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Duality Results for Extended Multifacility Location Problems*
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Abstract: Duality statements are presented for multifacility location problems as sug-
gested by Drezner (1991), where for each given point the sum of weighted distances to
all facilities plus set-up costs is determined and the maximal value of these sums is to
be minimized. We develop corresponding dual problems for the cases with and without
set-up costs and present associated optimality conditions. In the concluding part of this
note we use these optimality conditions for a geometrical characterization of the set of
optimal solutions and consider for an illustration corresponding examples.
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1 Introduction

In 1991 Drezner developed a location model in [6], which describes the following emergency
scenario. A certain number of emergency calls arise and ask for an ambulance. To each of
these demand points an ambulance is sent to load and transport the patient to a hospital. The
location of the ambulance-station and the hospital must not be necessary on the same site. This
assumption may shorten the response time for the patients, especially for the farthest one, in the
situation when for example a hospital is completely overcrowded or short of medical supplies.
The aim is now to determine the location of the ambulance-station and the hospital such that
the maximum time required before the farthest patient arrives at the hospital will be minimized.
In this case the maximum time is naturally defined as the sum of the travel time of the ambu-
lance from the ambulance-station to the patient and the travel time to the hospital plus some
set-up costs. Set-up costs like the loading time at the emergency and the unloading time at the
hospital of the patient are a view examples to cite.

While Drezner suggested a model for the case of the Euclidean norm, Michelot and Plastria [17]
work in a higher dimensional space where the distances are measured by a general norm. In
this paper we generalize this location model to the situation where the distances are measured
by mixed gauges defined on a Fréchet space. The goal is then to describe these type of location
problems in the framework of conjugate duality.

To do this we first recall some important elements of Convex Analysis and continue in Section 3]
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with the study of location problems with set-up costs. We will construct corresponding conju-
gate dual problems and prove strong duality from which we derive some optimality conditions.
Afterwards, we consider a special case of these location problems where the weights have a
multiplicative structure like treated by Michelot and Plastria in [I7] and describe the relation
to their conjugate dual problems with the Euclidean norm as distance measures. In the end of
this note, we study also location problems without set-up costs via conjugate duality. Besides
of strong duality assertions and optimality conditions we will give geometrical characterizations
of the set of optimal solutions of the conjugate dual problem as well as illustrating examples.

2 Preliminaries

2.1 Elements of convex analysis

Let X be a Fréchet space and X* its topological dual space endowed with the weak* topology
w(X*, X). For z € X and 2" € X", let (z*,x) := 2*(x) be the value of the linear continuous
functional z* at x. For a subset A C X, its indicator function d4 : X - R =R U {£o0} is

Sa(z) = { 0, ifx € A,

400, otherwise.

For a given function f : X — R we consider its effective domain
dom f:={x e X: f(x) < 4oo}

and call f: X — R proper if dom f # ) and f(z) > —oc for all z € X. The conjugate function
of f is defined by

X7 =R, (") = sup{(z”, ) — f(2)}.
rzeX

A function f : X — R is called convex if f(Ax + (1 — N)y) < Af(z) + (1 — \)f(y) for all
z,y € X and all A € [0,1]. A function f : X — R is called lower semicontinuous at € X if
liminf, 7z f(x) > f(Z) and when this function is lower semicontinuous at all z € X, then we
call it lower semicontinuous (l.s.c. for short).

In this paper we do not use the classical differentiability, but we use the notion of subdifferen-
tiability to formulate optimality conditions. If we take an arbitrary = € X such that f(x) € R,
then we call the set

Of(x) :={a" € X*: f(y) = fz) = («",y —x) Vy € X}

the (convex) subdifferential of f at z, where the elements are called the subgradients of f at x.
Moreover, if f(z) # (), then we say that f is subdifferentiable at z and if f(x) ¢ R, then we
make the convention that df(z) := (). Note, that the subgradients can be characterized by the
conjugate function, especially this means

¥ € df(x) e f(z)+ fH(a¥) = (a",x), Ve € X, ¥ € X*, (1)

i.e. the Young-Fenchel inequality is fulfilled with equality.
In the next, we collect some properties of the gauge function. Let C C X, then the gauge
function of the subset C, 7o : X — R, is defined by

(2) = +00, if {\>0:2€XC} =10,
Ten inf{A\ > 0:2 € \C}, otherwise.



The following statements with proofs were given in [22].

Theorem 2.1. Let C' C X be a convexr and closed set with 0x € C, then the gauge function ¢
18 proper, convex and lower semicontinuous.

Lemma 2.1. Let C C X be a convex and closed set with Ox € C, then the conjugate of the
gauge function yo is given by

* ((L’*) — {07 ifO-C(x*) <1,

400, otherwise,

where oc is the support function of the set C, i.e. oc(z*) = sup,ec(x*, ).

Definition 2.1. Let C C X. The polar set of C is defined by

CY .= {:r* € X" :sup(z™,z) < 1} ={2" € X" :0¢(2") <1}
zeC

and by means of the polar set the dual gauge is defined by

Yoo (z*) := sup(z™, x) = oc(z¥).
zeC

Remark 2.1. Note that C° is a convex and closed set containing the origin. Furthermore, by
the definition of the dual gauge follows that the conjugate function of vo can equivalently be
expressed by

* ({L‘*) — {0’ Zf’YCO(w*) < 17

400, otherwise.

Moreover, the following theorem and lemma were proven in [22].

