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A Lagrange Duality Approach for Multi-Composed Optimization
Problems*

Gert Wanka! Oleg Wilfer?

Abstract: In this paper we consider an optimization problem with geometric and cone
constraints, whose objective function is a composition of n+ 1 functions. For this problem
we calculate its conjugate dual problem, where the functions involved in the objective
function of the primal problem will be decomposed. Furthermore, we formulate generalized
interior point regularity conditions for strong duality and give necessary and sufficient
optimality conditions. As applications of this approach we determine the formulas of the
conjugate as well as the biconjugate of the objective function of the primal problem and
discuss an optimization problem having as objective function the sum of reciprocals of
concave functions.

Key words: Lagrange Duality, Composed Functions, Generalized Interior Point Regular-
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1 Introduction

Conjugate duality is a powerful instrument to analyze optimization problems and has for that
reason a wide range of applications. Over the last couple of years, an important field of ap-
plications arises in subjects such as facility location theory [19], machine learning [3], image
restoration [4] and portfolio optimization [6], to mention only a few of them. In many cases, the
objective function of an optimization problem occurring in the mentioned research areas may
be written as a composition of two functions. The method presented in this paper can also be
seen as a splitting technique, which makes not only the derivation of duality assertions easier,
but also the handling of optimization problems from the numerical point of view.

But until now there is no duality approach for the more general situation, namely, where the
optimization problem is considered as the minimization of an objective function that is a com-
position of more than two functions. The advantage of this consideration is that the objective
function of a certain optimization problem can be splitted into a certain number of functions to
refine and improve some theoretical and numerical aspects. In fact, this study is more general
than in [1], [2], [5], [7], [8] and [14] and can furthermore be understood as a union of all kinds
of meaningful perturbation methods.

Therefore, the goal of this paper is to consider an optimization problem with geometric and
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cone constraints, whose objective function is a composition of n + 1 functions and to deliver
a full duality approach for this type of problems. For short, we will call such problems multi-
composed optimization problems. As applications we present the formulas of the conjugate and
the biconjugate of a multi-composed function, i.e. a function that is a composition of n + 1
functions. Moreover, we discuss in the last section an optimization problem having as objective
function the sum of reciprocals of concave functions.

To this end, we first introduce in Section 2 some definitions and notations from convex analy-
sis. In Section 3 we consider a multi-composed optimization problem with geometric and cone
constraints. Then, we give an equivalent formulation of this problem and use the reformulated
optimization problem to construct a corresponding conjugate dual problem to the main prob-
lem, followed by a weak duality theorem. The convenience of this approach is that the functions
involved in the composed objective function of the original problem can be decomposed in the
formulation of the conjugate dual problem or, to formulate it more precisely, their conjugates.
Section 4 is devoted to generalized interior point regularity conditions guaranteeing strong dual-
ity. Moreover, by using the strong duality theorem we formulate some optimality conditions for
the original problem and its corresponding conjugate dual problem. Besides of this approach, we
discover in Section 5 the formula of the conjugate of a multi-composed function. We find also
a formula of the biconjugate function and close this section with a theorem which characterizes
some topological properties of this function.

In Section 6, as a further application of our approach, we consider a convex optimization prob-
lem having as objective function the sum of reciprocals of concave functions. For this problem
we formulate its corresponding conjugate dual problem and state a strong duality theorem from
which we derive necessary and sufficient optimality conditions.

2 Notations and preliminary results

Let X be a Hausdorff locally convex space and X* its topological dual space endowed with the
weak™ topology w(X*, X). For z € X and z* € X*, let (z*, ) := 2*(z) be the value of the linear
continuous functional z* at x. For a subset A C X, its indicator function d4 : X — R = RU{%o00}
is

5a(z) = { 0, if x € A,

400, otherwise.

For a given function f : X — R we consider its effective domain
domf:={xreX: f(zx)<-+oo}.

and call the function f proper if dom f # () and f(z) > —oo for all z € X. The conjugate
function of f with respect to the non-empty subset S C X is defined by

f5: X" =R, fi(@") = (f+05)"(a") = ilelg{@f*,@ — f(x)}.

In the case S = X, it is clear that fg turns into the classical Fenchel-Moreau conjugate function
of f denoted by f*.

Additionally, we consider a non-empty convex cone K C X, which induces on X a partial
ordering relation “<g”, defined by

<pi={(@,y) e X x X 1y -z e K,



ie. for z,y € X it holds x S y < y —x € K. Note that we assume that all cones we consider
contain the origin. Further, we attach to X a greatest element with respect to “<g”, denoted
by +o00k, which does not belong to X and denote X = X U{+ook}. Then it holds x <k +oog
for all x € X. We also define z <j y if and only if z <x vy and = # y. Further, we define
Sp,=:< and <p, =:<.

On X we consider the following operations and conventions: z + (+oog) = (+oog) + z =
+oog Vo € X U {+ook} and X - (+o0k) := +oog VA € [0,400]. Further, if K* := {a* €
X*: (z*,2) > 0, Vo € K} is the dual cone of K, then we define (z*,4+00g) := 400 for
all z* € K*. On the extended real space R we add the following operations and conventions:
A+ (+00) = (+00) + A 1= 400 VA € (—00,+00], A+ (—00) = (—00) + A := —oc0 VA €
[—00,4+00), A (400) := 400 VA € [0,+00], A (+00) := —o0 VA € [-00,0), A-(—00) :=
—00 VA € (0,+00], A-(—0) := 400 VA € [—00,0), (+00) + (—o0) = (—00) + (+00) := 400,
0(400) := 400 and 0(—o0) := 0.

Let Z be another Hausdorff locally convex space ordered by the convex cone @ C Z and Z* its
topological dual space endowed with the weak* topology w(Z*, Z), then for a vector function
F: X — Z = ZU{+00q} the domain is the set domF := {z € X : F(z) # +oog}. If
dom F # (), then the function F is called proper. When F(Az+(1—\)y) Sg AF(z)+(1—X)F(y)
holds for all z,y € X and all A € [0,1] the function F' is said to be @Q-convex. A function
f:X — Ris called convex if f(Ax + (1 — \)y) < Af(z) + (1 — ) f(y) for all z,y € X and all
A€ [0,1].

The Q-epigraph of a vector function F' is epip F' = {(z,2) € X x Z : F(z) Zq z} and we say
that F'is Q-epi closed if epig I is a closed set.

For a 2* € Q* we define the function (2*F) : X — R by (2*F)(z) := (2%, F(x)), where it is
not hard to see that dom(z*F) = dom F. Moreover, it is easy to see that if F' is Q-convex,
then (z*F) is convex for all z* € Q*. Let us point out that by the operations we defined on
a Hausdorff locally convex space attached with a maximal element and on the extended real
space, there holds 0f = dqom s and (0z+F) = ddom F, Where 0z« denotes the origin of Z*.

A function f : X — R is called lower semicontinuous at € X if liminf, .z f(z) > f(Z) and
when this function is lower semicontinuous at all x € X, then we call it lower semicontinuous
(Ls.c. for short). The vector function F' is called star Q-lower semicontinuous at x € X if
(z*F) is lower semicontinuous at z for all z* € Q*. The function F is called star Q-lower
semicontinuous if it is star @-lower semicontinuous at every x € X. Note that if F is star
Q-lower semicontinuous, then it is also ()-epi closed, while the inverse statement is not true in
general (see: Proposition 2.2.19 in [1]). Let us mention that in the case Z = R and @ = Ry,
the notion of Q-epi closedness falls into the classical notion of lower semicontinuity.

