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Abstract

We provide non-smooth atomic characterizations for 2-microlocal Besov and Triebel-
Lizorkin spaces with variable integrability B¢, . (R") and F;‘(’,Lq(,)(R"). These spaces
cover the classical Besov and Triebel-Lizorkin spaces as well as spaces of variable smoothness
and integrability. As an application, we state a pointwise multipliers result for these spaces.
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1 Introduction

In this article we generalize the atomic decomposition theorem for 2-microlocal Besov and
Triebel-Lizorkin spaces B;‘(’.)’q(.)(]R") and F;}E’.)’q(.)(R”) and present an application to pointwise
multipliers.

The 2-microlocal function spaces initially appeared in the book of Peetre [20] and have also
been studied by Bony [2] in connection with pseudodifferential operators. Later on, they were
investigated by Jaffard [9] as well as Jaffard and Meyer [10]. In [16] and [17], Levy Véhel
and Seuret showed that they are an useful tool to measure local regularity and to describe the
oscillatory behavior of functions near singularities.

Spaces of variable integrability, also known as variable exponent functions spaces Lp(.)(R”),
can be traced back to Orlicz [19] 1931, but the modern development started with the papers [11]
of Kovécik and Rékosnik as well as [3] of Diening. The spaces L,.)(R") have interesting appli-
cations in fluid dynamics, image processing, PDE and variational calculus, see the introduction
of [6]. For an overview we refer to [5].

The concept of function spaces with variable smoothness and the concept of variable integra-
bility were firstly mixed up by Diening, Hést6 and Roudenko in [6]. They defined Triebel-Lizorkin

spaces F;((_'))q(_)(R") and from the trace theorem on R™~! it became clear why it is natural to

have all parameters variable. Due to

(%) ny __ 5(')‘% n—1 . N 1 N 1 _
Tr oy o (R )= Foy o0 (R"™%), with s(+) 20 > (n — 1) max o0 1,0),
(Theorem 3.13 in [6]) we see the necessity of taking s and ¢ variable if p is not constant.
Moreover, Almeida and Hésto also introduced Besov spaces B;E; q(.)(]R") with all three indices

variable in [1].
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The scale we consider here - mixing 2-microlocal weights with variable integrability - was
introduced in [13,14] and provides a unified approach that covers many spaces related with
variable smoothness and generalized smoothness. Many results have been studied regarding these
spaces, in particular the possibility of decomposing functions f € B;‘(’%q(R") or F};‘t’_%q(_)(R”) as
linear combinations of smooth atoms, which are the building blocks for atomic decompositions.

The study of smooth atomic decompositions for Besov spaces with p and q variable was firstly

done by Drihem in [7], where he proved the result for Besov spaces with variable smoothness
and integrability B;E:;,q(')(Rn)' Following the same ideas, we present in Section 2 the smooth
atomic decomposition result for 2-microlocal Besov spaces B;‘(’.%q(.)(R”).

In Section 3 we develop non-smooth atomic decompositions for 2-microlocal Besov and
Triebel-Lizorkin spaces B;‘(’.)vq(.)(]R") and F;‘(’.m(.)(R"). We show that we can replace the usual
atoms used in smooth atomic decompositions by more general ones, whose assumptions on
the smoothness are relaxed and, nevertheless, we keep all the crucial information compared to
smooth atomic decompositions. This modification appears in [25], where Triebel and Winkelvofs
suggested the use of these weaker conditions to define function spaces intrinsically on domains.

In this direction, recently Schneider and Vybiral in [23] and Scharf in [22] proved some results
about non-smooth atoms for the classical Besov space Bzvq(R"), but using different approaches.
For the case of function spaces with variable exponents this is the first work concerning non-
smooth atomic decompositions. Our approach follows Scharf in [22] and generalizes and extends
the smooth atomic decomposition results previously referred.

In Section 4, we use the non-smooth atomic representation theorem to deal with pointwise

w

multipliers in the function spaces B;‘(’.) q(.)(R") and Fp(.) q(.)(R”). Our result covers the corre-
sponding results obtained in [23] and [22] for classical Besov spaces By  (R").

2 Notation and definitions

We shall adopt the following general notation: N denotes the set of all natural numbers,
No = NU {0}, Z denotes the set of integers, R™ for n € N denotes the n-dimensional real Eu-
clidean space with |z|, for x € R™, denoting the Euclidean norm of z. For a real number a, let
a4 := max(a,0).