Theorem 2.2. Let a; € Ry be a given point and h; : R — R with h;j(x) € Ry, if v € Ry, and
hi(x) = 400, otherwise, be a proper, lower semicontinuous and convez function, i = 1,...,n.
Then the conjugate of the function g : R™ — R defined by

max{hi(x1) + ai, ..., hn(zn) + an}, ifr; eRy, i=1,...,n,

400, otherwise,

g(x1, ey Tp) = {

1s given by g* : R™ — R,

n
(@ al) = min {Zkz?*m)*(xr) - 0]}
= z?*gl, z?* >0, 1

Lemma 2.2. Let a; € Ry be a given point and h; : R — R with hi(z) € Ry, if v € Ry, and
hi(x) = +oo, otherwise, be a proper, lower semicontinuous and convex function, i = 1,....n.
Then the function g : R™ — R,

max{hi(z1) + ai, ..., hn(zn) + an}, ife; e Ry, i=1,...,n,

00, otherwise,

9(x1, .y ) = {



can equivalently be expressed as

n
9(x1, .y ) = sup {Z 29*[hy(27) + ai}} , Vz; >0, i=1,...,n.
% z?*fl z?*>0 =1
i=1
1=1,..., n

2.2 Nonlinear location problems with set-up costs

This section is devoted to recall some basic duality results for nonlinear single minimax location
problems with set-up costs stated in [22]. For this purpose, let X be a Fréchet space, S a non-
empty, closed and convex subset of X, C; a non-empty, closed and convex subset of X such that
Ox € intCj, v¢, : X — R a gauge function of the subset C; and h; : R — R a proper, convex,
lower semicontinuous and increasing function on R defined by

I ( ) hl("lf) S R+, ifx e R+,
i(x) ==
400, otherwise,

i =1,...,n. For given non-negative set-up costs a; € R, and distinct points p; € X the location
problem of interest is then given by

(Pa)  inf sup {hi(ve,(x = pi)) + aih,
2€51<i<n

while its associated conjugate dual problem (D7 ) has the form

0%
D? su inf g 2 r—p) e — g Ar [h: (ZT ) - a,} . (2
( h,a) ICRC{L....n), )\k>£ KER, \=0, I¢R, {:cES{ < i b >} A, ( )

o s N . el reR
#7>0, 2" €X", yoo(2{7) <", i€l

297=0, 21" =0x+, j¢I, ¥ Ar<1
rER

Under these settings the strong duality statement for (P;? ) and its dual problem (D;f ,) follows.

Theorem 2.3. (strong duality) Between (P7 ) and (D ) strong duality holds, i.e. v(Py ) =
U(Dfm) and the conjugate dual problem has an optimal solution.

Remark 2.2. Like mentioned in [22], the results in this section hold also for negative set-up
costs, with the difference that we have in the constraint set of the dual problem Y  p A = 1,
instead Y cpAr < 1.

One can easily observe that this fact holds also in the upcoming remark.

Remark 2.3. If h; : R — R is defined by

x, if x € Ry,
hi(z) := foeRy
400, otherwise,
then the conjugate function of h; is
0, if xF <1, .
hi(z*) = sup {z*x —x} = sup {z(z* — 1)} = / -y i=1,..n,
z€R z€R 400, otherwise,



and the conjugate dual problem (Df o) transforms to

S . 1x
(Dh,a) _ sup lng E <yz y L — pi> + E Aray
TCRC{1,..n}, Ae>0, 9" <Ak, keR, N=0, 1R, | <7 | 155 =
yI* >0, YT EXT, vo0 (yi)<yd*, i€l

y0* =0, y}*=0x~, j¢I, 3 <1
rTER
This dual problem can be reduced to the following equivalent problem

(DR.4) sup {;relg {Z%*, - p¢>} +) Z?*ai} BN E))

O 1% * 1x 0 " "
IC{1,..., n}, z; >0, 23 ex*, 'yCZO(zZ. )ﬁzz , 1€, iel icl

0% _ I _ : 0*
Zj =0, zj =0y, i¢l, iglzi <1

To see the equivalence between (D;ia) and (ﬁ;ia), take first a feasible element (X, 3%, y'*) =
(A1y oo A, 0 y2 yi*, L yl*) € R x R x (X*)™ of the problem (D,ia) and set I = R,
2 =N\, i €1, z?*zO, j& I andz* =yt iel CI, z}-*zOX*, j&lI (ie 2*€
X* i eI and zjl* = Ox+, j & 1), then it follows from the feasibility of (\,y*,y'*) that
Yoier 2 <1 2 >0, 2 e X ’ycg(zil*) <z i€l and z?* =0, z}* =0x+, j &1, ie
(29%,21%) = (9%, ., 20 2%, L 2k%) € R x (X*)™ is feasible to the problem (lN);fa) Hence, it
holds

inf {;Q/il T — pi>} + ; Aja; = inf {;@3 T - pi>} + ;zo a; <v(Dj,),
for all (X, y*, y**) feasible to (D,f’a), i.e. U(Dia) < v(ﬁfa) (where v(Df’a) and v(ﬁfa) denote
the optimal objective values of the dual problems (D}S;a) and (5;?&), respectively).

Now, take a feasible element (2%, 2'*) of the problem (]_3;?@) and set I =1 =R, Y =N\ =20
and yl* = zl* forie I =R and yo* =)\ =0forj¢ I= R, then we have from the feasibility
of (2%, 21%) that ¥, p A <1, g =X >0, k€ R, A =0, 1 ¢ R and v (y}*) <o, i €1,
which means that (\, y**,y**) is a feasible element of (Dsﬂ) and it holds

o {;< 25T = Di) } T Zzo*a’ = Inf {;@3*7@“ —Pz‘>} + ;Aiai < o(Djy),
for all (2°%,2') feasible to (ﬁh,a), which implies v(]_N?;ia) < ’U(D;S;a). Finally, it follows that
v(Dy,) = v(Dy,).