Let W C X be a non-empty set, then a function f : X — R is called K-increasing on W, if
from = Sk y follows f(x) < f(y) for all z,y € W. When W = X, then we call the function f
K-increasing.

Definition 2.1. The wvector function F : X — Z is called K-Q-increasing on W, if from
x Sk y follows F(x) <g F(y) for all x,y € W. For the case W = X, we call this function
K-Q-increasing.

Theorem 2.1. Let V' be a Hausdorff locally convex space ordered by the conver cone U, F :
X — Z be a proper and Q-convex function and G : Z — V be an U-convezx and Q-U -increasing
function on F(dom F') C domG with the convention G(+ooq) = +ooy. Then the function
(GoF): X —V is U-conver.

The proof of this theorem is straightforward.



Lemma 2.1. Let h: X x Z — Z and F : X — Z be proper vector functions, where h is defined
by h(z,v) := F(z) —v. If we suppose that Q is a closed convexr cone such that int Q # 0, then
h is Q-epi closed if and only if F' is Q-epi closed.

Proof. By Theorem 5.8 of [15] it holds that h is @-epi closed if and only if the level set of
h, defined by lev,h = {(z,v) € X x Z : h(z,v) =¢g z}, is closed for all z € Z. Further, as
h(z,v) = F(x) —v £g 2, we have

lev,;h = {(z,v) e X xZ:F(z) g z+ v}
= {(z,v) € X X Z: (7,2 +v) € epigF'} = epigF — (0x, 2)
for all z € Z. But this is nothing else as a translation of epig F' and means that epig F' is closed

if and only if lev,h is closed for all z € Z. As a consequence we get the desired statement and
the proof is complete. O

For a set S C X the conic hull is defined by cone(S) := {A\z : x € S, A > 0}. Further, the
prefix int we use to denote the interior of a set S C X, while the prefixes core and sqri are used
to denote the algebraic interior and the strong quasi relative interior, respectively, where in the
case of having a convex set S C X it holds (see [11])

core(S) = {x € S:cone(S—x)=X},

sqri(S) = {x € S:cone(S —x) is a closed linear subspace}.
Note, that if cone(S — x) is a linear subspace, then = € S. Moreover, it holds the following
statement.

Lemma 2.2. Let A C X and B C Z be non-empty conver subsets. Then, it holds

Oxxz € sqri(A x B) < 0x € sqri(4) and 07 € sqri(B).

Proof. First, let us recall that if A and B are convex and Ox € A and 0z € B, then
cone(A x B) = cone(A) x cone(B).

Now, let us assume that Oxxz € sqri(A x B), then cone(A x B) is a closed linear subspace of
X x Z, which implies that Oxxz = (0x,0z) € A x B. But this means that cone(A x B) =
cone(A) x cone(B) and hence, cone(A) and cone(B) are closed linear subspaces, i.e. 0x € sqri(A)
and 0z € sqri(B).

On the other hand, let 0x € sqri(A) and 0z € sqri(B), then cone(A) and cone(B) are closed
linear subspaces and so, Ox € A and 0z € B. From here follows that cone(A x B) =
cone(A) x cone(B) and thus, cone(A x B) is a closed linear subspace, i.e. Oxxz € sqri(Ax B). O

In this paper we do not use the classical differentiability, but we use the notion of subdifferen-
tiability to formulate optimality conditions. If we take an arbitrary z € X such that f(z) € R,
then we call the set

Of(z) :={z" € X*: f(y) = fx) = (2",y —x) Vy € X}

the (convex) subdifferential of f at x, where the elements are called the subgradients of f at .
Moreover, if 0f(z) # (), then we say that f is subdifferentiable at x and if f(x) ¢ R, then we
make the convention that df(z) := 0.



3 Lagrange duality for multi-composed optimization problems

As mentioned in the introduction our aim is to formulate a conjugate dual problem to an
optimization problem with geometric and cone constraints having as objective function the
composition of n + 1 functions. In other words, we consider the following problem

(PY) inf (fo Flo..oF™(x),

A={ze5:g)e—Q)

where X; is partially ordered by the non-empty convex cone K; C X; for i = 0,...,n — 1.
Moreover,

e S C X, is a non-empty set,
e f: Xy — Ris proper and Ky-increasing on F'(dom F') + Kq C dom f,

o F': X; — X;_1 = X;_1U{+00k,_, } is proper and K;-K;_1-increasing on F**!(dom F*1)+
K, CdomFifori=1,..,n—2,

e F" 1 X, 1 = X, 0 = X, 2 U {400k, ,} is proper and K,,_1-K, _o-increasing on
F*(dom F" N A) + K,,_1 C dom F"~!,

e [": X, > X, 1=X,_1U {+o0K, _,} is a proper function and
e g: X, — Zis aproper function fulfilling SNg=1(—=Q)N((F") to...o(F})~1)(dom f) # 0.
Additionally, we make the convention that f(+ocg,) = +oo and F'(+oog,) = +0ok,_,, i.e.

f:yoéﬁandFi:Yi%Yi_l,z':l,...,n—l.

Let us now consider the following problem

(P°) inf _f(° ..., y"),
(0,..ym)EA

where
A= {(yo, ...,y"‘l,y”) € Xox..xXp1xS:g9(y") € —Q, hi(yi,yi_l) e —-K;,_1,i=1, ,n}
The functions f: Xo X ..x X, >Rand ht: X; x X;_; — X,;_; are defined as

f(yo, any™) = f(°) and Ri(y', Yyt = Fi(y') —y L fori=1,...n.
Lemma 3.1. Let (3°,...,y") be feasible to (PC), then it holds f((Fo ..o F™)(y™)) < f(3°).
Proof. Let (3°,...,y") be feasible to (ﬁC), then we have F*(y") <k, , v" 1, ..., F}(y') <k,
yY. Moreover, since F"~! is K,,_1-K, _o-increasing on F"(dom F" N A) + K,,—1 and F'is K;-

K;_1-increasing on Fi*!(dom Fi*!) + K; for i = 1,...,n — 2, it follows (F"~! o F")(y") <k, _,
Frtyn1) <k, ¥" 2 and so on (Flo ..o F")(y") <k, F'(y') <k, y°. Since f is Ko-

increasing on F''(dom F') + K we get the desired inequality f((F' o ...o F™)(y")) < f(y°).
(]

Remark 3.1. If F" is an affine function, then it can be useful to set K,,_1 = {0x, _,}, because
in this case F™~! does not need to be monotone to ensure the inequality of the previous lemma.



If we denote by v(PC) and v(PC) the optimal objective values of the problems (PC) and (P°),
respectively, then the following relation between the optimal objective values is always true.

Theorem 3.1. It holds v(PC) = v(PC).