If s € R, then there are uniquely determined |s|~ € Z and {s}* € (0,1] with s = |s]| " +{s} ™.
Definition 2.1. Let s > 0. Then the Hélder space with index s is defined as

C* = {f ectl” | r1¢ = Z sup |Df(x)| + Z sup [f(z) = fw)l < oo}.

la|<[s]— z€R lal=|s]~ z,yER™ x#y |l’ — y|{3}+
If s =0, then we set C° = L.

For g € (0, 00], ¢4 stands for the linear space of all complex sequences f = (f;);jen, endowed

with the quasi-norm
> 1/q
11l = (D1807)
j=0

with the usual modification if ¢ = co. By ¢, ¢1, co, etc. we denote positive constants independent
of appropriate quantities. For two non-negative expressions (i.e., functions or functionals) A,
B, the symbol A < B (or A 2 B) means that A < ¢B (or ¢. A > B), for some ¢ > 0. If A < B
and A 2 B, we write A ~ B and say that A and B are equivalent.

In order to define 2-microlocal Besov and Triebel-Lizorkin spaces with variable integrability,
we start by recalling the definition of admissible weight sequences. We follow [14].



Definition 2.2. Let o > 0 and a1, as € R with a1 < as. A sequence of non-negative measurable
functions in R" w = (wj)jen, belongs to the class W, ,,(R™) if the following conditions are
satisfied:

(i) There ezists a constant ¢ > 0 such that

0 < w;(x) < cwj(y) (1+ 2|z —y))* forall j € Ny and all z,y € R™.

(it) For all j € Ny it holds

29 wj(x) < wjpi(z) < 2% wji(x)  for all z € R™.

Such a system (wj)jen, € WS, o, (R™) is called admissible weight sequence.

aq,002

Properties of admissible weights may be found in [12, Remark 2.4].

Before introducing the function spaces under consideration we still need to recall some nota-
tion. By S(R™) we denote the Schwartz space of all complex-valued rapidly decreasing infinitely
differentiable functions on R™ and by S'(R™) the dual space of all tempered distributions on
R™. For f € S§'(R™) we denote by fthe Fourier transform of f and by fV the inverse Fourier
transform of f.

Let ¢o € S(R™) be such that
wo(z) =1 if |z| <1 and supp po C{z € R":|z| < 2}. (2.1)

Now define ¢(x) := po(z) — po(22) and set ¢;(z) := ¢(277z) for all j € N. Then the sequence
(pj)jen, forms a smooth dyadic partition of unity.

By P(R™) we denote the class of exponents, which are measurable functions p : R" — (¢, o0]
for some ¢ > 0. Let p € P(R™). Then, p* := ess-sup,cpnp(z), p~ = ess-infyepnp(z) and
Lp(.)(R”) is the variable exponent Lebesgue space, which consists of all measurable functions f
such that for some A > 0 the modular ¢r,  (&n)(f/A) is finite, where

oL@ (f) = /R N f @) da + ess-sup, ey |f(2)]-
0

Here R7, denotes the subset of R™ where p(z) = oo and Rfj = R" \ RY,. The Luxemburg norm
of a function f € L,y(R") is given by

n . f
151 Lo @) = int >0 01,00 (§) <1

In order to define the mixed spaces £,(.y(Ly(.)), we need to define another modular. For
p,q € P(R™) and a sequence (f,),en, of complex-valued Lebesgue measurable functions on R™,

we define
o ] fV
Qeq(')(Lp('))(fl’) = Zlnf {)\” >0: Op(") ()\l/q() <l,. (2'2>

v=0

If ¢* < oo, then we can replace (2.2) by the simpler expression

0ty (L) (fv) = i H!fVIQ(') | L%H (2.3)
=0



The (quasi-)norm in the £4.y(L,.)) spaces is defined as usual by

I 1t Bt @D =08 {1 > 02 21,0 (%) < 1} (24)

For the sake of completeness, we state also the definition of the space Ly, (.)(£4(.y). At first, one
just takes the norm £,y of (f,(x))ven, for every € R™ and then the L,.)-norm with respect
tox € R", ie.

1/q(x)
[fo | Ly (g ( (Z | £ ()] > | Ly (R™)

We introduce now the Hardy-Littlewood maximal operator M;, which is defined for a locally
integrable function f € L{°¢ and for 0 < ¢ < 1 by

t
M = td ,
o) (228 / @) y)

and M(f)(x) = M1(f)(x). In order to guarantee the boundedness of M; in L,.)(R") for non-
constant exponent p(:) we require certain regularity conditions on p € P(R"). Let us define the
important classes.