3 Duality results

3.1 Extended multifacility location problems with set-up costs

The location problem, which we investigate in a more general setting as suggested by Drezner
in [6] and studied by Michelot and Plastria in [I7], is

M .
(EP,") (rl,...,lrl}f)exm nax ZTOH —pi)+a;p,



where X is a Fréchet space, a; € R are non-negative set-up costs, p; € X are distinct points and
7c;; + X — R are gauges defined by closed and convex subsets C;; of X such that Ox € int Cjj,

70, (y) =inf{A > 0:y € \Cy}, i=1,..,n, j=1,..,m.

Now, set X = X™, 7 = (T1y .y Tm) € X, pi = (piy -y pi) € X and define the gauge Yo, X >R
by

m
o, (x) = ZTCU(:E]'), = (T1,.0;Tmy) € X,
j=1

where C; = {x € X : ve;(z) < 1}, ¢ = 1,...,n. Then, it is obvious that the location problem
(EPM) can also be written in a slightly different form, namely as a single minimax location
problem

(EP;W) inf max {y¢,(z — pi) + a; }.
zeX 1<i<n

Recall that the sum of gauges is itself a gauge. In the following, let X* = (X™*)™ be the associated

topological dual space of X where for & = (21, ..., 7,,) € X and z* = (2%, ..., 2%) € X* = (X*)™
we define (2%, x) := > UL, (2}, ;). Hence, for the associated dual gauge of ¢, holds

Yoo(z*) = sup (z*,z), i =1,...,n.
¢ zeC}

Now, we fix z* = (27, ...,x},) € X* and consider the problem

(P') inf (—a*,a)= _inf  (=a"a),
zeC zeX, ’YCi(w)fl

where its associated Lagrange dual problem is

(D7) sup inf {(—2", ) + A(y¢,(z) — 1)} = sup {—)\ + inf {{—2", z) + M, (ZU)}}
A>0 z€X A>0 zeX

~ sup {—A — sup{(a*, ) - Am(m)}} — sup{-A— ()" @)}, i = L.
A>0 zeX A>0

For A > 0 it holds (see [2])

(M) (z™) = sup{{x*,x) = e, (@)} = sup > (25,2;) = AD 70, ()
zeX jifff’m j=1 j=1
= Z sup {<$;k>xj> - ATCij(xj)}
j=1 il?]'GX

m 1 .
= Z)\ 51?))({<ij,33]-> —Toij(ﬂ?j)}
1 T

J
= i/\Té lx* — 0, if UCij(x;) <\ Vi=1,...,m,
—1 AN 400, otherwise
J:

{ 0, if 7o (%) <A, Vj=1,...,m,
= ¥}

400, otherwise



and for A = 0 we have

(0-9¢)*(@") = sup{(@*,2)} = sup > (2},2;)

$EX jijl ,,,,, m le
“ 0, ifz*=0x, Vj=1,...m

= 3 swp gy = { G e 5)
— 26X 400, otherwise,

i =1,...,n. As TC?J_(O)(*) = sup,, cc;; (0x=, ;) = 0, one gets by and for the Lagrange
0
dual problem (D], ) that

0
(D}1) iglg{—k—(wc,-)*(x*)}=§g%{ Ao (27) <A, Vi =1, } i=1..,m,

and since for the primal-dual pair (PVO)—(DZLO) the Slater constraint qualification is fulfilled, it
holds strong duality. From the last statement we derive an alternative formula for the dual

gauge vyco,

'ch(x*) = sgg (x*,x) = I§1>151{)\ e (z7) <A, Vi=1, ...,m}
zeC; 2

= max {mln{)\ TCO( 7)< )\}} = max {ch(ﬂf;)}, i=1,..,n. (6)

1<5<m | A>0 1<5<m ij
We use (3) and @ and get for the dual problem corresponding to (EPM)

M : 1 ~ 0
(ED;") sup inf g (zi%,x —Dpi) ¢ + E ziai g .
I1C{1,...,n}, 29%>0, zl*ex*, Tco (zl*)<20* ier, |@zeX g el
k *—0, zk =0x#, k¢I, ¥ zO*<1 j=1,...,m

el

Because

rzeX

e { e = g {3 el

i€l =1,..., m el ]21
m m
_ 1% 1=
= E xlg( E <Zij L Tj) ¢ — E E <Zij s Di)s
7j=1 el el j=1

we obtain finally for the conjugate dual problem of (EPM)

(EDéM) sup Z <szapz>_z a; s

(29%,...,20% 21x . 2k eC iel j=1

where

rvn )

C= {(z(l)*,. G20 A% L2 R X (X)X L x (X)) T C{1,...,n},

Mt <1, Zzilj* = 0x~, 22* >0, zilj* € X, TC?( Z1) < 2

A A i iy 1€el,
el el

*=0, 2z} T=0x-, k¢, j= m}



Remark 3.1. A similar dual problem was formulated by Michelot and Cornejo in [§] in the
sttuation where X is the Fuclidean space, m = 2 and the gauges are the Fuclidean norm. The
authors construct in their paper a Fenchel duality scheme to solve extended minimaz location
problems by a proximal algorithm.

