c ( — i)
]kEI ]zEI s

1 3 - _ 7 ~
= kg ijk’ycgk(z;fk) [max {wef’ycef (Te —Tf), ef €V, Wed g, , (Te — pa), ed € V}
Jke

—WikYCyy, (Tj - xk)]

+Z _ 'YCO :* [max {wef’ycef(fe —Tf), ef €V, {Ded'yaed(@ —pd), ed € 17}
szI

wjﬂ/c ( pz)] = 0.

As wjy, Yoo, (E}"k) >0, jk € I, as well as wj;, Yeo (Zl) >0, ji € I, we obtain that the brackets
J G4

are non-negative and must therefore be equal to zero, which finally yields the conditions (v) and

(vi).

(b) All calculation done within part (a) can also be made in the reverse direction. O

4 Unconstrained multifacility minimax location problem in the
Euclidean space

In this section we are interested in a detailed analysis of the situation when S = X and X = R?
and the gauges are defined by the Euclidean norm. In addition, we set wjp = 0for1 <k <j<m
such that the index set V' can be represented as V = {jk : 1 < j < k < m, wj;, > 0}, ie.
V] < (m/2)(m —1). In other words, we will explore in the following the location problem

(PY)_inf max{wiplle; — ayll, jk € Vi @ylle; —pill, jie V] (15)
z,€RL, i=1,...m

For the dual of the location problem (P¥) we get by

(ﬁ%) sup { - Z~<Z;‘<ivpi>}7 (16)

(2*,7%)€By jiel

20



where

By = {(z*,g*) - ((z;k)jkev, (5}2)jiev>) e ®RYVIx RYVI: 1V, TCT,

L €RY, jhel, 7 eRY, jiel, Zwkuz]kHJrZ Izl <1,
Jiel
J%IA]]CZ]’C j%IBj;;Z =0pd o, pds Zep = Ore, ef @1, 2y = Opa, ed ¢ I}-
\—v—’

m—times
The next theorems are direct consequences of the results of the previous section.

Theorem 4.1. (strong duality) Between (P¥) and (5%) strong duality holds, i.e. v(P¥) =
v(DY) and the dual problem has an optimal solution.

Theorem 4.2. (optimality conditions) (a) Let (T1, ..., Tp) be an optimal solution of the problem
(P¥). Then there exist (z%,%Z) and index sets T and I as an optimal solution to (15]]{7/[), such
that

(i) max{wefu@ —Tfll, ef €V, Wedl|Te — pall, ed € f/}
— — — =k —
= > IZ5lzs —Zell + 22 112501175 — pill,
J ,

jkel jiel
(i) Z A]kzjk > B;zN;z Ordx ... xR
jiel
(iii) |Z5,17; — Tall = (25,75 — 7). jk €1,
(i) IZ5:01T; — pill = 5075 — i), ji € 1,

(v) max{wefu@ —Tfll, ef €V, Wedl|Te — pall, ed € f/} = wil|F; — Tll, jk €T,
(vi) max {wefym —Tfl, ef €V, Wea||Te — pal), ed € V} = ||z — pill, jiel,

i) 5 Gl + S IFl = 1, % € RO\ (0] for jk € T, Z € BRI\ (Oga) for i€ T
Jke ]ZEI

and Zj;, = Oga for jk ¢1, ?;Z = Oga for ji ¢ T.
(b) If there exists (Z1, ..., Tm) such that for somef(?*,?j, }v) the conditions (i)-(vii) are fulfilled,
then @ is an optimal solution of (PM), (z%,Z,1,1) is an optimal solution for (ﬁ%) and v(P¥) =
v(DY)-
Remark 4.1. The dual problem (15%) can equivalently be written in the form (see Remark

(ﬁ%) sup { - Z~<E;z‘7pi>}v

(2*,2*)€By JieV
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where

By = {(z*,}*) = (( 25 )ikevs (2 ”)”ev) e RV x (Rd)WI :