Proof. Let 2 be a feasible element to (PY) and set y™ = z, y"~ ' = F*(y"), y" =2 = F"1(y» 1),
oy Y0 = FY(y'). If there exists an i € {2,...,n} such that F'(y") ¢ dom F*"1 or Fl(y!) ¢
dom f or there exists an i € {1,...,n} such that Fi(y') = +ook, ,, then it obviously holds
F(FYo ..o F")(y") = +oo > v(PY). Otherwise it holds Fi(y') — i1 = 0 € —K;_; for
i =1,...,n. Moreover, by the feasibility of y™ it holds g(y"™) € —@Q, which implies the feasibility
of (4°,...,y™) to the problem (P€) and f((F'o ..o F")(y™)) = f(4°) = f(4° ...,y™) > v(P°).
Hence it holds f((F!o ..o F™)(y")) > v(PC) for all y" feasible to (PC), which means that
v(PC) > v(PC).

Let now (3, ..., ™) be feasible to (P€). If ° ¢ dom f, then obviously we have v(PC) < f((F'o
o F™M)(y")) < fly 0) F(%°, ...,y™) = +00. On the other hand, since (3°, ...,y") is feasible to
(PC) it holds hi(y’, 3"~ ') € —K; 1 fori =1,...,n (ie. Fi(y’) -y~ 'ec K, fori=1,..,n)
and g(y") € —Q. By Lemma 3.1 we have ’U(PC) < f((Flo..o FM)(y") < f(y¥) = f( T
and by taking the infimum over (°,...,y™) on the right-hand side we get v(P%) < v(P°).
Summarizing, we get the desired result v(PC) = v(PC°). O

Remark 3.2. The assumption that f is Ko-increasing on F'(dom F*')+ Ky C dom f was made
to allow functions which are not necessarily monotone on their whole effective domain. But in
some situations the inclusion F'(dom F') + Ko C dom f may not be fulfilled. As an evample
consider the convex optimization problem (P®) in Section 6.

To overcome this circumstances one can alternatively assume that f is Kg-increasing on dom f
and F'(dom F') C dom f. For the functions F',...,F"! one can formulate in the same way
alternative assumptions. To be more precise, we can alternatively ask that F* is K;-K;_1-
increasing on dom F* and F'™*'(dom FI*1) Cdom F, i =1,...,n—2, and F* ! is K, _1-K,_»-
increasing on dom F"~! and F"(dom F" N A) C dom F""'. One can observe that under this
alternative assumptions Lemma 3.1 and especially Theorem 3.1 still hold.

As we have seen by Theorem 3.1, the problem (PC) can be associated to the problem (PC). In
the next step we want to determine the corresponding conjugate dual problems to the problems
(PC) and (PC).

As we take a careful look at the optimization problem (ﬁc), we can see that this problem can
be rewritten in the form

(P°) inf @), (1)
h()e-K

where 7 := (3°,...,4") € X = Xg X .. Xx Xn, Z 1= Xg X w X Xpo1 X Z ordered by K =
Kox..xK,_1xQ, S = Xo X .. X Xp_1 xSand%:X%E:ZU{—Foof{} is defined as

) = (R (yhy0)s s KWy 1), g(y™)), i (¢ y' ") € dom B, i =1,...,n, y" € domyg,
Yyl +00z, otherwise.

Note that by the definition of A’ we have

domh! =dom F' x X;_q, i=1,...,n,



which yields
domh = X xdomF' x .. x (dom F" N domg). (2)

At this pomt let us addltlonally remark that the assumption from the beginning, SNg “1(—Q)n
((F™)~t o (F1)~1)(dom f) # 0, implies also that dom f N SN A~ (—K) # 0, but the inverse
is not true. This means

SNg71(=Q) N ((F") Voo (F1)V)(dom f) # 0
e 3y, Ly Ly edom f x Xy x ... x X, x S such that

F'y") =y’ =0€ —Ko, .. F"(y") —y" ' =0 € =K, 1 and g(y") € —Q
= 3y e Sndom f such that h(y) € —K
& domfNSNh Y —K)#0.

The corresponding Lagrange dual problem (50) with z* == (2%, ..., PAG 2"™) € K* = K§ x
X K| x @Q* as the dual variable to the problem (PC)
(DY) sup inf{f(H) + (", h(@))},
TrcK* YeS

which can equivalently be written as

n
(DY) sup - inf) {f(yo,-.-7y”)+z<z(i1)*,hi(yi,yi1)>+<Z“*,g(y”)>}-
e ey VS L i=1

Through the definitions we made above for f and h’ and since we set x = y", we can deduce
the conjugate dual problem (D®) to problem (P¢)

0 - g {f(yo) + (27D Fr() — )+ (27 () +
Z”*GQ* zl*EK* zig yzexl
i=0,..., n—1 = Yo n

(Z(ifl)*’ Fl(yl) _ yi1>}

= sup { inf {(=07D%, F'(x)) + (2", g(2))} — sup {(z",4°) — f(y°)}~

Zn*GQ* zl*EK* €S yOGXO

n—1

S osup {(™,yf) — (207D, Fi(yi)>}}~
=1 yrex;,
i=1,...n—1

Hence, the conjugate dual problem (D®) to problem (P®) has the following form

(DY) sup {mf{< L () 4+ (27 g(2)) ) - Z_: AR ONE )}-

anreqr, zireky, | TES =

The optimal objective values of the problems (150) and (DY) are of course equal, i.e. U(ﬁc) =
v(DY).
The next result arises from the definition of the dual problem and is always fulfilled.



Theorem 3.2. (weak duality) Between the primal problem (PY) and its conjugate dual problem
weak duality always holds, i.e. v(P®) > v(D%).

Proof. By Theorem 3.1.1 in [1] it holds v(]BC)NE v(DY). Moreover, by Theorem 3.1 and since
v(D%) = v(DY) we have v(P®) = v(P®) > v(DY) = v(D). O

Remark 3.3. Let Z; be a locally convex Hausdorff space partially ordered by the mon-empty
convex cone Q;, © = 0,...,n—1. Then the introduced concept in this paper covers also optimization
problems of the form

PCY) inf
(P~%) ;,Ielﬁcp(-%'),

with
L:={reS:(G'o..0G")(z) € —Qo},

where ¢ : X,, — R is proper, G* : Z; — Z;_1 is proper and Q;-Q;_1-increasing on G (dom GiH1)+
Qi CdomG*, i=1,..,n—1, and G" : X,, — Z,_1 is proper. The problem (PC) can equiva-
lently be rewritten as

(PCC) inf (@) +8s(a) + (6-g, 0 G' 0.0 "))}

and by setting Xo :=R x Zy, Ko :=Ry xQo, X; =R x Z;, K; . =Ry xQ;,i=1,...n—1 and
by defining the following functions

o [ Xo xR, f(y7) =i +0-q, () with y® = (1, 45) € Xo,

o F'i Xy = Xi1, FUyi,ph) = (41, G'(18)), i =1,...n— 1 with y’ = (y},45) € X;

o F": X, — X, 1, F"(z) := (p(x) + ds(x), G™(x)),

the problem (PCC) turns into a special case of the problem (P®)

(PYC) mierggn(f oFlo..oF™)(x)

with A = X,,.

4 Regularity conditions and strong duality

In this section we want to characterize strong duality through the so-called generalized interior
point regularity conditions. Besides we will provide some optimality conditions for the primal
problem and its corresponding conjugate dual problem. For this purpose we additionally assume
for the rest of the paper that S C X, is a convex set, f is a convex function, F' is a K;_i-
convex function for ¢ = 1,...,m and g is a QQ-convex function. Hence, as can be easily seen,
(foFlo..o IZ”) is a convex function and (PC) is a convex optimization problem. Moreover,
the problem (P®) is also convex.