Let v(EPM) be the optimal objective value of the location problem (EPM) and v(EDM) be
the optimal objective value of the dual problem (EDM), then we obtain the following duality
statement as a direct consequence of Theorem [2.3]

Theorem 3.1. (strong duality) Between (EPM) and (EDM) holds strong duality, i.e. v(EPM) =
v(EDM) and the conjugate dual problem has an optimal solution.

The following necessary and sufficient optimality conditions are a consequence of the previous
theorem.

Theorem 3.2. (optimality conditions) (a) Let (Z1,...,Tm) € X™ be an optimal solution of the
problem (EP;‘J) Then there exist (2%, ...,Z20% Z1*, .., Z*) € R™ x (X*)™ x ... x (X*)™ and an
index set I C {1,...,n}, an optimal solution to (EDM), such that

(i) max T (Tj — Pu) + au p = 27" Z 7., (Tj — pi) +aq |,
j=1 i€l j=1

INgE!

1<u<n
(it) Z0*70, (T — pi) = (2 11]*, —pi), i€l j=1,...m,
(ii) Y Zi; = 0x=, j=1,...,m,

iel
(iv) Zzo*—l 2 >0,ie€l, andzVy =0, k ¢ 1,

jEI

(v) ZTC (Tj — pi) + a; = max {iTcw( pu)+au}, iel,

1<u<n ]:1

(vi) 1r<1fllan<x {TC?Z(Z}Z*)} =z, }; € X* iel, and 5,15 =0x+, k¢1,j=1,...m
(b) If there exists (T1, ..., Tm) € X™ such that for some (29, .., 2% 2% L2 € R™ x (X)™ x

X (X*)™ and an index set I C {1,...,n} the conditions (i)-(vi) are fulfilled, then (T1,...,Tp,)
is an optimal solution of (EPM), (z(l)*,. 20z L2 T) s an optimal solution for (EDM)

and v(EPM) = v(EDM).

Proof. From Theorem we have v(EPM) = v(EDM), ie. for (T1,..,Tm) € X™ and
(Z%, ..., 20 7% .72 € R" X (X*)™ x ... x (X*)™ and an index set I C {1,...,n} it holds

°) 7’7,7 )
m m
max g T )+a ——E E Z i ) — 2 a,
1§u§n Cuj u - ~ . 1] ’pl 7 (3
iel J=1

m m
= ~1 -0
<R ;Tcuj(xj —pu) w4 <Zzi§k’1%‘> — % ai| =0
]: -

m m
_ =1 =0
& a4 2 70T P bau 4D <Zp>—



m
+ Z Z E?*Tcij (fj

)~ 303 e, (- 20
iel J=1 iel J=1
m m
(3303 ><zz>o
iel J=1 ieT J=1
—0x% 0%
& | Z NIRRT S 3D E IR
icl J=1 il
m
> 3ok, ) - G +z<zzw -0 0
iel j=1 J=1 \jeT
If we define the function h; : R — R by
Y, if ye R-l—a
400, otherwise,
then it follows by Lemma [2.2] that
m m m
ZTCU (E] "ZTCM (Ej — Pn) = lglz?ﬁ{n ZTCuj (-T] — Pu) + ay
j=1 j=1 == =t
m
iel Jj=1

which means that the term in the first bracket of (7)) is equal to zero. Moreover, by the Young-

Fenchel inequality as well as by the fact that >

T Z w =0x=*, j =1,...,m, we get that the terms

in the other brackets are also equal to zero. Hence, we derive the optlmality conditions (4)-(7i7).
By the feasibility condition, » .7 z9* < 1, and the equality in the first bracket of @ it holds

max

+a =
12uin pu n

Z s (%

IA

<

and from here follows on the one hand that

Zfo* _

iel
and on the other hand that

m

Z TC’i](

=1

+ a; = max
—pi) T 1<u<n

ZTu] —pu) + ay ,ief

40*
E E 7'(;1] )+ a;
iel
Z; max E T +a
Z 1<u<n ) 4 Cuy (T “
iel
m
max E TC (T; — +a
J:

(10)



Moreover, as z\ “10,;,(Tj — pi) = (Z Zi] Tj —pi), i € I, 5 =1,...,m, one gets by the feasibility
condition,

TC%(Z,};() <zH j=1,.,m,
—1x% 0* . T
< I 11
& 1r§rlla§07<n {TCO (zi; )} Zi, 1€l (11)

as well as by using the generalized Cauchy-Schwarz inequality that (recall that
ve, (@ = pi) = Z;-n 1 70,(Tj = i) Yoo (217) = maxi<jcm{Teo (Z)}, Bi = (pi> -, pi) € X™ and
Zt = (0 Zi) € (XF)™, i€ 1)

9 7im

m m
Z?*’ycz(f _ﬁl) = fg* ZTCi]' (f] z] yLj — = <zzl*7x - pl>
° ]:1

<o (N0 @~ B) = max {ren (250} Y 70, (@5 - i)

1<i<m -
J=1
m
0 E
7, zy p'L

i € I, and thus, the inequality in holds as equality. Taking now @, and as
equality together yields the optimality conditions (iv)-(vi) and completes the proof. O

Remark 3.2. Let h; : R — R be defined by
’7 ) ] 6 R )
hz($z> — T if @ ' +
400, otherwise,

then the conjugate function of \jh;, A; > 0, is

07 ) x < >"7 .
(k)" () = TEE N G,
400, otherwise,

In addition, we consider the function f:R — R,

£ :{ ax {0 +ai}, if * =,y €RY, i=1,..,n,

400, otherwise,

and get by Theorem [2.3 that

n
FrY 20 = min {— Z)\ al} Zzo*al,

for all z?* <N with A\ >0, i =1,...,n, Y. X\ <1. Hence, we have by the Young-Fenchel
inequality and the optimal condition (i) of Theorem [3.9 that