1 vt p—
> ol + X Iz <1, Z Ajezin + 2 Bzl = Opa ...de}'

jkev jieV jieV ﬁ—/

m —times

For its corresponding Lagrange dual problem we obtain

(DDY) inf sup {— > (Zipi)+
z=(z1,..., zn:)éRdX.“X]Rd (z*,2*)eBN JieV

< > Al + ZB}Z}}>—A<%VMH wl+ X w17 ||—1>}

jkev jieV jieV
— igg {)\+ sup {— Z~(E]’-‘i,pi>
zieRd, i=1,...m (2*,2*)eBn jieV
> A
+ Y @ AL+ T @ BEE - X Al - X 25 ||}}
jkeVv JieV jkeVv jieV
—  inf A+ S sup {(A.kx 25) = A H}
z-ERd)\Zioylu.m{ jkEVz;keRd Jk&s <4k wjg 175k

+ % swp {(BiwZ) — 00 Z0} - A E H}}

JieV Z5;€ERY

- inf A+ 3 sup {(wj—xk Z*Q-AHZ%H}
ziERd?\ii’l ..... m{ JheEV 27 eRd - e

+ ¥ sw {(o - - 212 H}}

jieV %, €R

The case A = 0 leads to x; —p; = 0, ji € XN/, and vj —x = 0, jk € V, which contradicts our
assumption that the given points p;, 1 = 1,...,n, are distinct, such that we can assume \ > 0.
For this reason we can write for the Lagrange dual problem, or rather, the bidual of the location

problem (PY),

(DDY) inf {H > 2 sup {(BGy -2, 7)1 |

A>0,
jkev z‘kGRd

(@1,--xm)ERIX ... x
sup {<wj2 (ﬂfj _pi)ag;'(i> - ||5;,||} }

+Zwﬂ

JiEV 7, E€R?
= inf A

A>0, (21,..,xm)ERIX... xR,
wigllzj—zRl|<SX, JREV, @Wj;llej—p; <X, jieV

- inf max {wiillz; — i, jk €V, @jilla; —pill, jie V]

(1, sTm ) ERIX ... XRE
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By using the Lagrange dual concept we transformed the dual problem (ﬁ%) back into the mul-
tifacility minimax location problem (P]]\\,/[), showing that one has a full symmetry between the
location problem (P, its dual problem (D) and the Lagrange dual problem (DD). In ad-

dition, we see that the Lagrange multiplier associated to the equality constraint can be identified
as the optimal solution of the multifacility minimaz location problem (P]]\\,/[) and the Lagrange
multiplier associated to the inequality constraint as the optimal objective value. A similar fact
was stated in [15] for the case of a multifacility minisum location problem.

The next corollary gives an estimation of the length of the vectors z] o Jk €V, and 27 v J1E V

feasible to the dual problem (D% ).

Corollary 4.1. Let w, := max{(w;) jrev, (wﬁ)jz‘ef/}f then for any feasible solution (z*,z*) of
the problem (DY) it holds

w WsWj5 L
< ——=" forjkeV and ||Z5|| < ——— forjiecV.
55 < R for 5 155 < oo for 5

Proof. As (z*,z*) is a feasible solution of (D% ), it holds

ZA k+z ]zﬁjz_ORdX XxRd < Auv Pup = Z A k+ZB;z~jz

jkev JieV ]7:;1‘;} jieV
= HAuU uUH - H Z A_]kzjk‘ + Z B;(z?z” = HAU’U uvH < Z HA Z]kH + Z HB;N;@
ijfil‘t/v jieV ;:ixv jieV
A \fHZuvH < Z \[HZ]kH + Z HZJZH A quv” < Z szkH + 0= Z HZ]ZH
J]]}:il‘fv jieV ]J,fil/v j’LEV
= znll < D0 Nl + D2 1Zl, we,
i e

and more than that, it holds

1
1> Z*H Gl + ) = IIZﬂII— o lzall + > 7” Gl + D = H Zill

Jkev szV ]]Ifixv ]zEV
1 1
= ZUH + 5 Z szkH + Z || j’LH uvH + quvH
® iji:v jieV
. Ws + Wyw | «
- W s Wy ||Z7w||v
which means that
w, ik .
125kl < wj_ijwa JkevVv.
s Jk
In the same way, we get
e Ws Wi L
il < —/————— cV.
5l < o i
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Example 4.1. For the existing facilities p1 = (0,0)7, py = (=2,3)T and p3 = (5,8)T (t=3)
we want to locate two new facilities (m=2) in the plane (d = 2) . The weights are given by
Wiy = W11 = W13 = We1 = Wz = 1 and wia = wez = 0 and define the following multifacility
minimaz location problem