Remark 4.1. Let us point out that for the convezity of (foFlo...0o F™) we ask that the function
f be conver and Ky-increasing on Fl(dom Fl) + Ko and the function F' be K;_1-convex and
fulfills also the property of monotonicity for i = 1,...,n — 1, while the function F™ need just be
K, _1-convex (see Theorem 2.1). This means that if F™ is an affine function, we do not need the
monotonicity of F"~t, since the composition of an affine function and a function, which fulfills
the property of convexity, fulfills also the property of convexity. In this context let us pay also
attention to Remark 3.1, i.e. one can choose K,,_1 ={0x, ,}.

To derive regularity conditions which secure strong duality for the pairﬁv(PC)—(DCL)7 we first
consider regularity conditions for strong duality between the problems (P¢) and (DY), which
were presented in [1]. The first one is the well-known Slater constraint qualification

—C ~ ~ ~ ~
(RCY) | 37 € dom £ § such that h(F) € —int K.
Using the definitions of fand h as well as S and K we get

domfﬂ§ = (dom f x X1 X ... x Xp,)N(Xo X X1 X ... x X;,_1 x595)
= domfxX;x..xX,.1xS8S (3)

and
int K = int(Kop x ... x K1 x Q) =int Ko X ... X int K, 1 X int Q.

——C
Therefore the condition (RC; ) can in the context of the primal-dual pair (P%)-(D) be rewritten
as follows

Ny e —int K;_y, i =1,...,n, and g(y") € —int Q.

(RCE) | 3, y", ...,y Y y") € dom f x X1 x ... x X,,_1 x S such that
Fi(yz

The condition (RCY{) can also equivalently be formulated as

(RCS) | 32’ € S such that g(z') € —intQ and F*(2) € (F" 1) ~1((F"=2)71(...
(FY)~'(dom f —int Ky) —int K7...) — int K, o) — int K, 1.
This can be seen as follows: The assumption that there exists ' € S such that
F(z'y e (F" Y Y(F2) 7 (FY) Y dom f — int Ko) — int K7...) — int K, o) — int K, 1
implies that there exists (yol, ey y("_l)/) € Xg X ... Xx X1 such that

y =D e (Fr Y)Y (FA) T (LL(FY) T (dom f — int Ko) — int K...) — int K,,_s)
y"=2" e (FP=2) Y (F) 7 (L (FY) " (dom f — int Ko) — int K...) — int K,,_3)

y*' € (FY) " (dom f — int Ko)
4" € dom f.
Therefore, by setting ' = y™ the elements (y*',...,5") € dom f x X| X ... X X,_1 x S fulfill

Friy") —y1 e —int K, 1, ..., F'(y") —y* € —int Ky and from here we can now affirm
that the condition (RCY) is fulfilled.



On the other hand, if there exists (3, ...,y ) € dom f x X} X ... x X,,_1 x S such that g(y™') €
—int Q and Fi(y") — V" € —int K;_; for i = 1, ...,n, then we set y™ = 2’ and get

Fz') =y e —int K, 4
= F'(2) ey —int K, ;. (4)

Further, we have

Frt(yn=y — =2 e —int K,
= Pl ey gt K,
= ¢V e (P Ty _int K, o). (5)

From (4) and (5) follows
F*(2') e (F* ) (y™ 2 —int K,_s) — int K,_1. (6)
Since

Fr2(yn=2"y — =3 e —int K,,_3
N Fn_2(y(n—2)’) c y("—3)' —int K,,_3
=y e (F )My —int K,,_3)

we get for (6)
F'(z') e (F* ) Y ((F* )Yy —int K,,_3) — int Kp,_2) — int K,_1.
If we continue in this manner until 4% € dom f we get finally
F(z') e (FH) Y(F )7 (FY) ™ dom f — int Ko) — int K7...) — int K, o) — int K,,_1.

This means that (RCY) is fulfilled if it is supposed in its first formulation, i.e. (RCY).
Additionally, we consider a class of regularity conditions which assume that the underlying
spaces are Fréchet spaces:

(]/%\6'2 ) X and Z are Fréchet spaces, S is closed, f is lower semicontinuous,
h is K-epi closed and 0z € sqri(h(dom f N S Ndomh) + K).
If we exchange sqri for core or int we get stronger versions of this regularity condition:

(]/%\5’2,) X and Z are Fréchet spaces, S is closed, fis lower semicontinuous,
h is K-epi closed and 0z € core(h(dom f NS Ndomh) + K),

(]f%\é?/) X and Z are Fréchet spaces, S is closed, f is lower semicontinuous,
h is K-epi closed and 0z € int(h(dom f N S Ndom k) + K),

where the last two conditions are equivalent (see [1]). If we work in finite dimensional spaces
the regularity condition can be written in the following way (see [1])
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(RCY) | dim@in(A(dom Fn § N domh) + K)) < 400 and
0z € ri(h(dom f N .S Ndomh) + K).

To derive corresponding regularity conditions for the primal-dual pair (P¢)-(D¢) we first con-
sider the formulas (2) and (3), which imply that

h(dom fNSNdomh) = h(dom f x dom F* x ... x dom F** x (dom F™ Ndom g N S))
= hl(dom F! x dom f) x h*(dom F? x dom F') x ... x
R (dom F™! x dom F™™?) x
h™((dom F™ Ndom g N S) x dom F™" 1) x g(dom F™ Ndom g N S)
= (FY(dom F') — dom f) x (F%(dom F?) — dom F') x ... x
(F"Y(dom F™!) — dom F""?) x
(F*(dom F" Ndom g N S) — dom F"!) x g(dom F" Ndom g N S)

and from here we get by Lemma 2.2 that

05 € sqri((F!(dom F') — dom f + Ko) x ... x (F" ! (dom F"™') — dom F""% + K, )

X (F™(dom F" Ndom g N S) —dom F" ! + K,,_1) x (g(dom F" Ndom g N S) + Q))
& 0x, € sqri(FY(dom F') — dom f + Kp), O, € sqri(F*(dom F*) — dom F*"! + K; 1),

i=2,...,n—1, 0x, €sqri(F"(dom F"NdomgnN S) — dom F" ! + K,, 1) and

0z € sqri(g(dom F" Ndomg N S) + Q).