ZZO*ZTCZJ —pi) < f ZTCIJ ZTCm —pn)) | +f° (21 ,---72*)
J=1

i€l Jj=1

m n
S 1o, @ = 1), > 10 (@ —pn) | - D Erai=) & Zm
j=1

=1 i=1 il



i.e.

m
Z TCy; (fj Z Tcm —bn ) + f (Zl e ’791* Z ZO* Z TC’J
j=1

i€l Jj=1

and by this equality is equivalent to

(2., 2%) e of ZTCU —p1)ses Y70, (T — Pn))
j=1

In other words, the condition (i) of Theorem- can be written by means of the subdifferential

(i) (Z¢*,..,2%) €0 <1I£1a<x { +a3}) (i 701; (Tj — P1), s i 70, (T pn))> ,
Jj=1 j=1

Similarly, we can rewrite the condition (it) of Theorem[3.4
(ii) zl* €0z re,)Ti—p), i€l, j=1,...m

Moreover, combining this condition with the optimality condition (iii) of Theorem yields that

OX* c 26(5?*7—0“)(?] _pz)v .] = 17 —y
iel
Notice also that the optimality conditions (ii) and (vi) of Theorem [3.9 give a detailed charac-
terization of the subdifferential of E?*Tci]. at T; — p; such that

1<i<m il

a(ZO 7, ) (@5 — pi) = {Zzl; €X": Z 70, (T —pi) = (Z }jvfj —pi), max {TCO( zll*)} :Z?*}a

forallicI, j=1,...,m

Let us now consider the extended location problem (EPM) in the following framework. We set
X = H, where H is a real Hilbert space with the scalar product (-,-) and the associated norm
| || defined by [[z]| := /(x,z). In addition, let 7¢,; : H — R, 7¢;;(x) := wij||z[|, where w;; >0
for j=1,...,m, ¢ =1,...,n. Hence, the location problem looks like

m
BERD (o B 325, 2wl = will
For this situation, where the gauges are all identical and the distances are measured by a round
norm, Michelot and Plastria examined in [I7] under which conditions an optimal solution of
coincidence type exists. The authors showed that if the weights have a multiplicative structure,
Le. wij = Nipj with Ny, pj > 0,0 =1,..,m, j =1,...,m, and 7, pi; = 1, then there exists
an optimal solution of (EPH ) such that all new facilities coincide. Moreover, they described
when the optimal solution of coincidence type is unique and presented a full characterization of
the set of optimal solutions for extended multifacility location problems where the weights have
a multiplicative structure.

The next statement is based on the idea of weights with a multiplicative structure and illus-
trates in this situation the relation between the extended location problem (EPJ]\\,/IQ) and its
corresponding conjugate dual problem. ’

11



Theorem 3.3. Let X = H, 7¢,; : H — R be defined by 7¢,,(v) := wijl|lz||, i = 1,...,n, j =
1,...,m, and w;; = \jpj with N;, pj > 0,1 =1,...n, j=1,...,m, and Z;nzl i = 1. Assume
that Az = (T, ...,T) € H X ... x H is an optimal solution of coincidence type of

N———

m—times

m

M .

(EPN) (@1, I?Gf?-tx CH1Z5on > wijllz; — pill + ai
3o m YA j:

and (29, ..., 2% z1*, .., 2L 1) and T C {1,....,n} is an optimal solution of the corresponding
conjugate dual problem

m
M 1 0
(EDN,a) Sup - Z < Zif,p¢> — zi*ai s
(29%,...,20% 217, 2k ) eC icl j=1
where
C = {(z(f*,. G2 Y ERTP X H X X H X x H X o x H T C{1,...,n},
S— S—
m—times m—times
Mt <1, Zzl-lj* =0y, 2% >0, zilj* €H, ||z | < 29wy, i€ 1,
el el

2 =0, 21 —OH,kgéI j=1,. }

Then, it holds

_ 1 NIz | g
T = T e W(BDY,) —a’
EW iel

where

_ , 1.
J = {j S {177m} : wij HZ’LIJ H - lrgnl%}’r(n{nz H}}

Proof. First, let us remark that the dual norm of the weighted norm 7¢;,; = wjjl| - || is given by
Teo = (L/wig)|l - |-

Now, let Az = (%, ...,T) be an optimal solution of coincidence type, then the optimality condi-
tions (i), (i7i), (v) and (vi) of Theorem can be written as

(11) ??*wwa le - < z] 7i_pi>7 (&S 77 .7 =1,...m
(i) Yz =0p, j=1,...,m,
i€l

1<

m —
(v) 2 wijl|z = pill + a; = max {Zwuyllw pu!!+au}7 i€l
j=1

(vi) 1r<nla<u7<n{w” s H} 7,z eH, ieTand 25 =0y, k¢ 1, j=1,..,m.

