An NFFT based approach to the efficient
computation of dipole-dipole interactions
under different periodic boundary conditions

Franziska Nestler

We present an efficient method to compute the electrostatic fields, torques and
forces in dipolar systems, which is based on the fast Fourier transform for nonequi-
spaced data (NFFT). We consider 3d-periodic, 2d-periodic, 1d-periodic as well as
0d-periodic (open) boundary conditions. The method is based on the correspond-
ing Ewald formulas, which immediately lead to an efficient algorithm only in the
3d-periodic case. In the other cases we apply the NFFT based fast summation in
order to approximate the contributions of the nonperiodic dimensions in Fourier
space. This is done by regularizing or periodizing the involved functions, which
depend on the distances of the particles regarding the nonperiodic dimensions.
The final algorithm enables a unified treatment of all types of periodic boundary
conditions, for which only the precomputation step has to be adjusted.
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1 Introduction

For a system of N dipoles at positions x;, located in a box [—L1/2,L1/o] x [—L2/2, L2 /2] x
[—Ls/2, Ls /o] with dimensions L1, Lo, L3 € Ry, and their dipole moments p; € R? the electro-
static energy is given, in Gaussian units, by
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where we use the short notation x;; := x; —x; and assume a certain type of periodic boundary
conditions, which is specified by the index set S C Z3. Thereby, we exclude all the terms
with ¢ = j in the case n = 0, which is indicated by the prime on the second sum. By ® we
denote the component wise product, i.e., the translation vectors appearing within the norm
are given by
noL:= (nlLl, nzLQ, nng) S ]RS,

where n = (n1,n2,n3) € Z3 and the edge length vector L is defined by L := (L1, Lo, L3) € Ri.
The ordinary scalar product is denoted by -, i.e., for two vectors y, z € R? we set

Y-z :=y121 + Y222 + yszz € R.

In addition, we are also interested in computing the acting forces, which are for each particle
defined via

Fs(j) == —Va,Us. (1.2)
The torque T5(j) € R? acting on the particle j is given by
Ts(j) == m; x es(j), (1.3)

where the vector product is denoted by x and the electrostatic field es(j) € R? is defined via

es(j) ::—VujUs (1.4)
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Thus, the energy can also be written as

1 N
Us = —Q;Hj-esu). (1.5)

If we insert (1.5) into the definition of the forces (1.2) we obtain

fs() = Va, [1; -es()] - (1.6)

We describe different cases of periodic boundary conditions as follows. Assuming periodic
boundary conditions in the first p € {0, 1,2, 3} dimensions combined with nonperiodic (open)
constraints for the remaining 3 — p dimensions, we set S := ZP x {0}>P, which effects a
replication of the primary box along all dimensions subject to periodic boundary conditions.

Since the summands in (1.1) tend to zero like r~3, where 7 represents the distance between
two particles, the infinite sum is only conditionally convergent for p = 3, i.e., an order of
summation has to be specified, see [22] for more details. However, also for p € {1,2} the
infinite sum converges very slowly, which makes it impracticable to compute it directly after
truncation. For p = 0, i.e., no periodic boundary conditions are applied, a direct evaluation
is possible but only with a complexity of O(N?), which is not satisfying.



A common approach in the case of periodic boundary conditions is the application of the
Ewald summation technique [13], which splits the badly converging sum into two rapidly
converging parts in spatial and Fourier domain, respectively. This is explained in Section 1.1
in more detail. In order to compute the Fourier space part efficiently we may apply the FFT.
Since the dipoles are not distributed on a uniform mesh, we use the generalization of the
FFT to nonequispaced data (nonuniform FFT, NFFT, NUFFT), to which we give a short
introduction in Section 1.2. In Section 2 we consider the 3d-periodic case, i.e., S := Z3, and
show how the electrostatic fields, forces and toques can be approximated based on the Ewald
formulas and the NFFT. The same is done in Sections 3-5 for the other types of periodic
boundary conditions, respectively. We conclude with a short summary in Section 6.

1.1 Ewald summation

A general approach to compute long range interactions efficiently is the application of the
Ewald summation technique [13], which makes use of the simple identity

1 erfc(ar) N erf(a?“)7 (1.7)
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where erf(-) is the well known error function, erfc(-) := 1 — erf(+) is the complementary error
function and « > 0 is referred to as the splitting parameter. Applying (1.7) the energy (1.1)
splits into two parts
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where we refer to

erfc(allxzi; +n © L))
[ +n © L

N
shor 1
Ut i=5 0 > (1 Va ) (- Va,)
nes i,j=1

as the short range part. Computing the present derivatives we obtain
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where we set r := ||&;; + n©® L|| and r := ||r||. Since the complementary error function erfc(r)
tends to zero exponentially fast in r, the sum (1.8) can be efficiently computed by a direct
summation after an appropriate truncation.

For the kernel function in the long range part we obtain
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200" erf(ar) (uj ) (- 7) 4aBe—’r?
= <_ ﬁTQ + 3 <y’] C My — 3 r2 ) + \/7*_‘_7,2 (H’] : T‘)(p’z : T‘)‘




We compute the limit
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where we now insert the finite limit (1.9) in the case ||z;;+n® L|| = 0, and the self interaction
energy

self 20[3 l 2
Ui~ 25 i, (111)
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which is the same for all types of periodic boundary conditions. Correspondingly, also the
electrostatic fields (1.4), the forces (1.2) as well as the torques (1.3) are split into short ranged
and long ranged portions, which we will discuss later in more detail.

The long range part (1.10) is still slowly and in the 3d-periodic case in addition condi-
tionally convergent, but its kernel function does not have a singularity. Thus, this part can
be transformed into a sum in Fourier space regarding the periodic dimensions, where in the
3d-periodic case the applied summation order comes into play. We obtain fundamentally
different Fourier space representations for the above described types of periodic boundary
conditions, see Sections 2-5.

In order to evaluate the obtained Fourier space sum efficiently many methods in the field
of molecular dynamics simulations make use of the fast Fourier transform (FFT). Especially
for charge-charge (Coulomb) interactions under 3d-periodic constraints a variety of so called
particle mesh methods have already been proposed, see [19, 7, 12, 8, 23] and references therein.
Since the FFT is a mesh based algorithm, the given continuous charge (or dipole) distribution
has at first to be approximated by a grid based charge (dipole) density. This approximation
is done by a sum of translates of a so called window function or rather assignment function,
which is typically a B-spline. Note that the well known P3M method has already been
generalized to dipolar systems, cf. [6, 5.