Definition 2.3. Let g € C(R"™). We say that g is locally log-Hélder continuous, abbreviated
€ CI°%(R™), if there exists Clog(9) > 0 such that

loc

Clog(g)
log(e + 1/]z —y|)

l9(z) — g(y)| < for all z,y € R". (2.5)

We say that g is globally log-Hélder continuous, abbreviated g € C°8(R™), if g is locally log-
Hélder continuous and there exists goo € R such that

Clog n
— | K ——————— ll R"™. 2.6
lg(z) = goo| < Tog(e + 2] for all x € (2.6)

We use the notation p € P°8(R") if p € P(R") and 1/p € C°8(R"). It was proved
in [4] that the maximal operator M is bounded in L,.)(R") provided that p € P'°8(R") and
l1<p <p' <o

The definitions of the spaces below were given in [15]. The restriction g™ < oo in the F-case
comes from the use of Lemma 3.8, which is essential for studying Triebel-Lizorkin spaces with
variable exponents.

Definition 2.4. Let (p;)jen, be a partition of unity as above, w = (w;)jen, € WS, o, (R™) and

ai, ag(
p,q € PO5(R™).

(i) The space B, q(.)(R") is defined as the collection of all f € S8'(R™) such that

17 1 B3ty a(y Rl 1= 11w (95.1) )jemio | Lagy Ly RM)I]

1$ finite.



(ii) If pT,q" < oo, then the space F;‘(’,)q(.)(R”) is defined as the collection of all f € S'(R™)
such that

1F 1 oy @l = 11(w; (035 sy | Ly (Lyy (R™M)]
18 finite.

Remark 2.5. These spaces include very well-known spaces. For p =const and w;(z) = 275 we
get back to the classical Besov and Triebel-Lizorkin spaces B,  (R") and FJ (R").
Also the spaces of generalized smoothness are contained in this approach (see (8], [18]) by
taking
w;(x) = 250 (277), or more general w;j(z) = 0.

Here, {0;};en, is an admissible sequence, which means that there exist do,d; > 0 with doo; <

oj+1 < dyoj and VU is a slowly varying function.
Moreover, these 2-microlocal spaces also cover the spaces of variable smoothness and inte-
grability B;E:g}q(') and F;((-.)),q(-)’ introduced in [6] and [1]. If s € C;°5(R™) (which is the standard
(R™) with oy = s7,

condition on s(-)), then w = (w;(x))jen, = (27°®));cn, belongs to W8, on

ap = sT and a = ¢joq(s), where ¢4(s) is the constant for s(-) from (2.5).

For p,q € P(R™), we put

1 1
op,i=n——-1 and o :zn(,—l).
P <p‘ >+ P min(1,p~,q")

2.1 Smooth atomic decompositions of By (R") and F7, (R")

In [14] it was presented the atomic decomposition theorems for EX q(.)(R”) and, with ¢ =
const, for Bp(.) q(R”). The case of having both parameters p and ¢ variable in the Besov scale
was studied by Drihem in [7], where the atomic decomposition of Besov spaces with variable

smoothness and integrability 328 q(,)(R”) was stated. Here we present the atomic decompo-
sition for 2-microlocal Besov spaces B, q(,)(R”), whose proof follows mainly from [7] using

Remark 2 in [15].

At first, we shall introduce some notation. Let Z™ stand for the lattice of all points in
R™ with integer-valued components, @), ,, denotes a cube in R"™ with sides parallel to the
axes of coordinates, centered at 27¥m = (27¥m; ...,27"m,) and with side length 27, where
m = (my,...,my) € Z" and v € Ny. If @ is a cube in R™ and r > 0 then r@ is the cube in
R™ concentric with @ and with side length 7 times the side length of Q. By x,,,» we denote the
characteristic function of the cube @, ..

We define now smooth atoms, which are the building blocks for atomic decompositions.

Definition 2.6. Let K,L € Ny and let d > 1. A K-times continuously differentiable complez-
valued function a € CX(R™) is called [K, L]-atom centered at Qy.m, for all v € Ng and m € Z",

if
(i) supp a CdQum
(i) [DPa(x)| <29 for 18] < K

(iii)/ Pa(x)de =0 for 0<|B|<L and v>1.

Remark 2.7. If an atom a is centered at Qy m, i.e., if it fulfills (i), then we denote it by ay . If
L =0 or v = 0, then no moment conditions (iii) are required.



We shall now introduce the sequence spaces bp( 3.90) and f w Whose use will become clear
in the following.

Definition 2.8. Let w = (w,),en, € WY, o, (R™) and p,q € P(R™).