(Py) inf max {||z1 — 2|, |71 — pall, |21 — psll; lz2 — pall, 22 — p2ll},
(achxg)ERQX]RZ

i.e. V={12}, |V] =1, V= {11,13, 21,22} and |17\ = 4. From the Matlab Optimization Toolbox
we obtained the following solution Ty = (2.5,4) and Ty = (0,0)T. The corresponding objective
value was v(PY) = 4.72.

The dual problem (see Remark

(DY) max  {(Z]; + 251, p1) + (T, p2) + (Z13,03)}

(279,271:2153,251 1299)EBN
where
By = {(219, F11, 53, %1, 530) € RZ X R2 X R2 x R2 x R%: 2, + 2}, + 23 = Ope,
Z51 + 259 = Ore, (120l + IZ00 ] + 250 | + 125201 + [1278] < 13,
was also solved by the Matlab Optimization Toolbox. The following solution was obtained
Zio =2y, = (0.13,0.21)7 Z]5 = (—0.26,-0.42)7, 75, = Z5e = (0,0)7,

with the corresponding objective value U(IND%[) =4.72 = v(P¥), i.e. T ={12} CV and I =
{11,13} C V.

In the situation when we have only the solution of the dual problem one can reconstruct the
optimal solution of the primal problem in a recursive way by using the necessary and sufficient
optimality conditions given in Theorem . By condition (iv) we know that there exists ap1 > 0
such that

—x ~ _ . =k ~ —
le = 0411(371 _p1)7 L.€. H’Z11H = allel _p1”7 (17)

and as, by condition (vi) it holds

=k
~ _ z
o DY) = o(PY) = 1~ = 1221, 19
we get by combining and @) that
- B DM _ 4.72
zo=Pul oy eg = UMz (0.13,0.21)7 = (2.5, 4)7.

= = —= 211 TDP1= T5¢
v(DY) [Z14 ]l 0.25
More than that, by condition (iii) there exists a1o > 0 such that

Z1g = a12(T1 — T2), d.e. [|Z1o] = o7 — 22, (19)

and therefore, we derive from condition (v) that

5 I A
o(DY) = o(PY) = [[m1 ~ 7ol = 1221 (20)

Finally, taking @ and (@) together yields
o El o w(DR) r_ 472 T 7
29 =—=——(T1 —T2) © T2 =T — —— Z10 = (2.5,4)" — ——(0.13,0.21)" =(0,0)".
12 U(D%)( 1 2) 2 1 ||212|| 12 ( ) 025( ) ( )

For a geometrical illustration see Figure [1]
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10

Figure 1: Illustration of the Example

Geometrical interpretation.

In the following we provide a geometrical characterization of the set of optimal solutions of the
dual problem by Theorem By the conditions (i7i) and (iv) it is clear that for jk € I and
Jt € I the vectors E;fk and ?;Z- are parallel to the vectors 7; — 7), and 7; — p; directed to 7,
respectively. In addition, if we take into account the conditions (v), (vi) and (vii), then it is also
evident that jk € I and ji € .7, Le. Zj # Opa and ?;Z # Opa, if the points 7y and p; are lying on
the border of the minimum covering ball with radius v(PY) centered in Z;, respectively. Vice
versa, if jk ¢ T and ji ¢ I, then Zj, = Oga and ?;- = Opa, which is exactly the case when the
corresponding weights are zero or the points T and p; are lying inside the minimum covering ball
centered in T;, respectively. Therefore, analogously to the geometrical interpretation presented
in [23] for single minimax location problems, one can identify the vectors Z5y, Jk € I, and ?;i,

ji € I , as force vectors, which pull the points lying on the borders of the minimum covering
balls inside the balls in direction to the their corresponding centers, the gravity points Z; (see

Figure .
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