The P2NFFT [29, 30] method, which was also developed for the computation of Coulomb
interactions, is based on the FFT for nonequispaced data (NFFT). The NFFT is also a
combination of the ordinary FFT and an approximation via a window function and thus the
P2NFFT approach fits very well into the scope of particle mesh methods. Possible window
functions are B-splines, but also Gaussians or (Kaiser-)Bessel functions, see [21, 25, 26].
Furthermore, an oversampled FFT can be applied, which makes the tuning of the method



with respect to accuracy as well as efficiency somewhat more flexible, cf. [26]. See [2] for a
comparison of the method to other well established algorithms in this field, such as the P3M
method, the fast multipole method or multigrid based methods.

Note that we are also able to treat mixed periodic as well as open boundary conditions, see
[27, 28]. In contrast to the 3d-periodic case we hereby need a precomputation step, in which
the nonperiodic contributions are embed into a periodic setting, such that the NFFT can be
applied similarly to the 3d-periodic case. In this paper we show that exactly the same ideas
can be applied in the case of dipolar systems.

1.2 The nonequispaced FFT

In the following we give a short overview of the NFFT, see [11, 4, 34, 35, 32, 16, 21|, and
start with the introduction of some notations. For some vector M € 2N% we define the index

set Ips € Z¢ by
d
M M,
T ::®{—TJ,...,TJ—1}.
j=1

Furthermore, for z € R% and y € R? (with non vanishing components) we set

rTOyY:= (a;lyl,...,xdyd)eRd and xOQy:= (%,...,%) e R%.

For given Fourier coefficients fi, € C, k € Zas, consider a trigonometric polynomial

f(CL') = Z fke—27rik~m7

kelns

which we aim to evaluate in N given nodes x; € T¢ := R?/Z% ~ [~1/,1/2)4 i.e., we want to
compute

fi=flx;)= > fre ¥ j=1,...,N. (1.12)

kel

The straightforward algorithm for the exact computation of (1.12), which is called nonequi-
spaced discrete Fourier transform (NDFT), takes O(N|Zpz|) arithmetical operations. Since
we do not have equispaced data we cannot directly apply the FFT in order to evaluate the
sums (1.12) more efficiently. The well known NFFT algorithm is a modification of the or-
dinary FFT and allows an approximate evaluation within O(|Zas|log|Zas| + N) arithmetic
operations. The basic idea of this method can be explained as follows.

We approximate f by a sum of equidistant translates of a 1-periodic window function ¢,
which should be well localized in spatial as well as in frequency domain. In other words, we
approximate f by a discrete convolution of unknown coefficients with a given window function
located at points on a uniform grid Z,,, m € 2N, which reads as

f(x) = Z gep(x — Lo m).
LELm

Thereby, we use the oversampled mesh size m > M. Applying the aliasing formula and the
convolution theorem we obtain

dgp@—Lom)= > > Gitpirom(p)e TETTOMm T, (1.13)
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where
1 .
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are the discrete Fourier coefficients of gy, £ € Z,,, and

alp)i= [ o)t oda, ket

are the analytical Fourier coefficients of the window function ¢.
We see that it is reasonable so set

A

Ik == J (ke€Zp) and  gg =0 (else), (1.14)

k()

since then the Fourier coefficients of the approximation (1.13) coincide with fr for all k € Tas
and only the aliasing terms are left. After this step, the coefficients gy are obtained by
applying the inverse FFT to the coefficients gy.

Remark 1.1. The approach to set the coefficients g can be further optimized with respect
to a specific application. As an example, in the field of particle simulation the root mean
square error in the forces is a common measure of accuracy. The optimal coefficients g then
depend on which kind of particle interactions are considered (Coulomb, dipolar) as well as
which differentiation operator is applied for the computation of the forces. For more details
we refer to the derivations of the optimal influence functions for the P3M method, cf. [19, 9]
for point charge and [6, 5] for dipolar systems, as well as to [25] for error estimates concerning
the P2NFFT method. If the occurrent aliasing terms are left out in the obtained expression
for the optimized coefficients g, we obtain the standard coefficients (1.14), which we use
within the NFFT and the NFFT based particle simulation.

Since the Fourier coefficients in this specific application tend to zero very rapidly, we expect
that we can achieve only minor improvements by using an optimized deconvolution approach,
see [26] for some numerical examples in the case of Coulomb interactions. O

The NFFT algorithm can be summarized roughly as follows.

Algorithm 1.1 (NFFT).

Input: nodes z; € T¢ (j = 1,...,N), coefficients fi (k € Znr), oversampled mesh size
m € 2N% m > M.

i) Set gy := le(—’jm for all k € Zpy and gg := 0 for k € Z,,, \ Zps.

Complexity: O(|Zarl).
ii) Use the inverse FFT for the computation of the coefficients

1
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Complexity: O(|Zy,|log|Zm]|).



iii) Compute

f(mj) ~ f%(azj) = Z qp (iCj -1 @m)

lelm
for all j = 1,..., N. The sums are short due to the good localization or rather small
support of the window function . Complexity: O(N).
Output: Approximate function values fx(x;) = f(x;) for all j=1,..., N. O
The computation of sums of the form

N
h(k) =Y fe® %, k€ Iy, (1.15)

j=1

where now the coefficients f; are given, is a very similar problem. Considering (1.12) as
the computation of a matrix vector product, the matrix representing (1.15) is obtained by
adjoining the matrix from (1.12). Thus, the efficient algorithm is known as the adjoint NFFT
and can be summarized as follows.

Algorithm 1.2 (adjoint NFFT).