Now, let 0 : Xo X ... X Xy X Xg X . X X1 X Z — X2 X ... x X2 | x X, x Z be defined by
o(y°, ...,y 00, 0" = (0,0, ..., y™, v™). Further, let us define the functions 0%, + Xi X Xj1 %
X1 — X1 x X;1 xX; by g%(yi,yifl,vifl) = (y*= L vl yY), i = 1,...,n. Obviously, the
defined functions are homeomorphisms and map open sets to open sets and closed sets to closed
sets. More precisely, this means that o(epi 7 h) is closed if and only if epi 7z I is a closed set and
0%, (epig, , h') is closed if and only if epig, , A" is a closed set, i = 1,...,n. Furthermore, we
have

epizh = {(@°, .y 00 0™) € X X oo X Xy X Xg X oo X Xy X Z
(ylayovvo) € epiKoh’17

n n—1 _n—1 : n
Y , U ) € elen_lh ;
v

(%0, y") € ok, (epig,h'),

(" 0"y € ok, (epig, h™),
(ynvvn) € epng}a
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= {0 .y 0% ") € XoX o X Xp X XX oo X Xy 1 X Z
0,0 ,1.1 2 2 1 ;n—1
(y ,U 7y7U7y 71]7"'7yn 7’Un ?yn7vn)€

g}l(epiKOhl) X X1 x X2x..xX2 | xX,xZ,

n 1

<y07v07y171)17"'7yn_27v _27yn_ "Un_ljyn"l}n) e
Xg X Xl2 X .. X X%_z X (g}n(epiKnilh")) A

y0, 0% Ly oy ) € XE x L x X2 x epigg}

= {( O Lyl ) € X X o X Xy X Xog X oo X Xy X 7

—2 ,1—2 _i—1 ,4i—1 ¢ 7 i+l i+l n ,n
(Z/ﬂ)a---?y , U Y » U Y ,ULY » U 7-~-73/aU)€

XZx .. x X2, x (g’}(i(epimflhi)) X Xi X X2 X o x X X Z, i=1,..n,

(y°,0°, .,y oy ™) € Xg X ..x X2 | x epng},

SO we can write

i=1
m (Xg X .. X X2 % epng)

and get as a consequence that epi I~{l~1 is closed if epig, 1hi, i=1,...,n, and epig g are closed sets.
Besides, we know by Lemma 2.1 that for a non-empty closed convex cone K; 1 with int K; 1 # ()
it holds that epig, , h' is closed if and only if epi K1 F'is closed, i = 1,...,n. Bringing now the
last facts together implies that for a non-empty closed convex cone K;_; with int K; 1 # 0 it
holds that epij h is closed if epig g and epig, | F*' are closed sets, i = 1,...,n.

n
olepizh) = (ﬂ (Xg XX X2, % (g%(epiKPlhi)) X X; % X2p % oo x Xy X Z))

Moreover, since S is closed if and only if S is closed and fis lower semicontinuous if and only
if f is lower semicontinuous (follows from the fact that epi f is closed < epi f is closed), we get
the following regularity condition for the primal-dual pair (P9)-(DY) (call to mind that if X; is

a Fréchet space, i = 0,...,n, then X = Xy x ... x X, is a Fréchet space, t00)

(RCS) Xo, ..., X, and Z are Fréchet spaces, f is l.s.c., S is closed, g is Q-epi,
closed, K;_1 is closed, int K;_; # (), F* is K;_1-epi closed, i = 1,...,n,
0x, € sqri(F!(dom F!) — dom f + Kj),

Ox,_, € sqri(Fi(dom F?*) —dom F*"" ' + K;_1),i=2,....,n — 1,

0x,_, € sqri(F"(dom F" Ndom g N S) — dom F"! + K,,_1) and

0z € sqri(g(dom F" Ndomg N S) + Q).

In the same way we get equivalent formulations of the regularity conditions (RCS) and (RCS,)
using core and int, respectively, instead sqri. The same holds also for the condition (RCgc ).

—C
As we have seen the condition (RCE) implies the condition (RC; ), i € {2,2/,2”,3}, while the
——C
condition (RC{) implies the condition (RC; ) and vice versa. Moreover, since on the one hand

Theorem 3.1 is always fulfilled and on the other hand the optimal objective values between (IN)C)
and (DY) are equal, it holds the following theorem (see Theorem 3.2.9 and 3.2.10 in [1]).
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Theorem 4.1. (strong duality) If one of the conditions (RCE), i € {1,1/,2,2',2" 3}, is fulfilled,
then between (PY) and (D€) strong duality holds, i.c. v(P®) = v(D®) and the conjugate dual
problem has an optimal solution.

Remark 4.2. If for somei € {1,...,n} the function F* is star K;_1-lower semicontinuous, then
we can omit asking that K;_1 is closed, int K;_1 # 0 and F' is K;_1-epi closed in the reqularity
conditions (RCE), i € {2,2,2"}, because the star K;_1-lower semicontinuity of F* implies the
star K;_1-lower semicontinuity of ht, which then again implies the K;_1-epi closedness of h'.

We come now to the point where we can give necessary and sufficient optimality conditions for
the primal-dual pair v(P%)-v(DL).

Theorem 4.2. (optimality conditions) (a) Suppose that one of the reqularity conditions (RCE),
i€ {1,1,2,2/,2", 3}, is fulfilled and let T € A be an optimal solution of the problem (P¢). Then
there exists (0%, ..., 21 77 ¢ K x ... x K| xQ*, an optimal solution to (D), such that

(i) f(F'o...o F")(@)) + f*(27) = (2%, (F' 0.0 F)(T)),

(i) (20D F)((FH 0.0 F™)(T))+ (20D Fi) (%) = (2, (Fit 0.0 F*)(T)), i = 1,...,n—1,
(iii) (Z"~D*F")(@) + (27 9) (@) + (V7 F) + (279))5(0x;) = 0,

(iv) (z"*,9(z)) =0,

(b) If there exists T € A such that for some (2%, ..., 2D 27) € Ki x ... x KX | x Q* the
conditions (i)-(v) are fulfilled, then T is an optimal solution of (PY), (2°*,...,Z™) is an optimal
solution for (D) and v(P®) = v(DY).

Proof. By Theorem 4.1 strong duality holds between the primal-dual pair (P)-(D%), which
means that there exists # € A and (2%, ...,E(”_l)*,fn*) € K§ x ... x K!_; x Q*, an optimal
solution to (DY), such that the following equality holds

n—1
Fl o F™)(7) = inf (n—1)* Fn STk (z l*Fz z
(foF' 0.0 F")(@) = inf{(z @)+ (@)} = ) = X ).
Furthermore, since by definition it holds
S GV (FT o Lo F)(T))
i=1
n—1 ' )
= (% (Flo..o F")(@)+ > (" (F* 0.0 F")(2),
i=1

the assertions (7)-(iv) can be deduced immediately by the following consideration

n—1
(foF'o..o F") (@) + f*(2™) + Y _E" " F) (%) +

=1
("D F™) + (2"9))5(0x;) = 0
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n—1

& (foF' o o FM)@) + f*(%) + ) EF) E") + (2" VF") + (29))5(0x;)
i=1
+(EZ"9)(T) — (2", 9(7))

P3GV EN(F oo F)(3)
=1

— (2% (FYo..o0 F")(T)) — S(zi*, (F*lo . 0o F")(T)) =0

& [(foF'o..oF™)(3)+ f*(;*l) — (&% (F'o...0 F")(T))] +
S[(z@—ﬂ*ﬁ)((piﬂ 0.0 F™)(@)) + -V Fiy*(z*) — %, (F*1 o ..o F™)(T))] +
E(zl(”‘l)*F”)(w) +(Z9)(@) + (E"VF") + (279)5(0x;)] + [~ (2™, 9(x))] = 0.

By the Young-Fenchel inequality and the constraints of the primal and dual problem all the
terms within the brackets are non-negative and must be equal to zero. O

Remark 4.3. The conditions (i)-(iv) can equivalently be expressed as
(i) 2% € Of((F'o...o F")(%)),
(ii) 7% € OV F)((Fitlo .o F")(T)), i=1,...,n—1,

(i) Ox; € (D F™) + (2 g) + 3s)(3),

(iv) (2, 9(7)) = 0.