12



By combining the conditions (ii) and (vi), we get
HZ ”Hl’ p’LH_< zg?i_pi% Z.ET’ ]Ej

Moreover, by Fact 2.10 in [1] there exists a;; > 0 such that

Zij = oy (T - p)

and from here one gets that
Iz = eyl —pill,

i €1,j € J. By condition (v) follows

m m
sz'ijL' pill +ai = 1r<naé< Zwujuf_pu” + ay
, s

m
© AZ;ugux—p@rHaz—lglag N DT = pul +
J J=

& Al = pill +ai = max {A[[T - pull +aut, i€
1<u<n

Bringing and together yields

i
?UHZ | +a; = 1121&){ Al = pull + au}

>\z' _1 T . 3
S qp = el jeJ.
T s Dl -l ]
Taking the sum overall i € T in gives
Az | —
i = € J.
Za,] Z max {A\||T — pull + au} — »

iel iel 1<u<n

Now, consider condition (iii), by follows

1% _
Oy = Z Zij azg pz T = Z s Zaz]pza JE€E J.

iel i€l i€l

i€l
Putting and together reveals
B 1 AillZ
ro= Aillzh Z max {A\||T — pul| + au} — azp
Y. o e e o 12
e] 1<u<n
1 AillZi | .=
= - pi, Vj € J,
AdllZi | Z U(ED%Q) —a;

Z, U(ED%a)fai iel

el

and the proof is finished.
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(12)
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(14)

(15)
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Remark 3.3. In the context of Theorem it holds that T — p; and E}f are multiples of each
other and so the vectors (l/wij)é%;, j € J, are all multiples of each other. In other words, the
vectors (1/wij)§%;‘, j € J, are identical. In this sense, one can understand the optimal solution
of the conjugate dual problem also as a solution of coincidence type.

The next statement holds for any weights, not necessary of multiplicative structure.

Lemma 3.1. Let ws; == max1<u<n{wuj} X =M, 1¢;; : H — R be defined by ¢, (v) 1= wijl|z|],
i=1,..,n, j=1,..,m, and (zl - .,22*,2}*,. 25 a feasible solution of the conjugate dual
problem (ED%a), then it holds

Wi
Hz | < Jiel, j=1,...,m

Wsj T Wi
Proof. Let

(2222 2 L) ERT X H X X H X X H X L x H
N — e —

» A ) )

m—times m—times
be a feasible solution of the conjugate dual problem (ED%[ ), then we have

() Y=<,

el
()HZ H<Z w@],j—l m,i€I7
(iii) Yz

i€l

The inequalities (i) and (ii) imply the inequality

1
Dol <1 j=1m (19)

iel 9
Furthermore, by (iii) we have

el i€l
ik

U )

and hence,

il = 1D 2511 < Y M=l k€L, j=1,..m. (21)

iel el
ik ik
By we get in
1 1
1> —|z Iz 1l > — 2]
Wk i€l Wk i€l
z#k i#k
1 Wsj + Wk .
> 7” ||_MH ||7 ]:17"'7ma
W5 W Wij

14



and finally,

wsjwk]

a5l < — L kel j=1,..m

kj

g

Remark 3.4. If we allow also negative set-up costs then we have in the constraint set, as
stated in Remark doicr Z Z = 1 instead ZIE] . < 1. One can easy verify that the results
we presented above also holds in this case.

3.2 Extended multifacility location problems without set-up costs

In the next, we study the case where a; = 0 for all ¢ = 1,...,n. With this assumption the
extended multifacility location problem (EPM) can be stated as

(EPM) inf max Z 70, (%

(xh 7xm EXm 1<i<n

In this situation its corresponding conjugated dual problem (EDM) transforms into
m
(E‘DM) Sup - Z Zil;a bi
(21520721 207 ) EC iel \j=1
Additionally, let us consider the following dual problem

(EDM) sup —Z<Zz2}-,pi>

(25,...,25)€eC iel \j=1

CNZ{(zi‘,..., zp) € (X)X Lo x (X)) T C{L,...,n}, 2 € X, i €1, 25, =0x, k¢ 1,

zt = 0x~, max{To }<1 j=1. .

iEZI & zEZI 1<Ii<m c ( )

Let us denote by v(ED}!) and v(EDM) the optimal objective values of the dual problems
(EDM) and (EDM), respectively, then we can state.

Theorem 3.4. It holds v(EDM) = v(EDM).

Proof. The statement follows immediately by Theorem 4.1 in [22] and by @ O

The next duality statements follow as a direct consequence of Theorem [3.1] and Theorem [3.4]

Theorem 3.5. (strong duality) Between (EPM) and (EDM) strong duality holds, i.e. v(EPM) =
v(EDM) and the dual problem v(EDM) has an optimal solution.

15



We define
JT::{je{l m} o (4 )>0} el,
and obtain by using the previous theorem optimality conditions of the following form.

Theorem 3.6. (optimality conditions) (a) Let (ZT1,...,Tm) € X™ be an optimal solution of
the problem (EPM). Then there exists (Z5,...,Z5) € (X*)™ x ... x (X*)™ and an inder set
1C{1,...,n}, an optimal solution to (EDM), such that

(i) max {imw(fﬂj )} > Z 7eo (2570, () — pi),

1<u<n j el =
(i) Y7 = Oxe, j = 1,ym
iel

(iv) Z max {Tcgl(ifl)} =1,

7l<l<m

1<u<n j=

(v) max {ilTCu]( pu)} = ilTCij(xj —pi), i €1,

(v)) masx {703 (z;;)} =700 () >0, i €1, j€Tr, and e (25,) =0, k¢ T, s=1,...m
(b) If there exists (T1,...,Tm) € X™ such that for some (77, ..., 7Z;,) € (X*)™ X ... x (X*)™ and an
index set I the conditions (i)-(vi) are fulfilled, then (T1,...,Tm) is an optzmal solutz’on of (EPM),
(z5,...,Z5, I) is an optimal solution for (EDM) and U(EPM) = o(EDM).