Input: nodes x; and corresponding coefficients f;, 7 = 1,..., N, mesh size M ¢ 2N and
oversampled mesh size m € 2N% m > M.

i) Set

N
gei=Y_ fip(@;—lom)
j=1

for all £ € Z,,,. The sums are short due to the good localization or rather small support
of the window function ¢. Complexity: O(N).

ii) Use the FFT for the computation of the coefficients

1 .
Gk = Z g eka-(l@m)’ ke,
[ Zml

0T
Complexity: O(|Zm|log |[Zm|).
ii) Set h(k) & ha(k) := ;25 for all k € Tas. Complexity: O(|Zaz]).
Output: Approximations h~ (k) ~ h(k) for all k € Zps. O

2 Periodic boundary conditions in all three dimensions

We are now interested in the fast computation of dipole-dipole interactions subject to fully
periodic boundary conditions. We define the resulting energy via

U3 .= Uy,
i.e., we set S = Z3 in (1.1). As derived in the introduction we can write

3d __ yr3d,short 3d,lon self
U = U + yidlong  prself



where we set

fe(afzy; +n © L)
U3d short Ushort . v i)er v 7 (21)
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and the self interaction energy U is defined in (1.11).
The transformation of U3d1°"8 into Fourier space under the assumption of a spherical
summation order gives, see [22, Section 4],

3d,long __ y73d,F 3d,0
U &8=U + U,

where we define the Fourier sum

N
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with the Fourier coefficients

o~ koL|?/a?

(k) = |k L|?
0 k=0,

tk #0,

and the k = 0 contribution, also known as the surface term, by

U= ZZ# py =

11]7

(2.3)

Thereby we denote by V' := LjLs L3 the volume of the Box.

Remark 2.1. The surface term U340 is the only part, which depends on the applied sum-
mation order. In the literature, see for instance [15, page 304], one often finds

U3 = (2¢ +1 VZZ“Z i

=1 j=1

where ¢ is the dielectric constant of the surrounding medium. For vacuum we have ¢/ = 1
and (2.3) applies. In the case of metallic boundary conditions we have ¢ = oo and the surface
term vanishes.



In the case of Coulomb interactions we have

N
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which can be obtained by using convergence factors, see [22]. Obviously, we simply have to
replace the charges g; by the operators p; - V4, to obtain (2.2) and (2.3), which are valid for

dipole-dipole interactions.

2.1 Computation of the electrostatic fields and torques

Based on the decomposition of the energy

U3d — U3d,sh0rt + USd,F + U3d,0 + Uself

the electrostatic fields of the single dipoles, which we define via (1.4), can be written as

e3d(j) — GZS(j) _ eSd,short(j) + eBd,F(j) + e3d,0<j) + eself(j)_
Thereby, we define the short range part

e3d,short (]) — e%}éort (])7

where we define for S ¢ 73
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(2.4)

(2.5)

(2.6)

(2.7)



These identities follow immediately from the Ewald formulas (2.1), (2.2), (2.3) and (1.11)
for the energy U34, since the energy is simply a sum over the scalar products p; - €34(i), see
equation (1.5).

As already pointed out, the short range parts e31h°(j) can be obtained by a direct
evaluation, i.e., we can compute an approximation e;c*™™(j) via (2.4) by just considering
distances ||&;; + 1 © L|| < 7y, where 7y > 0 is an appropriate cutoff radius. Further, the
computation of €340(5) as well as e*'f(j) forall j = 1,..., N is straight forward and only takes
O(N) arithmetic operations. The efficient approximation of the Fourier space contributions
e (), j=1,..., N, can be realized as follows.

The first approach is based on (2.6), i.e., the differentiation is done in Fourier space. We
refer to this as the ik-differentiation approach.

Algorithm 2.1 (Approximate e34F(j), ik-differentiation).

Input: positions x; € ®?:1[—Li/2, Lif2] and corresponding dipole moments p; € R3 (j =
1,...,N), splitting parameter o > 0, far field cutoff M € 2N3 NFFT parameters (window
function, oversampling).

i) Approximate the structure factors S(k) ~ S~(k), k € Zps, as defined in (2.7), by an
adjoint NFFT in each component (three adjoint 3d-NFFTs).

ii) Compute the scalar products (k@ L) - S~ (k) for all k € Zp;.
iii) Approximate the Fourier sums
a7 A -  NFFT )
TS Rk o L) [(k o L) (k) e 2k NET G )
kelng
by applying an NFFT in each component (three 3d-NFFTs).
Output: approximate Fourier space parts of the fields eid’F(j) ~edf(j),j=1,...,N. O

A second approach follows (2.5) and applies the differentiation operator to the NFEFT
window function . We refer to this method as the analytical differentiation approach.

Algorithm 2.2 (Approximate 3 (5), analytic differentiation).

Input: positions x; € ®?:1[—Li/2,Li/2] and corresponding dipole moments p; € R3 (j =
1,...,N), splitting parameter o > 0, far field cutoff M € 2N3 NFFT parameters (window
function, oversampling).

i) Use the adjoint NFFT to approximate for all k € Zps the sums

N H
Ak) =Y (i - V)2 koR @ LT 4 (1), (2.9)
i=1
i.e, we replace step 1 of Algorithm 1.2 by

N

ge:=>_ m;-Veo(w; —Lom).
i=1

This means that we only need to compute one 3d-FFT (see step 2 in Algorithm 1.2),
while spending more effort in step 1.

10



ii) Approximate the Fourier space parts of the fields

Va 0 —2ri(koL)-z; NEET 3d,F . )
D bk Ax(ke PNRTET(), j=1,..N,
kelng

by applying the NFFT, i.e., set fj, := —ﬁzﬂ(k)Az(k) in Algorithm 1.1 and replace step
3 by
3d,F, .
() = Y geVla; — £om).
el
Again, we only need to compute one inverse 3d-FFT (see step 2 in Algorithm 1.1), but
step 3 is somewhat more expensive.

Output: approximate Fourier space parts of the fields eid’F(j) ~edF (), j=1,...,N. O

Note that the above described approach is very similar to the P3M method for dipolar inter-
actions if the NFFT is applied without oversampling and with a B-spline as window function
¢. See [6] for a description of the PM method based on the ik-differentiation approach and
error estimates as well as [5] for the analytical differentiation approach, corresponding error
estimates and some comparisons between the two different differentiation schemes.

Based on the computed approximations of the fields

. 3d,short / - 3d,F, - 0/ .
e34(5) == e (5) 4 XM (4) + €¥40(4) + e*t(y)

the torques are simply obtained by (1.3), i.e., we approximate the torques by

0) &~ 12(5) == py x e2(j).