1,02
(i) The sequence space b;‘z.) q(.)(R”) consists of those complex-valued sequences X = (Ay.m)veNy,mezn
such that
I 8ty @ = (2 002710 xoim), | Eat (y ®)
mezn
1s finite.

(ii) If pT,q" < oo, then the sequence space f;“‘(’.) q(.)(R”) consists of those complez-valued se-
quences A = (Aym)veNg,mezn such that

N £ 0 @ = [ (D2 Pl w027 m) xim )

mezn"

e | Lyt Loty (B")|

1s finite.

We present now the atomic decomposition results for the scale of 2-microlocal spaces with
variable p and gq. While for the Triebel-Lizorkin space F;“E’.)H(.)(R”) the result was stated in [14],
the equivalent result for Besov spaces B;‘E.)’q(.)(R") is new. However we do not present it here,
since the idea of the proof goes back to [7] where the atomic decomposition was stated for

B;E:g’q(_)(R”), see also Remark 2 in [15].

Theorem 2.9 (Corollary 5.6 in [14]). Let w = (wy,)ven, € WS, .0,(R") and p,q € PS(R™)

with 0 < p~ < pt < 00 and 0 < ¢~ < ¢© < oo. Furthermore, let d > 1, K, L € Ny with
K>ay and L > opq—ay be fived. Then every f € S'(R™) belongs to EX )( ™) if an only
if it can be represented as

[o.¢]
f= Z Z Avsm Qum,  convergence being in S'(R™), (2.7)
v=0mezZ"
for (avm)veNy,mezn K, L]-atoms according to Definition 2.6 and A € Iol q(.)(Rn). Moreover,
1 T Eply gy R~ [[A | £ ) R,
where the infimum is taken over all possible representations of f.

Theorem 2.10. Let w = (wy)yen, € WS, o, (R™) and p,q € P5(R") with 0 < ¢~ < ¢+ < oo.

Furthermore, let d > 1, K,L € Ng with K > ag and L > o, — a1 be fized. Then every

f € S'(R™) belongs to B"‘(’ e )( ™) if an only if it can be represented as

o0
f= Z Z Avim Qum,  convergence being in S'(R™), (2.8)

v=0 meZm

for (av,m)veNy,mezn K, L]-atoms according to Definition 2.6 and A € b5 a0 )(R”). Moreover,
11 By gy R~ At [|A [ b0 o (RM),

where the infimum is taken over all possible representations of f.



3 Non-smooth atomic decompositions

3.1 Non-smooth atoms

At first, we present the concept of non-smooth atoms, slightly adapted from [22]| to our scale.
Note that the usual parameters K and L are now nonnegative real numbers instead of natural
numbers.

Definition 3.1. Let K, L > 0,d > 1 and ¢ > 0. A function a : R — R is called a non-smooth
[K, L]-atom centered at Q. m, for all v € Ng and m € Z", if

(i) supp a C dQum,
(i) [la@27) | CK]| < e,

(iil) and for every ¢ € C* it holds

[ v@ate)da] < cx ) et
dQu,m

Remark 3.2. (a) As in the smooth case, if L = 0, then condition (iii) can be ignored since it
follows from conditions (i) and (i) with K = 0. If K = 0, then by Definition 2.1 we only
require a to be suitable bounded.

(b) The modification of condition (ii) here was suggested in [25] (with some minor adjustments)
and one can see that the usual formulation as in Definition 2.6-(ii) follows from this one if
K is a natural number, since CX(R") < CK(R").

(¢) Regarding condition (iii), the modification here was suggested by Skrzypczak in [24] for
natural numbers L + 1 (replacing C*(R") by C(R")). Here, as in [22], we extended this
definition to general positive numbers L.

3.2 Local means

w

Let us recall the characterization of Bp(l)jq(A)(R”) and F;‘(’.%q(.)(R") by local means, proved in

Theorem 6 of [15] and Theorem 2.2 of [13], respectively. For each system (U)ren, C S(R™), for
each distribution f € §’'(R™) and to each number a > 0, we define the Peetre maximal operator
by

x _ o e F(Y)
(V% f)a(z) = ;euﬂgl 1+ [2F(y — z)[e’

We start with two given functions v, 1; € S(R™). We define

where £ € Ng and x € R™.