5 The conjugate function of a multi-composed function

Before we continue with our further approach we want to calculate the conjugate of the function
(foF'o..oFm"), or, to be more precise, we will determine of the function

Y(z) = (foFlo..o F")(x), z € X,,
its conjugate function

v (x¥) = seu}() {(z*,2) = (foFlo..o F")(x)}, z* € X},

With this in mind, we consider for fixed * € X the problem

(PE) zg}gn{(f oFlo..oF™(z)— (z* )}

and the primal problem

(PF) b ) = ()



In the same way like in the proof of Theorem 3.1 one can show that it holds v(P*) = ’U(E’K)
(where v(P%) and v(P¥) denote the optimal objective values of the problems (PX) and (PX),
respectively). The corresponding Lagrange dual problem to problem (PX) looks like

(DX) sup  inf {f(yo,yl, sy Y ETI ) -y - <w*,y">}
‘n i=1

= sup {— sup {(z", ") - f(y")} —
Z*FEKS, y0eXo
1=0,...,n—1
sup { D @y + (@) = D (2 F’(y’)>}}
vnes vieX;, | =1 i=1

n—1
= sup { _ f*(ZO*) _ (Z(n_l)*Fn)*(.’E*) _ Z(z(z—l)*FZ)*(zz*)}
' i=1
Hence, we define the conjugate dual problem corresponding to the primal problem (PK ) as

n—1
(DK) sup {_f*(ZO*)_( (n— 1*Fn Z (i— 1*Fz SB* )}

=1

Let us notice that for all z* € X' one has domf = dom(f—k (z*,-)). To guarantee strong
duality between the problem (PX) and its conjugate dual problem (D), we use the regularity
conditions we introduced above. Therefore, we set Z = X ordered by the trivial cone Q) = X
and define the function g : X — X by g(x) := = such that g is Q-epi closed and

Oy € sari(g(X) + Q) = sari(X + Q) =
Hence, we get for the pair (PX)-(DX) the following regularity conditions. The first one looks
like
(RCE) | 3, yY,...,y") € dom f x X1 x ... x X,, such that
Fily')y =yt e —int K;_y, i=1,...,n
and can also be written as

(RC{?) 32’ € X, such that F"(2') € (F*~ 1)~ (F"=2)~1(...
(Fl)*l(domf — int K()) — int Kn—l-'-) — int Kn—Q) —int K,,_1.

For the interior point regularity condition we get

(RCE) Xo, ..., Xy, are Fréchet spaces, f is Ls.c., K;_1 is closed,
int K;_1 # 0, F'is K;_1-epi closed, i = 1,...,n
0y, € sqri(F!(dom F') — dom f + Kj) and
Ox,_, €sqri(Fi(dom F*) —dom F"" ' + K;_1),i=2,...,n

In the same way we get representations for (RCX), i = 2/,2" 3.

Let us denote by v(DX) the optimal objective value of the problem (D), then by Theorem 4.1
we can state the following one:
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Theorem 5.1. (strong duality) If one of the conditions (RCH), i € {1,1',2,2',2" 3}, is fulfilled,
then between (PX) and (DX) strong duality holds, i.e. v(P%) = v(D¥) and the conjugate dual
problem has an optimal solution.

Furthermore, it holds the following theorem.

Theorem 5.2. Let f : Xg — R be proper, convexr and Kg-increasing on F'(dom F') + K,
F': X; — X;_1, be proper, K;_i-convex and K;-K;_1- mcreasing on F”l(domF’H) + K,
i=1,...,n—1and F" : X, = X,_1 be proper and K,_i-convex. If one of the regularity
conditions (RCE), i € {1,1/,2,2',2" 3}, is fulfilled, then the conjugate function of ~ is given by

’y*((IZ*) _ min {f*(ZO*)+( (n—1) *Fn +Z (i— 1)*F1 S0* )} Vot e X;; (7)

Proof. By using Theorem 5.1 it follows that

Y(z*) = su)r;{(x*,m —(foF'o..0 F™)(x)}
zEe
n—1
y 5 :
1=0,..., 77,271 i=1

O

Remark 5.1. The advantage of the introduced concept is that a “complicated” function v can be
splitted into n+1 “simple” functions such that the calculation of the conjugate can be simplified
by calculating just the conjugates of the n + 1 “simple” functions.

Ezxample 5.1. Let us consider the following generalized signomial function v : R™ x R* — R
defined by

1 1 : : n : n
(@) = { SUP{wzlnygl s ees T T }, if (x,y) € int R x int R}

400, otherwise,

with p;,q; > 0 for all i = 1,....,n, and = (21, ...,7,)" € R", y = (y1, ..., yn)T € R™. Then, we
split the function v into the functions

o f:R" — R defined by

f(yo) _: sup{y?, ...,y0}, if 0 = (39, ...,49)7 € R7,
’ +o00, otherwise,

= (ey17-.-7eyn)T7 lf 3/1 = (y%77y}L)T eRn
+ooRrn , otherwise,

and
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o F2:R" x R" — R7, defined by

F2( )= (—p1lnzy — @ Inyy, ..., —ppInz, — g Iny,)?, if 2,y € int R7,
©Y) = +oopn , otherwise,

such that v is writeable as

Y(w,y) = (foFloF?)(z,y) (8)

and set Ko = K; = R’}. Without much effort one can observe that f is proper, convex and
R’} -increasing on F!(dom F') + R% = intR} + R? = int R} C R, F! is proper, R’} -convex
and R’} -R’ -increasing on F 2(dom F?) + R} =R" and F 2 is proper and R -convex. Moreover,
it is easy to verify that the regularity condition (RC’{,( ) looks in this special case like

(RC’{,(E) ‘ J(2',y) € R™ x R" such that —p;Inz} — ¢;Iny; e R, i=1,...,n

which, of course, is always fulfilled. Thus, we can apply the formula (7) of Theorem 5.2 for the
determination of the conjugate function of ~:

'y*(x*,y*) — min {f*(ZO*) + (ZO*Fl)*(Zl*) + (Zl*F2>*(CC*,y*)}, \V/(l'*,y*) c R" x R" (9)

20%, 21*eR?Y

Now, we have to calculate the conjugate functions involved in the formula (9). We have for
ZO* _ (2’0* ZO*)T cR":
_— 1 PICEXEY n +.

[ = s {Zz?*y?—f(yo)}:( sup {Zzo O—sup{y?,-n,yfi}}
=1

(yh,,.,yg)TeR" yl’ 1yn)T€Rn

= sup Z 29— inf tp = sup Z 259 b
1),y TerY | 5= tefﬂ f‘ﬁ)q vy €R+l:t€§§f v?

As one may see, f* is for fixed 0% ¢ R’ a linear problem and thus, by elementary calculation,

we have that

0, if 20 < 1,
£ = PR (10)

400, otherwise.