Following the identity (1.5), an approximation of the energy U3 is given by

N
Z I eid(j)-
j=1

3d . _

N | =

2.2 Computation of the forces

The forces are obtained by applying (1.6). Since the contributions €33:°(5) and e34*°(5) do
not depend on the particle positions, we obtain with (1.6) and the Ewald summation formulas
for the fields e3(j)

F9G) = Va, [+ €¥()] = £ () + £ (),
where we define the short range parts by

erfc(aljz;; +n © L))

2.10
l&; tno L] (2:10)

FEH) 1= =V (1 Vi) D D (i Vi)

and set f3dshort(5y .= Szlé,ort (7). We can compute an approximation fid’Short (j) for each j by

simply truncating the sum (2.10), i.e., for an appropriate cutoff radius 7., we only consider
distances [|z;; + 1 © L] < reys.

11



Again, we may apply the ik-differentiation or the analytic differentiation approach. If the
differentiation operators are applied in Fourier space we obtain from (2.5) and (2.6)

PR G) 1= Va, [y €27 ()

VIE' ~ N . . o N
= — va (1 - Va,) P(k) <Z(ui.vwi)62wl(k®L) > o 2mkOL) 2 (9 17)
kez3 i=1
Z 1/3 (ko L)] (ko L) S(k)] (ko L) o—2mi(koL)-;
€73

8 : .
TS ik ko Dk o D) (ko L) SE]erkeD® |
kez3

i.e., in order to approximate the outer sums we have to compute a 3d-FFT in all 9 components.
Applying symmetry properties, we can reduce the amount of work to the computation of 6
FFTs in three variables.

Algorithm 2.3 (Approximate f34%(5), ik-differentiation).

Input: positions x; € ®i:1[—Li/2, Lif2] and corresponding dipole moments p; € R3 (j =
1,...,N), splitting parameter o > 0, far field cutoff M € 2N3 NFFT parameters (window
function, oversampling).

i) Approximate the structure factors S(k) ~ S~(k), k € Zps, as defined in (2.7), by an
adjoint NFFT in each component (three adjoint 3d-NFFTs).

ii) Compute the scalar products (k@ L) - S~ (k) for all k € Zp;.

iii) Approximate the matrix-valued sums

S d(k)(ko L)k L) [(ko L) - Sx(k)] e 2mkobes NS

kETns

F(])? j:]‘?""N7

by applying an NFFT in each component (six 3d-NFFTs, exploit symmetry properties).

iv) Finally, the Fourier space parts of the forces are approximated by computing the matrix-
vector products

S8 () o= ST

VvV ]

Output: approximate Fourier space parts of the forces fid’F(j) ~ f3d7F(j), j=1,....,N. O

For the analytical differentiation approach we write the Fourier space contributions of the
forces based on (2.11) as

: vw 7 —27i -
FREG) =~ (y Va)) Y k) AR e EOD =
k€l
1 n —2mi T
= —ﬁ(vxjv—xrj)ﬂj Z P(k)A(Kk)e? (koL)e;,
kelns

where we define the sums A(k) in (2.9) and the operator Ve, VI}, symbolizes the application
of the Hessian matrix.

12



Algorithm 2.4 (Approximate f34F(j), analytic differentiation).

Input: positions x; € ®f:1[—Lz‘/2,Li/2] and corresponding dipole moments p; € R?® (j =
1,...,N), splitting parameter o > 0, far field cutoff M € 2N3, NFFT parameters (window
function, oversampling).

i) Use the adjoint NFFT to approximate the sums A(k) ~ Ax(k), k € Zps, as defined in
(2.9), i.e, we replace step 1 of Algorithm 1.2 by

ge = ZM’ Vo(z; —£om).

This means that we only need to compute one 3d-FFT (see step 2 of Algorithm 1.2),
whereas step 1 is now more expensive.

ii) Apply the NFFT to approximate the sums

v vT Z ¢ —27ri(k:®L)~m]- NF%FT F(]),
kEZns
ie., set f = @ZA)( )JA~ (k) in Algorithm 1.1 and replace step 3 by

= Y g H(g)(a; — Lo m),
ey,

where we denote by H(y)(-) the Hessian matrix of the window function . Again, we
only need to compute one inverse 3d-FFT (see step 2 in Algorithm 1.12), whereas step
3 is now more expensive.

iii) Finally, the Fourier space parts of the forces are approximated by computing the matrix-
vector products

3d,F . 871’ i

ME(j) = S F()m

J

Output: approximate Fourier space parts of the forces f3d F( )~ P34, j=1,...,N. O

3 Periodic boundary conditions in two of three dimensions

We consider systems that are periodic only in the first two dimensions, i.e., we set S := Z2x {0}
and define the energy
UQd = UZQX{O}

via (1.1). By applying the splitting (1.7) we end up as in the 3d-periodic case with the
decomposition

U2d — U2d,sh0rt + UQd,long + Uself
lon,
=: Upb%toy + Upriygy + U

via (1.8), (1.10) and (1.11), respectively.
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The Fourier space representation of the long range part has already been derived in [17]. Tt
is easy to see that the same Fourier space representation is obtained by replacing the charges
qj in the Ewald formula for Coulomb interactions by the operators p; - Vz;, see also [17]. By
doing this we can formally write the Fourier space part of the energy as

U2d long __ U2dF 2L1L2 Z Z VmJ)GZ (”ki” ij.3 ) 27ri(k®L)'iij’ (3]_)
keZ?1,5=1

where we use the notation
zj = (21,252, 053) = (Fj,2)3), L= (L1, La),

with &; € [—L1/2, L1/2] x [—L2/2,L2/2] and the function ©24 is defined via

1 k k
— {e%krerfc <7T + 047“> +e 2 hrerfe (W — ozr)] :k #£0,
@2d(k,7r) — )2k @ «o

(3.2)
_Q\F < —a’r? o frar erf(ar)) k=0

Remark 3.1. In the 3d-periodic case the k = 0 contribution as given in (2.3) has a very
special form and thus we have to write the long range part of the energy as

3d,long __ 773d,F 3d,0
p3dlong _ r3d.F | 773d,0.

i.e., we separate the k = 0 term.

Also in the 2d-periodic case the k = 0 contribution takes a slightly different form than in
the case k # 0. But by defining ©2¢ as in (3.2) we are able to express the long range part as
a single sum in Fourier space, see (3.1). In order to ensure consistency with the 3d-periodic
case we introduce the double designation

U2d long __ U2d F

see equation (3.1). O

It is easy to show that we have ©24(k,r) = o(k~2¢") as k — oo, see [27, Lemma 4.2], i.e
the infinite sum in (3.1) converges rapidly. Thus, we are able to replace the infinite sum over
k € Z2 by a finite sum over k € Ty M)» Where we choose My, My € 2N large enough.