Vi(z) = 1(277x), forz € R™ and j € N. (3.1)

Furthermore, for all £ € Ny we write V), = wAk

Remark 3.3. Before presenting the results, we would like to highlight that a careful look into the
proof of the Theorem 6 in [15] shows that the condition a > 71-5-01;75(1/(1) + a should be replaced
by

@ > =+ caog(1/a) +

Proposition 3.4. Let w = (w;)jen, € WS, o, (R™), p,q € P9(R™) and let a > 0, R € Ny with
R > aw. Further, let 1y, 11 belong to S(R™) with

DPy1(0) =0, for0<|B8| <R, (3.2)



and
[o(x)] >0 on {xeR":|z|<e} (3.3)

[1(x)] >0 on {xeR":e/2 <|z|< 2} (3.4)
for some € > 0.

(i) Fora > =+ ciog(1/q) + o and for all f € S'(R™) we have
1 1 Byy.q() R~ 1Tk # flwg [ Lgey (Lpey (R~ ([(Wxf)awn | gy (Lpey (R))]

(i) IfpT,q" < oo, then for a > m + a and for all f € S'(R™) we have

1FLES, oo @D~ 10Tk % Fwn | Loy (g @) ~ 15wk | Ly gy ®M)]

Remark 3.5. (a) This result shows that the definition of the 2-microlocal spaces of variable
integrability given in Definition 2.4 is independent of the resolution of unity used.

(b) The conditions (3.2) are usually called moment conditions, while (3.3) and (3.4) are the
so-called Tauberian conditions.

(c) If R =0, then no moment conditions (3.2) on 1; are required.

(d) The notation cjog(1/q) stands for the constant from (2.5) with 1/¢(-).

3.2.1 Helpful lemmas

Before presenting the main theorem of this section, we provide some technical lemmas which
will be useful later on. The first result is an adaptation of Lemma 3.8 in [22]| and it shows that
local means are related to non-smooth [K, L]-atoms.

Lemma 3.6. Let j € Ng. If t; = 11(277+) is a local mean as in Proposition 3.4, then 277",
is a non-smooth [K, L]-atom centered at Qjo for arbitrary large K > 0 and for L < R+ 1 with
R from (3.2).

The next result can be obtained following the steps of the proof of Theorem 3.12 in [22] with
our normalization. The idea is to use the fact that not only a, ,, but also ¥; can be understood
as atoms in the sense of Definition 3.1. In this way, we can use estimates of the type (ii) and
(iii) of Definition 3.1 in both functions and get this result.

Lemma 3.7. Let j € Ny, ¢; = 1(277:) be a local mean as in Proposition 3.4 and let
(@u,m)veNg,mezn be non-smooth [K, L]-atoms. Then

/n U;(y)avm(z — y) dy’ <c27UEN(cQum)(@), forj>v

and

/ U (2 — y)aym(y) dy’ < e DA (02471Q, ) (x),  for j < v.

Since the maximal operator is of no use in the case when ¢ is a variable function (see [1]
and [6]), we have to work with another tool. We use convolution inequalities from [6] and [15]

for F;‘(’.M(.)(R”) and B;‘E,%q(.)(R"), respectively. Therefore, we introduce the functions

2n1/
() = G R

for v € Ng and R > 0.



Lemma 3.8 (Theorem 3.2 in [6]). Let p,q € C9(R") with 1 < p~ < pt < oo and 1 < ¢~ <
qT < 0o. Then the inequality

70,8 * fu | Lpy (Lg(y RN < el fy | Lpey(Eqey R™))]]
holds for every sequence (f,)ven, of LY¢(R™) functions and constant R > n.

Lemma 3.9 (Lemma 10 in [15]). Let p,q € P(R"™) with p(-) > 1. For all R > n + ¢j04(1/q),
there erists a constant ¢ > 0 such that for all sequences (f;)jen, € Lq()(Lp)(R™)) it holds

Im0,r * fu | Lgy(Lp(y RN < el fu | £y (Lpy (R™))]-
Lemma 3.10 (Lemma 9 in [15]). Let p,q € P(R™) and 6 > 0. Let (gx)rez be a sequence of
non-negative measurable functions on R™ and denote
Gy(z) = Z 2=k (&), for z € R" and v € Z.
kEZ

Then there exist constants C1,Cy > 0, depending on p(-),q(-) and 0, such that

1Gy | gy (Lp(y RN < Crligie | Loy (Lp(y (R™)) ]

and

1Gy | Ly (Ugey (RN < C2 gk | Lpey (Lgy (R™))]-

Remark 3.11. Naturally, Lemma 3.10 holds true also if the indices k£ and v run only over natural
numbers.