AN

Proof. Let (Z1,...,Zm) € X™ be an optimal solution of (EPM), then by Theorem there
exists (z7,...,z5) € (X*)™ X (X*)™ and an index set I C {1,...,n}, an optimal solution to

(EDM), such that U(EPM) (EDM) Therefore, we have

m m
{5 (S0)
J=1 J
m m
& max Zchuj (T —pu) p+ Y < ' ZZ},pi> =0
J= J

iel \j=1
m m m
_ x e
o mas 0> o, @m0 (e ) - > (X
- Jj=1 iel \Jj=1 J=1 \ieT
=0y
+ZZTCO Zij)70y, (T ZZTCSJ Zi5)70;,;(Tj —pi) =0
iel j=1 iel j=1

16



m

=R DB I DL D > ey (5, (5 =)
]:

iel J=1

03 [reg (e, @ ) — (257 ] =0

iel J=1

From Lemma follows with that
m m m
>0y, @ =) Y 70, (@ = pa) | = max $ Y e, (Tj — pu)
J=1 Jj=1 - =t
m
> s, (a0} e 2 23 ey Gl ),

iel iel j=1

i.e. the term within the first bracket is non-negative and by the Young-Fenchel inequality we
derive that the terms within the other brackets are also non-negative. Thus, the cases (i)- (i)
are verified.

Furthermore, the first bracket reveals that

m

max ZT (Tr; —p ZZTO T

1<j<n — C’u,]( J C 'Lj C’LJ pl)
j:

iel j=1

m
< g max {TCO }E
~ 1<Il<m
el Jj=1
< E max {7‘ 0 }max g T max E T 22
- ~ 1<I<m C( 1<j<n | 4 C“J 1<]<n CW (22)

el

and so, we have that ), 7 max1<l<m{TCo( )} =1as well as max {TCQZ (E;‘l)} = Tco (27;) > 0,
7 ij

j € Jr, i € I, which verifies conditions (iv) and (vi). From . follows also that

Z 1I£lla§}7{n {Tclol( } lrél]a<xn Z Tcuj pu) - Z; Tcij (EJ - pl) = O (23)
j=

el

As the brackets in are non-negative and max1<l<m{7'co( )} >0, i € I, we get that

m m
fgj.agxn ZTCuj (Tj—pu) p = ZTCij (@ —pi), i € 1.
7=1 7j=1
which yields the condition (v) and completes the proof. O

Now, our aim is to investigate the location problem (EPM) from the geometrical point of view.
For this purpose let X = R% and the distances are measured by the Euclidean norm. Then, the
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(EPM) turns into

m
(EPJ]\\f/[) inf max Z w¢j||:z:j — pl” s
=1

(21, ym ) ERIX... xR 1<i<n

while its conjugate dual problem transforms into

EDY) s z<zz;;,pz>

(ZT77Z:L)EC i€l
with
5:{(2«{,. Gz) ERIX X RIx X REx L xRE:TC{L,..,n}, 2 €RY, i
\%,_/ N————
m—times m—times
#=Oga, i¢ 1 T2y =Ops, ¥ max {w%”z;;”} <1, jzl,...,m}.
el ZEI

Theorem 3.7. (strong duality) Between (EPM) and (Eﬁ%) holds strong duality, i.e. v(EPM) =
v(EDY) and the dual problem has an optimal solution.

Theorem 3.8. (optimality conditions) (a) Let (T1, ..., Tm) € REx ... x R? be an optimal solution
of the problem (EPM). Then there exists

Z, .., 7) eRYx .o x REx... x RY x ... x RY
m—times m—times
and an optimal index set I, an optimal solution to (EINJ%), such that

(i) max {wall% pull} ZZI!ZUIIH% pill;

iel J=1

(i) Yz = Oga, j = 1,.0ym
el

(ii1) HEZHH'%] pill = 1]7 —pi), 1€, j=1,...,m,
() 3 ma < { L szzu} =1,

1<u<n

m
(v) max {wallfﬂg pull} = 2 wijlzy —pill, i€l
j=1

(i) max {21} = o575 Zir € B\ {Opa), i €, and 2y = Oga, k¢ T, j=1om

(b) If there exists (T1,...,Tm) € R? x ... x R? such that for some

Z, ., Z2)eRYx o xREx.. xR x ... x RY
\—,_/ —_—
m—times m—times
and an index set I the conditions (i)-(vi) are fulfilled, then (T1,...,Tp,) is an optimal solution of

(EPY), (z%,...,25,1) is an optimal solution for (EDM) and U(EPM) = U(EDM)

18



We want now, in the concluding part of this paper, to illustrate the results we presented above
and describe the set of optimal solutions of the conjugate dual problem. For that end, let us
first take a closer look at the optimality conditions stated in Theorem

By the condition (iii) follows that the vectors Z;*j and 7; — p; are parallel and moreover, these
vectors have the same direction, i € I, j = 1,...,m. From the optimality condition (vi) we
additionally deduce that the vectors Ez‘j, j =1,...,m, are all unequal to the zero vector if i € I,
which is the situation when the sum of the weighted distances in condition (v) is equal to the
optimal objective value. In the reverse case, when i ¢ I, i.e. the sum of the weighted distances
in condition (v) is less than the optimal objective value, the vectors z
equal to the zero vector.

Therefore, it is appropriate to interpret for i € I the vectors z;; fulfilling D icT z;; = Ox» and

*

i J = 1,...,m, are all

Y icT MaXi<i<m {U%HZZH} = 1 as force vectors pulling the given point p; in direction to the
associated gravity points z;, j = 1, ...,m. As an illustration of the nature of the optimal solutions

of the conjugate dual problem, let us consider the following example in the plane and especially
Figure 1.