We follow the approach as presented in [27, 28] and approximate the functions ©24(|| k||, -)
for all k € Z(ps, ar,) by trigonometric polynomials. In the following we describe two different
approaches to compute such a Fourier space approximation, namely the regularization ap-
proach, see [27, Section 4.2.1] for more details, as well as the periodization technique, which
we already introduced in [28, Section 4]. After replacing the functions by their Fourier space
approximations we apply the operators p; - Vg, i.e., we follow a Fourier space differentiation
approach at this point.

Regularization
Assuming that x5 € [—Ls/2, Ls 2] we obtain ;3 € [—Ls, L3]. Now, we proceed as follows.

i) We choose an interval length h, which fulfills A > 2Ls.

14



ii)

iii)

For each k = ||k||, k € Z(p,,a,), We construct a polynomial P(k,-), which lives on the
interval [L3, h — L3] and interpolates the derivatives
871

07 Nad
87'”@ (k7 ’r)

at the end points r = £ L3 of the interval up to a certain order p € N, i.e., we construct
P(k,-) such that

o" " oq

%P(k,LE}) = W@ (k,Lg) and
for all n = 0,...,p. The computation of the polynomial P(k,-) is possible via the
two-point Taylor interpolation approach, see [1] or [14], for instance.

Then we define the regularized function R(k,-) € CP[—h/2,h/2] by

R(k’ ) 82 (k77a> : ’1 ‘ S L37
) =
P(k‘, ”I“D : |’I| >L3.

Pk~ L) = 5 0% (k, - Ly)

T-n

For a graphical illustration see Figure 3.1.

Figure 3.1: Example for a regularization R(k,-) for £ > 0.

The regularized functions R(k, -) are smooth on [—"/2, n/2] and can thus be approximated
by trigonometric polynomials

R(k‘, T) ~ Z Bk’ge%dh/h,
LeT

where we choose M3 € 2N large enough. The Fourier coefficients IA)M are obtained by
applying the FFT after sampling the function R(k,-) on an equispaced grid, i.e., we set

7 1 j —2mij
brgi=—— Y Rk, 4)e ™M e Ty,
Since the function R(k,-) coincides with ©24(k,-) on the interval [—Ls, L3] we have

XM (||kl, zijs) ~ > by w0 (3-3)
éEIhfg
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Periodization

The Fourier transform of ©%4(k,r) with respect to r exists and is known in an analytically
closed form for all £ > 0. We obtain

o (k3 +€7) /o’
m(k?+¢&2) 7
which we easily compute by making use of the identity, cf. [27, Appendix A],

*1
0¥ (k,r) = 2ﬁ/ ?e_”%z/zg_’iz?dz.
0

02k, ¢) = / - 02 (k, r)e ?mréds = (3.4)

The function ©24(0,-) is non decreasing and thus the Fourier transform does not exist. In
other words, at least in the case k = 0 we need to apply the regularization approach as
described above. For k # 0 we can use the analytical Fourier transform as given in (3.4) as
follows.

If £ > 0 is large enough we expect that we only make a negligible error when approximating
the function ©24(k,-) by its h-periodic version, i.e., we have

0%4(k, r) Z@Qd (k,r + hn) (3.5)
neZ

for all r € [—Ls, Ls] C [-"/2,h/2], see Figure 3.2.

|
h-perjodization C 0% (k)
i

_h /2 fl)z

0%(k,r) Z 02 (k,r + nh)

Figure 3.2: Approximation of ©24(k,-), k > 0, by its h-periodization.

Via the Poisson summation formula and truncation in Fourier space, which is possible since
the Fourier transform (3.4) tends to zero exponentially fast in 5 , we obtain

@2d k, 7, Z@Qd k, r—i—hn Z@2d k E/h) 2milr/h Z éZd(k’g/h)eQﬂiér/h’

nez ZEZ 6611\43

i.e., we simply set (A)k,g = %C:)Qd(k, ¢/n) and end up with an approximation of the form (3.3).
Note that this approach is equivalent to truncating the integral

O*4(k,7) = / O (k, £)e* e dg
R

and approximating the remaining finite integral via the trapezoidal quadrature rule, which
is the basic idea of the 2d-periodic fast and spectrally accurate Ewald summation [24] for
Coulomb interactions.
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3.1 Computation of the electrostatic fields and torques

In a precomputation step we compute the coefficients lA)H k|,¢ such that we have for each k €
Z (M) an approximation of the form (3.3). Thereby, we use the same cutoff M3 as well as
the same period h for all k. The approximations are obtained by

i) regularizing the function in the case ||k|| = 0 or ||k| # 0 small,
ii) periodizing the function if ||k|| # 0 is large enough,

as described above.

Note that this precomputation step only depends on the box length L3 in the nonperiodic
dimension and not on the positions «; of the dipoles themselves. This means that the pre-
computations have to be done only once if the particles do not leave the box with respect
to the nonperiodic coordinate during a simulation. If at least one particle leaves the box,
the precomputations have to be done again. Thus, the value for L3 should always be chosen
somewhat larger than actually necessary.

Remark 3.2. The combination of the above described regularization and periodization ap-
proaches serves several advantages.

On the one hand, the regularization approach does not require a localization or rather
decrease of the kernel function ©%4(k,-). This is especially crucial in the case k = 0. Ad-
ditionally, for k # 0 we are able to embed ©24(k,-) into a periodic function whose period
h is not too large compared to the double box length 2L3. Especially for small values of k
we would have to choose a very large period h in order to approximate the function by its
periodization (3.5), which would also lead to a larger number M3 of required approximating
terms. On the other hand, the amount of precomputations is larger for the regularization
technique, since for each k& we have to compute the interpolating polynomial P(k,-) and com-
pute the coefficients IA)W by using the FFT, for which the regularized kernel R(k,-) has to be
sampled on an equispaced grid.

Less precomputations are required for the periodization approach since the corresponding
Fourier coefficients are known analytically, but the function has to be sufficiently small outside
the interval [—h/2,h/2]. Furthermore, the approximating function is in C°°(R) and not only
smooth of order p € N as it is the case for the regularized kernels R(k, ).

Combining the two approaches serves a compromise between the required amount of pre-
computations and the needed number of grid points M3 in the nonperiodic dimension. The
same is possible in the 1d-periodic setting, see Section 4.