Lemma 3.12 (Lemma 5.5 in [14]). Let 0 <t < 1,j,v € Ny and (hym)veny,mezn be positive real
numbers. Then we have for R > 0 and x € R" that

1/t
Z hom(1 + 27|z — 27"m|)® < ¢ max(1,209F) ([Uy,Rt * ( Z htymx,,m(-)>] (:B)) .

mezZ™ meZ"

3.3 A more general atomic representation theorem

In this section we shall prove the more general atomic decomposition theorem. We will follow
the approach of the proof of Theorem 3.12 in [22]. But first we will prove the convergence of
the atomic series in S’'(R™).

Theorem 3.13. Let w = (w))jen, € WS, o, (R™) and p,q € PY9I(R™). Let K,L > 0 with

K > as and L > o), — 1. Then
[e.9]
S Mmavm (3.5)
v=0mezZ"

converges unconditionally in S'(R™), where a,,, are non-smooth [K, L]-atoms located at Qym

and \ € b&')ﬂ(') or \ € f;()~)7q(-)'

PROOF. According to [1] and [14] (see also the explanation before Proposition 3.9 in [14]), for
t < min(1,p~) we have the follow sequences of embeddings

bp(y.a() < bé@,q < b‘-@m

)
and

To0rat) 7 Tues 40y 7 Va0 o

,O0

9



-t -t .

where g;(z) = w;(z)2 ?P@7". Since 27 7r@ " =: 2775(®)7t is again a 2-microlocal weight se-
quence with s(-) € C9(R") and 0 < s(x) < 1, then g is also an admissible weight sequence and
it can be shown that o € w? (R™) with 8 > 0 large enough. In fact, it can be shown that

a1 —0t,2

B = a+1to;clog(1/p), where the constant cjoq(1/p) comes from (2.5).
Let ¢ € S(R™). We can assume that A\ € bﬁ(,) , having in mind the above embeddings.
>

From the conditions (i) and (iii) of the Definition 3.1 we obtain

3 Mt @)(o)] <270 ST ()62 —m) [ CHRD)L (36)

mezm meZ"

where ¢ € C°(R"), ¢(x) =1 for z € dQo and supp ¥ C (d+ 1) Qop. Since p € S(R™), we
can estimate the norm in (3.6) from above in the following way:

lo(-) (2" - =m) | CEHRM| < O (14 27"m) ™™ ~ Car L+ )™, y € Quim,

where M € Ny is at our disposal and C); does not depend on v and m. According to the
properties of the admissible weight sequence (3.6) becomes

‘/n Z )‘V7mavm(x)90(x)d$‘ < C2_V(L+n) Z ‘)\V,m| Qu(y) (1 + |y|)_M XV,m(y) Qu(y)_l

mezZ" mezn
<27 SNl 0277 m) (1+ 27y — 27 ml) 0 270 (1 [y) M4 ()
mezZ"
~ ez Bt [ ST g2 m) (L4 2 = 27 ml) P (L ) (o)
n meZn

We estimate now the integral and from Holder’s inequality for L,.)(R") with p(-)/t > 1 and
choosing M large enough we get

/ > Pl 0o(27m) (142" = 27m|) ™7 (1 + [a]) "M x (2) da
R™ mezZn

<c .

> Pl @u(27m) (142%]a =27 m)) ™7 | Ly (B")

mezZn

Finally, we use Lemma 3.7 of [14] with 8 > % and the boundedness of the maximal operator
and obtain

)/ Z )\y,maym(x)gp(;c)‘ < C2*V(L+alfo-t)
R

mezLm™

M ( Z |>\V,m’ 0,(27"m) Xu,m(')) | LQ(RH)

mezZm"

<ec 2—V(L+a1 —0ot)

>~ Pl @27 m) X () | Ly (RY)

mez"

Summing up over v € Ny and since L > 04 — a1 > 0, — a1, we arrive at

3

v=0 meZm

/R Noman,, (2)p(e)de| < CIN[12, |,
n t

from which the absolute convergence of (3.5) and the unconditional convergence in S'(R") fol-
low. O

Now we state the atomic decomposition result.
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Theorem 3.14. Let w = (wj);en, € WS

aq,02

(R™) and p,q € PI(R™).

i) Let K,L > 0 with K > «ag and L > 0, — a1 + ¢1oe(1/q). Then f € S'(R™) belongs to
p 9

B;‘(") q(_)(R") if and only if it can be represented as
oo
f= Z Z Avym Qum,  convergence being in S'(R™), (3.7)
v=0mezZ"

for (av,m)veNy,mezn non-smooth [K, L]-atoms according to Definition 3.1 and X € b;‘z_) q(_)(R”).
Moreover,

1F 1 B o R ~ inf A |52, (Rl
where the infimum is taken over all possible representations of f.