From (9) and (10) follows for the conjugate function of ~y
7*(96*,y*) — . 1 min {(ZO*Fl)*(Zl*)+(21*F2)*((L'*,y*)}. (11)
Zi*’ zi*ER_‘_, i=1,..., n,
% z?*g

i=

Furthermore, we have for z?* >0,i=1,....,n

n n
(ZO*Fl)*(Zl*) _ sup {Zzzl*yl _ Zzg*eyi}
=1

yi€R, i=1,....n

n

= Z sup {zi*y; — 22%evi}

i=1 Vi€R
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with (see [1] or also [9])

1*
(ln O*—),ifz Z* >0,

su%{zil*yi — 2t} = 0, if 21* =0, 2)* >0, (12)
e 400, otherwise,

fori=1,...,n and for 2}* >0, i =1,...,n, it holds

n n n n
(@) = sup {chf%‘+Zy?yz'+Zzi*mnwz-+zz3*q““yi}
i=1 i=1 i=1 i=1

zi,y; >0, 1=1,...,n

n
= Z <sup{a: z; + 2 piIna; ) + sup{yZ yi + 2 g lny,}>
i—1 ;>0 Yi>

for all z* = (2%, ..., 2:)T, v* = (5, ...,y5)T € R", where (see [9])

rrn

_zil*pi <1+ln (—%>>7 if z7 <0, Zz » pi >0,
sup {#fw; +2]"pilnwi} = § 0, if 2} <0 and 2/* =0 or 27 < 0 and p; =0, (13)

x; >0 .
400, otherwise,

and likewise

—za (14 (— ) iy <0, 27, a >0,
SUP{% yi+ 2 gy} = 0, if yy <0and 2/* =0 or yf <0and ¢ =0, (14)
v 400, otherwise,

for i = 1,...,n. Finally, we define the function £ : R — {0,1} by

f(m):{ 1, if$>q, (15)

0, otherwise,

which leads, by using (11), (12), (13), (14) and (15), to the following formula of the conjugate
function of ~

v (x*, y*) = min { > 2 [(Inz}* —Inzl* — 1) £(29%)

n .
> 29*<1, 2020, | =1
=1

—p; (1 +1Inz; — lnzil*pi) —q; (1 +Inyf —Inz} ql)]}

for all 27, y7 > 0,4 =1,...,n, with the convention 0In0 = 0.

In the next, we will give an alternative representation for . But, first pay attention to the
following function

B(x*) — lIlf {f*(ZO*)+(z(n 1) *Fn +Z (i—1) *Fz L% )}’ v EX;’;
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If f: Xo — R is a Ko-increasing function on {F!(dom F') + Ky} — Ko, it follows by Proposition
2.3.11. in [1] that

FH(2%) = 400, V2% ¢ K¢, ie. dom f* C K
and thus, it holds

Ox* * % *
z EKO z EXi’

6(1:*) _ inf {f*(ZO*)+( (n— 1)*Fn _|_Z (i— I*Fz z )}7 Vot EX,:;

Moreover, if F' : X; — X is Ki-Kog-increasing on {F?(dom F?) + K1} — K1, then (:%*F!) :
X1 — Ris Kj-increasing on {F?(dom F?)+ K3} — K for 2%* € K. By using again Proposition
2.3.11. in [1] one gets for 2%* € K¢

P FH* (M) = 400, V2 ¢ K7, ie. dom(z*F') C K7

and we can write

n—1
5(1}*) = O*GK*infl*gK* {f*(z()*) + (z(n—l)*Fn)*(x*) + Z(z(l—l)*Fz)*(zz*)}’ = X;
z 0 r i=1
2*eX¥, i=2,..,n—1

If we proceed in this way, it reveals that
(0D F)*(27) = 400, V2 ¢ KF, ie. dom(z0"V*FY C KF, i=2,...,n—1,
and therefore, it holds

_ _inf {f*(z ) ( (n— 1)*Fn +Z (i— 1*Fz z )}’ Vot EX:L
i

For the conjugate function of 5 one has

p*(x) = sup {(z" z) - B(z")}

T*re X}

— sup {(a*a)
zre Xy

n—1
inf {f*(zo*) + (T ) + Z(N—”*FZ‘)*(%*)}}

i=1

n—1
_ sup {<$*,$>—f*(20*)—(2(n 1*Fn Z (i— 1)*Fz 2 )}

n—1
_ sup { sup {<£L'*,£L‘> - (Z(n_l)*Fn)*(l' ) Z (i— 1)*F2 7, )}

Zi*eX ¥ z*eX; i=1
1=0,..., n—1
n_l . . .
_ sup {(Z(n_l)*Fn)**(l‘)} o f*(ZO*) o Z(Z(Z_l)*FZ)*(ZZ*)}, Yz € X,,. (16)
2*eX’ =1
1=0,..., n—1
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Since F™ is proper and K,_j-convex and if we ask that F" is also star K,,_1-lower semicontin-
uous, (16) can by using the Fenchel-Moreau Theorem be written as

n—1
B*(x) =  sup {(z("l)*F")(ac) — (") — Z(Z@U*F@')*(zi*)}, Vo e X,. (17)
o i=1

If we additionally ask that the function F* is star K;_j-lower semicontinuous, i = 1,...,n, and
if we assume that f is lower semicontinuous, then one gets for (17) by using again the Fenchel-
Moreau Theorem

F'x) = sup sup {2V F(a)) — (PO () ) -
2 eXy, ZW*”*GX?{,l
i=0,...,n—2

i (i— l*Fz z)}

=1

n—2
_ sup {(z(n—Z)*Fn—l)**(Fn<x)) . f*(ZO*) . (z(z—l)*Fz>*(Zz*>}
zl*EX;‘, =1
i=0,...,n—2
n_2 . . .
— sup (Z(n—2)*Fn—1)(Fn($)) . f*(ZO*) o Z(z(z—l)*Fz)*(Zz*)}
ZZ*EX;‘, =1
i=0,...,n—2

= sup { sup {<Z(n—2)>«7 Fn—l(Fn(x)» _ (Z(n—3)*F(n—2))*(Z(n_Q)*)} _

z("_Q)*GX;;72

Z_: (i— 1*Fz z)}

=1

n—3
= sup {(Z("_?’)*F”_?)(F"_l(F"(fﬂ))) ACHE (z(’_l)*F’)*(z”)}
z’*eX;‘, =1
1=0,..., n—3

= sup {2, (Flon o F)(@)) — [(™)} = [ (Lo 0 F7)(a))
= (foFlo..oF")(z)=~(z), Vr € X,.

Since the weak duality always holds, i.e. v(PX) > v(DX), we have v*(z*) < B(z*) for all
x* € X¥. Moreover, it holds v(z) > ™ (x) for all x € X,, and from here it follows that
v(z) > v (x) > B*(z) = v(z), x € Xy, i.e. y(z) =™ (x) for all z € X,,. The latter means that
v is proper, convex and lower semicontinuous. Summarizing, we get the following theorem:

Theorem 5.3. Let f: Xq — R be a proper, convex, Ko-increasing on {F(dom F') + Ky} —
Ko and lower semicontinuous function, F* : X; — X,_1 be a proper, K;_1-convex, K;-K;_i-
increasing on {F™ (dom F'™Y) + K;} — K; and star K;_i-lower semicontinuous function, i =
1,...,n—1, and F" : X,, = X,,_1 be a proper, K,_1-convezr and star K,,_1-lower semicontinuous

function. Then the function v = fo Flo..oF" : X, — R is proper, convex and lower
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semicontinuous and can alternatively be written as

n—1
vz) = Bia)= sup < OTVF)(2) - )= > (20T %)},\mexn.
zi*eX;‘, i1

i=0,...,n—1

6 An Optimization problem having as objective function the
sum of reciprocals of concave functions

Let E; be a non-empty convex subset of X, ¢ = 1,...,n, where X is defined like in the beginning,
a locally convex Hausdorff space partially ordered by the non-empty convex cone K. Then, we
consider a convex optimization problem having as objective function the sum of reciprocals of
concave functions h; : F; — R with strict positive values, i = 1,..,n, and geometric and cone
constraints, i.e. the optimization problem that we discuss in this section (cf. the definitions

from Section 3) is given by
G .
(P¥)  inf { i }
g(z)E-Q

Optimization problems of this type arise, for instance, in the study of power functions by setting
hi : Ry = R, hi(z) = ¢;aPt with ¢;pi(pi — 1) <0,i=1,...,n, (see [17]) and have a wide range
of applications in economics, engineering and finance.