Note that the mixed periodic case, using these two approximation techniques in the pre-
computation step, has already been implemented for Coulomb interactions, cf. [27] and [28].
The software is publicly available as a part of the ScaFaCoS library [3]. For numerical results
see [27, Section 4.3] for the 2d-periodic case and [27, Section 5.3] for the 1d-periodic case. [

Having the approximations (3.3) for all vectors k € Z s, ar,), the electrostatic fields can be
approximated analogously to the 3d-periodic case.

From the Ewald formulas for the energy U??, which we describe at the very beginning of
Section 3, we easily obtain the Ewald formulas for the fields €24(j) via (1.5). The splitting of
the electrostatic fields reads as

62d(j) _ eQd,short(j) + 62d’F(j) + eself(j)’

17



where the short range parts e?dshort(;) .= eszléoit{o}( /) are defined via (2.4) and the self inter-
action term e*'(j) is given by (2.8). Using an appropriate far field cutoff (My, My) € 2N?

and the approximations (3.3) we obtain for the Fourier space parts

LV,
FG T TS - Ve K], g

kEI(Ml,MQ) =1

koL
em)

N 2 ’<k®i> x
“\e/n) T
> bpmge [ Do (mi - Va)e /

3.6
Ll 2(k€ )eTnr =1 (3.6)
) (k@L)
4 ~ koL koL l/h
T Lil, Z Pl (€/h> [<£/h> .S(k’g)] ’
(k,0)ETns

where we set M := (My, My, M3) € 2N3 and

koL
N 2mi ( ) T4
-
i=1

2d7F( 2d, F(

The efficient approximation of the Fourier space parts e j) ~ex’ (j) can be done as in
the 3d-periodic case via Algorithm (2.1) (ik-differentiation) or via Algorithm (2.2) (analytic
differentiation), where we formally replace

%z/?(k), k€ In, by ﬁi)”k”,g, (k,0) € Ing (3.7)

and
koLeRS by (’2%) € RS, (3.8)
As already mentioned in Section 2, the short range parts can be approximated by ezd short (7)

via a direct evaluation. Finally, we obtain the approximations of the single fields by
e2!(j) = eX" () + e () + ().

Based on the computed approximations of the fields e2(5) the torques are simply obtained
by (1.3), i.e., we set

T24(5) = T2()) =y x eZ().

An approximation of the energy U?? is obtained via

U2d .

l\.')\r—t

following the identity (1.5).
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3.2 Computation of the forces

The Ewald formulas for the forces f24(j) are obtained via (1.6), i.e
) = Ve, [y €G] = P40 G) + P0G,

where the short range parts f2sbort(j) .= fszgoif{o}( /) are defined via (2.10) and can be
computed directly.
For the Fourier space parts we obtain from (3.6)

\Y (I‘l’v ) - A
f2d,F ~ ngjL T E : 2 :“Z fBz @2 ||k2|| Tij3 ) 2mi(k@L) -&;;
142
k€L nry My =1

N 2 -<k®L
vw(u‘vw) R Tl £ h 7
A BN b | D (ki Ve /

i)
(/h

] ] ) (k@L)
s 3, o () [ 0) 0] ()«

() () () )

(k,0)€Zng

The efficient computation of the Fourier space parts f2d’F(j) can be done analogously to
the 3d-periodic case via Algorithm (2.3) (ik-differentiation) or via Algorithm (2.4) (analytic
differentiation), where we make the replacements (3.7) and (3.8).

4 Periodic boundary conditions in one of three dimensions

We consider systems that are periodic only in the first dimension, i.e., we set S := Z x {0}?
and define the energy
U' = Uzyqope.

As in the 2d-periodic case the energy can be written as

Uld _ Uld,short + Uld,long + Uself

_. 21;0;8}2 +U%O:§0}2 _|_Uself

via (1.8), (1.10) and (1.11), respectively.

The Fourier space representation of the long range part has already been derived in [31]. It
is easy to see that the same Fourier space representation is obtained by replacing the charges
¢; in the Ewald formula for Coulomb interactions by the operators p; - V;, see also [31]. By
doing this we can formally write the Fourier space part of the energy as

{7ldlong _ r1dF _ Z Z piVa.) ) ij)@ld(k’xij,s)eQNi(k/Ll).afijJ’ (4.1)
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where we use the notation
x; = (21, %52, %53) = (%1, T;),

and the function ©9 is defined via

7T2 2 .
sy [k
—y = T(0,0%r%) — In(a??) :k=0.

Thereby, v is the Euler-Mascheroni constant,
o0
Ks(z,y) == / ts e/t gy
1

is the incomplete modified Bessel function of the second kind, see [18] for more information,
and

(s, x) ::/ t* e tdt

is the upper incomplete Gamma function, which can also be expressed in terms of the well
known exponential integral function in the case s = 0.

It is easy to show that ©'(k,r) = o(k~2e™*") as k — oo, see [27, Lemma 5.2], i.e., the
infinite sum in (4.1) converges rapidly. Thus, we can simply replace the infinite sum over
k € Z by a finite sum over k € Iy, , where we choose M; € 2N large enough.

Again, we follow the approach as presented in [27, 28] and approximate the functions
Gld(kz, -) for all k € Zy, by trigonometric polynomials, where we apply the operators KV,
after replacing the functions by their precomputed Fourier space approximations.

Regularization

The regularization has to be done somewhat different to the 2d-periodic case since we now
have to deal with bivariate functions.

Assuming that &; € [—L2/2,L2/2] x [—Ls/2,Ls /2] we have ||@;| < /L3 + L% and we can
proceed as follows.

i) We choose an interval length h > 2./L3 + L3.

ii) For each k € Zp; we construct a polynomial P(k,-), which lives on the interval
[v/L3+ L2,7/2] and interpolates the derivatives of ©14(k,r) with respect to r at r =
VI3+ L§ and has vanishing derivatives at r = /2 up to a certain degree p € N; i.e.,
we construct P(k,-) such that

" 2 2\ __ o" 1d 2 2
g DU \J L3+ 13) = 220" (k. /L3 + L)

forallm=0,...,p and
877,
= P(k.hfy) =
gy L (k. "/2) =0

forallm = 1,...,p. The computation of the polynomial P(k, -) is possible via a modified
two-point Taylor interpolation approach, which we describe in [27, Appendix C]. Then
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we define the regularized function R(k,-) € CP[—h/2,h/2)% for y € [—h/2,h/2)? by

Ok, yl) : llyll < I3+ I3,
Rik.y) = Pk lyl) < I3+ L3 < gl <
PlkR) il > M

For a graphical illustration see Figure 4.1.