(ii) Let K,L >0 with K > as and L > 0pq — 1. If p7,q" < 00, then f € S'(R™) belongs to
F;‘(’.) q(.)(R") if and only if it can be represented as

oo
f= Z Z Avim Qum, convergence being in S'(R™),

v=0meZ"

Jor (aym)veNymezn non-smooth K, L]-atoms according to Definition 3.1 and X € f;‘(’.) q(.)(R”).
Moreover,

17 12y oo DI~ inf [A] £2, o @D

where the infimum is taken over all possible representations of f.

PROOF. We rely on the proof of Theorem 3.12 in [22].

There are two directions we shall prove. Observing that every smooth [K, L]-atom is a non-
smooth [K, L]-atom one direction follows directly from Theorems 2.10 and 2.9 (see the proof of
Theorem 3.12 in [22]). We will focus on the other direction, which is the main part of the proof.
We need to show that, even with weaker conditions on the atoms, we still get an element of
B;‘E_)’q(_)(R") or F;‘(’%q(')(R”) when considering a linear combination of these non-smooth atoms.
For this, we will use the equivalent characterization by local means given in Proposition 3.4. As
usual, we divide the following summation in dependence on j € Ny into two parts

00 J 0
f:Z Z )\%ma%mzz Z )\1/7may,m+ Z Z AIz,mau,m:fj_‘_fj'

v=0meZ" v=0meZ" v=j+1mezZn
We have
11 Bty R < € (155 1 By iy RO+ 157 | By o) R
= c[|(; = fi)w; [ L)Ly (R™))]]

+ cll(5 x fw; | Ly (Lpey (R™)]
=1 +1L (3.8)

In both parts of the summation, the crucial part is the estimate of

/n \I]j(y)al/,m(x - y) dy 5

which we already have from Lemma 3.7. As stated before, we use that not only a,,, but also
U, can be interpreted as non-smooth atoms and admit estimates as (ii) and (iii) in Definition 3.1.
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Let us first consider the case j > v. We have, from Lemma 3.7, the estimate

/n \I]j(y)au,m(x_ )dy <c2 =) (CQVW)( )

and from the properties of the weight sequence in Definition 2.2,
wj(z) < C 2070024, (27 m) (1 + 2V |x — 27V m|)°.
Putting both together, we have
(W5 * fj)(@ !<CZ Y P 270702, (27 m) x(e Qun) (@),
v=0 mezZn

using that |z — 27"m| S 27 for € ¢Q,,. Further, using Lemma 3.10 with § = K —as > 0
we get

I<c 22 Umr)(B=e2) NN | wy, (277m) (cQ,,,m)|eq(_)(Lp(.)(Rn))H
meZ™
<Y Pl we(27m) x (¢ Quam) | Eq(-)<Lp(~)(Rn))H
mezZ"

Now, let j < v. Lemma 3.7 gives us the estimate

/ Ui (z — y)avm(y) dy‘ < 27 WAy (c2Y7IQ, ) (2)

and using the properties of the weight sequence again, we get
wj(z) < C 2~y (27Vm) (1 4 27|z — 27Vm])°.

Note that the following assertion is true: for every x € R™ and every M > 0, there exist a
constant C' > 0 such that

X(€2"7Qum)(2) < C (142w —27"m[)~ M
Combining the last three estimates, we have
(5 * f7)(2) | <ec Z > Pl 27 mAEE ) ) (07 m) (14 2] — 27 m)) M
v=j+4+1mezZn

We can now estimate II. Let 0 < ¢ < min(1,p~). By Lemma 3.12 with M — a > 0 we get

II<c Z D P2 CmAEETeD) 4, (27 m) (14 2] — 27 m ) M | £y (L) (R™))
v=j+1mezZ"
00 1/t
<c Z 2~ (=9 [WV M—q) (Z A ml" w0y, (27m) Xum (- )>] [ £q() (Lp(y (R™))
v=j+1 mezZm
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with § :== L +n+ a3 — M + a and by Lemma 3.10 with § > 0 we obtain

1/t
< d [ny,(Ma)t * ( Z ‘)‘u,m|tht/(2um)XV,m(')>] ’ eq() (Lp() (Rn))
mez"