Example 3.1. Let us consider the points p1 = (0,0)7, ps = (8,0)T and p3 = (5,6)7 in the plane
(d = 2). For the given weights w11 = 2, wiz = 3, wey = 3, weg = 3, w31 = 2 and w3y = 2 we
want to determine m = 2 new points minimizing the objective function of the location problem

(EPY) (o1 )iipef]sz]R? max{2||z1 — p1l| + 3|lz2 — p1|, 3[|21 — pal| + 3[|z2 — pal|,
1,02

2|1 — p3|| + 2[|z2 — p3l|}

To solve this problem, we used the Matlab Optimization Toolbox and obtained as optimal solution
71 = (6.062,0.858)T, Ty = (2.997,0.837)T and as optimal objective value (EPY) = 21.578.
The corresponding conjugate dual problem becomes to

(EDY)  sup  {—(2fy + 279, p1) — (251 + 239, p2) — (251 + 232, 18)} ,

(zf,z;,zg)eg
where
C= {(z{,z;,zg;) € (R? x R?) x (R? x R?) x (R? x R?) :
Zfl + Z;l + Z§1 == ORQ, Zikz + 232 + Z§2 == ORQ,

max { 3|23y ]|, 3llfoll } + max {3125 1, 3ll25ll} + max {51251, 31250} < 1}-

The dual problem (Eﬁ%) was also solved with the Matlab Optimization Toolbox. The optimal
solution was

Z3 = (0.803,0.114)T, 7%, = (1.171,0.327)7,

Z = (—0.909,0.402)T, z5, = (—0.98,0.164)7,

75, = (0.106, —0.516)", =5, = (—0.191, —0.491)"

and the optimal objective function value ’U(Eﬁ%) = 21.578 = v(EP}). See Figure 1 for an
illustration of the relation of the optimal solutions of the primal and its conjugate dual problem.
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1 | | 1 1 | | | | |

Figure 1: Illustration of the example

An alternative geometrical interpretation of the set of optimal solutions of the conjugate dual
problem is based on the fact that the extended multifacility location problem (EPM) can be
reduced to a single minimax location problem as seen in the beginning of Section 3] This means
precisely that the sum of distances in the objective function of the location problem (EP]]\\,/[ ) can
be understood as the finding the minimum value for n norms d; defined by the weighted sum
of Euclidean norms, i.e. d;(y1, ..., ym) := D71 wijlly;|| with y; € R4, w;; >0, j =1,...,m, such
that the associated norm balls centered at the points p; = (p;, ..., p;) with p; € R%, i = 1,...,n,
have a non-empty intersection. In this case, it is possible to interpret the optimal solution of
the corresponding conjugate dual problem as force vectors fulfilling the conditions in point (a)
of Theorem and increasing the norm balls until their intersection is non-empty. Notice that
the optimality conditions (v) and (vi) imply that the vectors Zi J = 1,...,m, are equal to the
zero vector if i ¢ I, which is exactly the case when T is an element of the interior of the ball
associated to the norm d;. But this also means that the vectors Efj, 7 =1,...,m, are all unequal
to the zero vector if ¢ € I, which exactly holds if Z is lying on the border of the ball associated
to the norm d;.

For a better geometrical illustration of this interpretation, let us consider an example, where
d = 1. In this case the Euclidean norm reduces to the absolute value.
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Figure 2: Illustration of the example

Example 3.2. For the given points p1 = (p1,p1) = (2,2)T, p2 = (p2,p2) = (—4, —4)T, p3 =
(p3,p3) = (5,5)7, Pa = (pa,pa) = (8,8)" and the weights w1y = 2, wiz = 3, wo1 = 2, way =
3, w31 =2, w3y =2, wy =3, wgz = 2 we want to locate an optimal solution x = (1, J:Q)T € R2

of the problem
(EPM) inf

($1,$2)T6R2

2|z — 5| + 2|xg — 5|, 3|z — 8] + 2|xy — 8|}.

max{2|z1 — 2| + 3|za — 2|, 2|x1 + 4] + 3|z2 + 4],

We solved the problem (EPM) with the Matlab Optimization Toolboxr and obtain as optimal
solution T = (T1,T2)" = (7,—3)T and as optimal objective value v(EPM) = 25.
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For the corresponding conjugate dual problem

(EDM) sup  {—2(211 + 212) +4(231 + 232) — 5(23; + 235) — 8(241 + 210)},

where

(27 ,2%,25,25)€C

5: {(ZT,Z;,Z;,ZZ) S Rz X R2 X R2 X R2 :

* * * * * * * *
Z{1 + 291 + 231 + 24 =0, 219 T 299 + 239 + 249 =0,

max{%|z’f1\, %’Zﬁ’} + max{%]zgﬂ, %‘352‘} +max{%\z§1]7 %|Z§2|} +max{%|zjh\, %’ZZ2|} < 1}

we obtain by using again the Matlab Optimization Toolbox the associated optimal solution

Zr = (211, 710)" = (0.333,-0.5)T, 25 = (z31,%5,)" = (0.867,1.3)7,

%= @ 75)" = (0,07, 2 = (Z1,73)" = (-1.2,-08)"

and the optimal objective value v(EDM) = 25 = v(EPM). The numerical results are illustrated
in Figure 2. Take note that T is lying inside the norm ball centered at the point ps and that for
this reason z5 is equal to the zero vector.
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