6! (k")

Rotation

—h/2 .
2Pk, h/2) =0

Figure 4.1: Example for regularizing ©'4(k, -) for k > 0.

iii) The regularized functions R(k,-) are smooth on [—"/2,7/]? and can thus be approxi-

mated by bivariate trigonometric polynomials

R(k7y) ~ Z I;|k’\7562ﬂ—i(E/h).y7
LEL gy

where we choose M € 2N? large enough. The Fourier coefficients are obtained by
applying the FFT after sampling the function R(k,-) on a two-dimensional equispaced
grid, i.e., we set

~ 1 . e
bre == Y_ R(k,(j © M)h)e >™UOME g1,
Ll sez,

Since R(k,y) = ©19(k, |ly||) for all y € R? : ||y|| < \/L3 + L3 we have

Ok, |Zi]) ~ D by e M, (4.2)
ZGIM

Note that the evaluation of the incomplete modified Bessel function Ky and their deriva-
tives raises several numerical difficulties. The method presented in [33] is one of very
few publicly available algorithms for the evaluation of the incomplete modified Bessel
function. In the P2NFFT method for 1d-periodic boundary conditions we use this iter-
ative algorithm with some modifications in order to overcome numerical instabilities in
certain cases, see [27, Section 5.2.2].
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Periodization

The Fourier transform of the radial function ©'4(k, |ly||) with respect to y € R? exists and is
known in an analytically closed form for all k > 0. We obtain

—m2 (k2 +¢]1%) /a2
(k2 + [I1€]1*)

[§]

A

=: 01(k, ),

/ O (k, |lyl)e > 4dy =
R2

where we set £ := ||£]|. As in the 2d-periodic case, the function ©'4(0,-) is non decreasing,
i.e., the Fourier transform does not exist and we have to follow the regularization approach.

If £ > 0 is large enough we expect that the function ©'4(k,-) is well approximated by its
bivariate h-periodization, i.e., we have

Ok, [yll) = > Ok, |y + hnl)),

nez?

for all {y € R?: ||y|| < /L3 + L3} C [-1/2,h/2)2.

Via the Poisson summation formula we obtain

1 e - i .
Mk lyl) & N Ok, ly+hnl)) = -5 S OV (k, h )2/
nez? 072

1 A .
~ ﬁ Z @1d(k’ h—lHen)eQm(é/h)-y,
KEZM

i.e., we end up with an approximation of the form (4.2).

4.1 Computation of the electrostatic fields and torques

In a precomputation step we compute the coeflicients lA)‘ k|, such that we have for each k € Ty,

an approximation of the form (4.2). Thereby, we use the same cutoff M as well as the same
period h for all k. The approximations are obtained by

i) regularizing the function in the case k = 0 or |k| # 0 small,
ii) periodizing the function if |k| # 0 is large enough,

as described above. Analogously to the 2d-periodic case, the described precomputation step
only depends on the box lengths Lo, L3 in the nonperiodic dimensions and not on the positions
xj of the dipoles. Thus, the precomputations have to be done only once if the particles do
not leave the box with respect to the nonperiodic coordinates.

Having the approximations (4.2) for all k € )y, , the electrostatic fields can be approximated
analogously to the 3d-periodic case.

From the Ewald formulas for the the energy U, which we describe at the very beginning of
Section 4, the Ewald formulas for the fields e'4(j) are obtained easily via (1.5). The splitting
of the electrostatic fields reads as

eld(j> _ eld,short(j) + eld’F(j) + eself(j)’

where the short range parts eldshort(;) .= eSZhXOEB}Z (j) are defined via (2.4) and the self inter-
action term e**(5) is given by (2.8).
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Using an appropriate far field cutoff M; € 2N and the approximations (4.2) we obtain for
the Fourier space parts

. Va, Tl
P ()~ - Y Z i - Vi, )0 ([k @3] 2B/

kEI]Ml =1

k/Ly
(i)

2 —2mi (k/Ll> "X
47 ~ k/L k/L £/h
=TI > b (E//}» [(éé) 'S(k,f)} / :
Y (k0)eTns

L ;
(kL) ETns i=

N 2'(k/L1)
vwv 7Tl £ h i 7
~ S e | S Vade
1

where we set M := (M, M) € 277 and
. k/L1>
N 271'1( Ty
e
i=1

The efficient computation of the Fourier space parts e!d F( /) is done as in the 3d-periodic

case via Algorithm (2.1) (ik-differentiation) or via Algorithm (2.2) (analytic differentiation),
where we formally replace

1 - T~
7w(k)7 ke€In, by 7b|k\,€7 (k,E) €Im (44)
|4 L4
and
3 k/Ly 3
koL eR’ by <£/h>€R' (4.5)

As described above, we can compute an approximation of the short range part e~ """ (j) ~

e'd(j) by a direct summation. We denote the approximated fields by

~

eld( .

Le ]) — efl\,d7Sh0rt(j) + e,lvd,long(j) + eself(

7)-
Based on the computed approximations of the fields ed (j) the torques are simply obtained

by (1.3), i.e., we approximate the torques by

140 = L) =y x eX()).

An approximation of the energy U'? is given by

Uld .

l\.')\r—t

following the identity (1.5).
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4.2 Computation of the forces

The Ewald formulas for the forces f4(j) are obtained by applying (1.6), i.e.,

F1G) = Va, [+ €1)] = £ () + 147 (),

where the short range parts f4short(j) .= fSZhQ?E)}Q (j) are defined via (2.10) and can be
computed directly.

For the Fourier space parts we obtain from (4.3)
Vo, (15 Va,) &~y 2Ly
%1% Do > (ki Ve )O (K], @)/ F) i

keIMl =1

fld,F ~

\Y \Y N 2 -(’”“) N\ -(’“/“)
, Vg A i -x; —2mi T
o Tl V) s IS e N e

S o ()] [() ] ()R

(k&) €Ty

[ R/

8wl 5 L\ (k| [ (k0 2m(£/h)'wj

T L > bue <£/h e/h e/n ) S| e '
(k,E)EZM

The efficient computation of the Fourier space parts fld’F(j) can be done analogously to

the 3d-periodic case via Algorithm (2.3) (ik-differentiation) or via Algorithm (2.4) (analytic
differentiation), where we make the replacements (4.4) and (4.5).