1/t
= Nu,(M—a)t * ( Z |>‘u,m’t w£(2_ym)Xu,m(')> ‘ f? (Lpe) (R™))

mezm

This can be further estimated using Lemma 3.9 with M —a > % 4 ¢1,4(1/q) (note that we are
applying the result for £4) (L, (R™)))
t

t

1/t
<D Pl wh 27 m)xum () | oo (Lo (R™))
mezmn t t
=" Z ‘)\Vym|’w,,(2_l’m)xy7m(.) | Z‘I()(LP()(RTL))H
meZ"
= |1 g0 R

In the F-case we do the same estimates as above, use the second part of Lemma 3.10
and apply, instead of Lemma 3.9, Lemma 3.8 for L,. (£4)) with ¢ < min(1l,p~,¢~) and
t t

R=(M - a)t >n. O

4 Pointwise multipliers

Let ¢ be a bounded function on R™. The question is under which conditions the mapping
f — - f makes sense and generates a bounded operator in a given space B;‘E.)’q(,)(R") or
Fol) ) (R"):

For the classical spaces B, ,(R") and F; (R"), Triebel studied this problem in Section 4.2
of [26], where two different approaches were followed: via atoms and via local means. The first
idea of taking an atomic decomposition of f required the non-existence of moment conditions
as in Definition 2.6-(iii) since the moment conditions are in general destroyed by multiplication
with ¢. A more general result was then obtained by Triebel using local means. A good overview
on pointwise multipliers in constant exponent spaces B, ,(R") and Fj (R") can be found in
Chapter 4 in [21].

Recently, Scharf has shown in [22] that it is possible to get a very general result on pointwise
multipliers using atomic decomposition but now with the non-smooth atoms.

Our aim in this section is to extend this result for variable exponent spaces Bz%),q(d (R™) and
F;f’%q(.)(R”). Following [22], we take an atomic decomposition of f as in Theorem 3.14, multiply
it by ¢ and prove that the resulting sum is still a sum of non-smooth atoms. We start referring
two helpful results.

Lemma 4.1. (Lemma 4.2 in [22]) Let s > 0. There exists a constant ¢ > 0 such that for all
frg € C5(R™), the product f - g belongs to C*(R™) and it holds

1f-g [CCRY)[ <ellf [C*RY]-lg [ C*RY)].
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The next result shows that the product of a non-smooth [K, L]-atom with a function ¢ €
CP(R™) is still a non-smooth [K, L]-atom. It is a slight normalization of Lemma 4.3 in [22] and
so the proof will not be presented here.

Lemma 4.2. There exists a constant ¢ with the following property: for all v € Ng, m € Z™, all
non-smooth [K, L]-atoms a,, ., with support in dQ, m and all ¢ € CP(R™) with p > max(K, L),
the product

clle [CP@®MIT ¢ avm

is a non-smooth [K, L|-atom with support in d Qym.
We are now in the position of proving the main result.
Theorem 4.3. Let w = (w;)jen, € WS, o, (R™) and p,q € P9 (R™).

(i) Let p > max (oo,0p — a1 + ciog(1/q)). Then there exists a positive number ¢ such that

1 I 1 Byt qey RO < ello | CXRYI - 1f [ By q0) (R

for all p € CP(R™) and all f € B;‘(’%q(‘)(R").

(ii) Let p*,qt < oo and p > max(ag,0p4 — a1). Then there exists a positive number ¢ such
that

e f 1 ERLy qy R < elle [ CPR™I[ - 1LF [ Fply g0y R
for all p € CP(R™) and all f € F;‘(’_)’q(_)(R”).

ProOF. We will prove (i), since (ii) follows similarly. Let f € B, q(')(R”). By Theorem 3.14,

there exist A € b, q(.)(]R”) and non-smooth [K, L]-atoms (ay,m)ven,,mezn such that f can be

represented as
oo
f= Z Z )\V,mau,m

v=0 mezZn
and
A 050 ,0) RO < cllf [ By g0y RO,

where the constant ¢ is independent of f € B;‘(’.) q(_)(R"). By Lemma 4.2 we know that

o F=le PRI DD M (lo | CPRYIT ¢ avm)

v=0meZ"
o0
=33 o (I | @™ 0 avm)
v=0 mezZn
is still a linear combination of non-smooth [K, L]-atoms with coefficients ju, n,, := || | CP(R™)|| Ap,m,

which means that we obtained an atomic decomposition for the product ¢ - f. Using now the

other direction of the Theorem 3.14, we know that ¢ - f belongs to B;‘Z.) q(.)(]R”) and it holds

le - £ 1By q0) R < clig | CO@RM - [IA bty gy R <l [ CPRM-1f | Bty g0y R,

which completes the proof. O
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