To apply the results from the previous section to (PG), i.e. to characterize strong duality and to
derive optimality conditions, we assume that the function —h; is K-increasingon E;,i =1, ..., n,
and set Xo = R", Ko = R}, X; = X", K; = K" and X3 = X. Additionally, we define the
following functions

n

. S L it <0 i=1...
e R SR f(0) = g T <0 i=Tn

400, otherwise,

o Fl: X" R Fl(yl) _ (_hl(y%)a'“a—hn(y}z))T7 if yzl €Ei, 1=1,..,n,
’ ’ +oogn , otherwise
and

e F2: X = X", F*(z) := (z,...,x) € X"

and we assume that F2(SNdomg) C F; x ... x B, (cf. Remark 3.2). From here, it reveals that
the problem (P%) can equivalently be written as

(PY)  inf {(foF'oF?)(x)}

zeS,
g(z)€-Q

and by using the formula from Section 3 its corresponding conjugate dual problem (DY) turns
into

(DD L {52£{< Zil*=$>+(z2*7g(a:)>} —f*(ZO*)—(ZO*Fl)*(zl*)},

=1
z2*€Q*
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Furthermore, one has (see [2], [12] or [13])

Z sup {zo*y? yl } = —2i 20
; ;

i=1 Yi<0

for all z?* >0,7=1,...,n, and since, it holds

n n

(" FYH* (1) = Z sup {1 uly + 20 hi(yd) ) = Z(_Zzo*hi)*Ei(zil*)a

i=1 Y €Ei i=1
one gets for the conjugate dual problem

(0% sw {—(zﬁ*mg (— Z) £y (23 = (=i 1) } .
=1 =1

zO*ERi, 2lxe(K*)n,
zQ*E—Q*

Remark 6.1. We want to note that for i = 1,...,n the representation of the conjugate function
of (=29*h;) can be improved by the following one (see [2], [12] or [13])

2N o0k
<—20*m)*E,<z-1*>={ o hi)h(ﬂ*)a >0

o, (21%), zfz

Therefore, by using (15) one can write for the problem (D) also

(D% sup { ~ (%) (— Zz3*> > (2W
i=1 =1

20% ER:L»’ zl*E(K*)n,
22¥e—Q*

e <O> E(0%) — o, (1) (1 — £<z?*>>> }

Remark 6.2. One may see that the function F? has been introduced in order to decompose the
functions h;, i = 1,...,n, and g or, more precisely, to decompose its conjugate functions in the
formulation of the dual problem (D).

It is easy to observe that f is proper, R’} -increasing on dom f = int(—R’ ), convex and lower
semicontinuous, F! is proper, K"-R" -increasing on dom F' = By x ... x E, and R -convex
and that F'(dom F') C int(—R") = dom f (in this context pay attention on Remark 3.2). For
that reason we can now attach the regularity condition (RCIC ), specialized for the optimization
problem (P%),

(RCE) | 3, y",y%) € (—00,0)" x X™ x S such that hi(y!) + 3 >0,
v —yl' € —intK, i=1,..,n, and g(y*) € —int Q.

As h; is a concave function with strict positive values on E;, there exist y)* < 0 and y!* € E;
such that hi(yill) + y?/ >0,i=1,...,n, and hence, (RC{) reduces to

€ —intK, i =1,...,n, and g(y*) € —int Q.

)

(RCE) ‘ (Y, y?) € X x S such that ¢y —y!’
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or, equivalently, in the light of (RC’lc, )
(RC{) | 32’ € Ssuch that 2/ € E; —int K, i =1,...,n, and g(z’) € —int Q.
The generalized interior point regularity conditions (RCS"), specialized for (P%), looks like

(RC’QG ) X and Z are Fréchet spaces, S is closed, g is Q-epi closed,
—h; is lower semicontinuous, Ox € sqri(domgN S — E; + K),
i=1,...,n,and 0z € sqri(g(domg N S) + Q).

In the same way one can formulate a specialized regularity condition (RCZG ) in respect to the
condition (RCE) for i € {2/,2",3}.

Remark 6.3. Recall, that in respect to Remark 3.1 and 4.1 the function F' does not need to
be monotone, because F? is a linear function. In this case we set, like mentioned in Remark
3.1, K1 ={0xn} ={0x}"™. But take attention to the circumstance that the regularity conditions
(RCS) and (RCS) are no more applicable in this framework, as int{0Ox} = 0.

By Theorem 4.1 and 4.2 the strong duality statement and the optimality conditions follows
immediately.

Theorem 6.1. (strong duality) If one of the conditions (RCY), i € {1,1/,2,2',2" .3}, is fulfilled,
then between (PS) and (D) strong duality holds, i.c. v(P%) = v(D%) and the conjugate dual
problem has an optimal solution.

Theorem 6.2. (optimality conditions) (a) Suppose that one of the regularity conditions (RCE),
i€ {1,1,2,2/,2" 3}, is fulfilled and let T € S be an optimal solution of the problem (P%). Then
there exists (7%, 21, 22%) € R? x (K*)" x Q*, an optimal solution to (D), such that

() %t~ 22 3 = - 2 (@)
(i) 322 h5 610 - @) = (327 ),
=1
(i) @ g + @0 (- S a) = (- S,

(iv) (2,9(z)) = 0.

(b) If there exists T € S such that for some (2°%,z'*,72*) € R? x (K*)" x Q* the conditions
(i)-(iv) are fulfilled, then T is an optimal solution of (PY), (2°*,Z",2%*) is an optimal solution
for (D) and v(P%) = v(D%).

Remark 6.4. In view of the Young-Fenchel inequality, we can refine the conditions (i) and (i7)
of Theorem 6.2 like follows

(i) 0 hi(E) = 2/ ~ gy i =1,

(i) (=2 hi)g, (Z1%) = 20°hi(T) = (2}%,T), i = 1,...,n.
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In the end of this paper we give, for completeness, alternative representations of the optimality
conditions presented in Theorem 6.2 and refined in the previous remark.

Remark 6.5. In accordance with Remark 4.3 and 6.4 the optimality conditions (i)-(iv) of
Theorem 6.2 can equivalently be rewritten as

(i) 2* € 0(-2) (—hi(@)), i =1,...,n,
(i) zH* € O(—2V*h;)(T), i = 1,...,m,

(iii) — ; 1 € 0((z%*g) + 63)(3),
(iv) (22, 9(z)) = 0.
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