5 Open boundary conditions

In some applications no periodic boundary conditions are required, i.e., we set S := {0}% and
define the energy U by

N
1
U= Uoys = B Z (1 - Va, ) (1t - Va,)

ij=1

1
[
We could compute the energy as well as the fields, torques and forces directly since we only

have to compute finite sums, but the computational cost is O(N?). In order to enable a more
efficient evaluation we apply the splitting (1.7) and obtain

od 0d,short 0d,1 1f
U :U snor +U 0ng+Use,

where we set
N

hor 1 erfe(a|lzij|)
godshert .= 9 Z (ki - V) (1) - ij)Hiquv
ij=1 Lij
N
on 1 erf(a|x;
UOdJ 8= 5 Z (/J'i ' vmi)(l’l’j : ij)(HHHJH)a
ij=1 Lij
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and the self interaction energy is defined in (1.11).

The complementary error function tends to zero very rapidly and thus the short range part
can be obtained by only considering small distances ||x;;|| for a reasonable choice of a and
the near field cutoff reyt.

We apply the regularization approach, as described for the ld-periodic case in Section 4,
to the kernel function in the long range part

erf(a|zi;])
4]
Note, that the periodization of this function is not possible since it does not decrease fast
enough.

If the dipoles are distributed in the box [—L1/2, L1 /2] x [—L2/2,L2 /2] x [—Lz/2 Ls /o] we have
llzi;|| < /L3 + L%+ L3. For the regularization we choose h > 21/L% + L3 4+ L3 and construct

the interpolating polynomial
P [w/Lf +L§+L§,h/2] SR

such that
d" erf(ar) dn P(r)
il - < pir
S N P R r=/I2F 12412
forallm=0,...,p and
dn
L) =0
drm r=h/f2

for all n = 1,...,p. We define the regularization R € CP[—h/2, /)3 by

erf(al|y
atlelyl) < vETET

]
RO=Arayl) VT BB+IE< |yl <72
P(tp) iyl > v

Now we can approximate the function R by a trivariate trigonometric polynomial

R~ Y b,
Lelng

where we choose M € 2N? large enough and the Fourier coefficients

N 1 L.
be:=—— Y R((j @ M)h)e 2mGoM)
|Znr] |
J€IMm

can be computed via the FFT after sampling the function R on the equispaced grid Zy;.
Inserting the distances of the particles we obtain

erf(afle;]])

= R(||zij]|) = > bee®m /M i, (5.1)
224 | P
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5.1 Computation of the electrostatic fields and torques

With (1.5) we obtain
GOd(j) _ eOd,Short(j) + eOd,long(j) + eself(j)’

where we set

N erfc(allzq;))
eOd,short(j) — _ij /(V’i . sz)im,
- [l
N
‘ erf (o x;;||)
edblone(j) = —Va, ) (i Vo) — 7,
2 [

and the self term €%*!(5) is the same as in (2.8).

Inserting the precomputed approximation (5.1) we obtain for the long range parts

N
eOd,long(j) ~ _ij Z IA)Z (Z(M’z . Vmi)GZTri(E/h)-mi> ef2fri(£/h)-wj

0Ty i=1

= —4n® Y~ be(£/h) [(&/h) - S(B)] e /W=,
0eTns

where we define N
S(f) . Z Hie27ri(£/h)~mi‘
i=1

The efficient approximation of the long range parts e%blons(

j) can be done as in the 3d-

periodic case via Algorithm (2.1) (ik-differentiation) or via Algorithm (2.2) (analytic differ-

entiation), where we formally replace
1 - N
Vw(k)7k GZM, by Wbeaz EIMv

and
EoLcR® by (£/h)eR3
We denote the approximated fields by
e (j) m XM () + XU () + e (),

where the short range parts edshort (7) are obtained by a direct summation.

Based on the computed approximations of the fields e (j) the torques are simply obtained

by (1.3), i.e., we approximate the torques by
() = T2 =y x ().

An approximation of the energy U is given by
1 Y
od od
Us = 3 Zﬂj -ex (4),
j=1

following the identity (1.5).
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5.2 Computation of the forces
We rewrite the forces in the Od-periodic case as

de(j) _ w] [/J’] d( )] f()d short( )+f0d long( )

0d,short short
f (J)=1r

where we set 70}5 (7) via (2.10) and for the long range part we obtain

N
on . erf « CCZ
FOH) = T, (1 V) Dot T L)
i=1 v
N . .
~ _vm]- (u]] . vm]) Z be Z(”’Z . vmi)e%rl(l/h)-wi> e—27r1(€/h)-xj
eng =1
=87 > be [p; - (€/1)] [(/h) - S(0)] (¢/m)e>m /M=
Lelng
=872 Y be(€/h)(£/n)T [(£/h) - S(£)] pje 2/ s,
Lelng

The efficient computation of the long range parts f°4°% () can be done analogously to
the 3d-periodic case via Algorithm (2.3) (ik-differentiation) or via Algorithm (2.4) (analytic
differentiation), where we make the replacements (5.2) and (5.3).

6 Summary

In this paper we presented an NFFT based approach to the efficient computation of dipole-
dipole interactions. For 3d-periodic boundary conditions the presented method is very similar
to the well known P3M method for dipolar systems [6]. We considered for the first time also
mixed periodic boundary conditions as well as open boundary conditions, for which the final
algorithms are completely of the same structure as for 3d-periodic constraints. Thereby, we
considered the well known ik-differentiation and analytical differentiation approaches in order
to compute the electrostatic fields as well as the acting forces.

For mixed periodic as well as open boundary conditions the Fourier coefficients are not
known analytically, in contrast to the 3d-periodic case, and the contributions in the nonpe-
riodic dimensions have at first to be approximated by trigonometric polynomials before fast
Fourier transforms can be applied. This is done in a precomputation step, which has to be
done only once if the particles do not leave the initial simulation box.

The same idea has already been applied successfully to the computation of Coulomb inter-
actions under all considered types of periodic boundary conditions, see [27, 28]. The method
for Coulomb interactions has already been implemented and is part of the publicly available
ScaFaCoS library [3]. In this paper we showed that the method can be generalized to the
computation of dipole-dipole interactions. The implementation as well as the testing of the
method is subject of ongoing research. Numerical results will be published in a future paper.
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