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ABSTRACT. We study random Hamiltonians on finite-size cubes and waveguide segments
of increasing diameter. The number of random parameters determining the operator is
proportional to the volume of the cube. In the asymptotic regime where the cube size, and
consequently the number of parameters as well, tends to infinity, we derive deterministic and
probabilistic variational bounds on the lowest eigenvalue, i. e. the spectral minimum, as well
as exponential off-diagonal decay of the Green function at energies above, but close to the
overall spectral bottom.

1. INTRODUCTION

Quantum disordered systems often exhibit localization, i.e. the absence of propagation of
wavepackets. For random ergodic Schrodinger operators in Lo (IR™) this has been established
in various regions in the energy x disorder diagram. For such models, localization comes about
thanks to the local effect of random variables (encoding the disorder in the Hamiltonian) and a
global conspiracy of randomness over large scales. A natural approach to study, and actually,
prove localization, is to analyze first the spectral effects of a single random variable on a
specific type of random operator, then the cumulative effect of many variables on finite but
large cubes in configuration space, and finally conclude that a quantitative form of localization
persists if one takes the macroscopic limit.

We take a reverse, conceptual and abstract approach. We want to formulate criteria on
the properties of local perturbations (single site potentials for usual random Schrodinger
operators) which ensure that localization will ensue in an appropriate disorder/energy regime.
To illustrate what we mean, let us consider the very first result on localization in La(RR™)
obtained by Holden and Martinelli in [27]. They consider the random Schrédinger operator

H,=-A+ > wipu(-—k)in La(R™), where wy, k € Z", are uniformly distributed on [0, 1]
keZn
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and u(z) = X[o,1j»(z) is the characteristic function of the unit cube. The global strategy
employed in [27] to prove localization is the multiscale analysis of Frohlich and Spencer. On
the local level, the properties of the single site perturbation wy — wy u(- — k) are essential. It
is linear in wg, nonnegative on Lo(R™) and strictly positive on L2([0,1]™). The question we
raise is: If the function u = x[,1j» is replaced by a more general function, or even an operator
distinct from an multiplication operator, which properties should it have in order to ensure
pure point spectrum of H,? While this has been studied for a number of specific, physically
relevant, models, our approach is conceptual. We want to understand a set of sufficient
conditions on the local building blocks of the Hamiltonian (single site perturbations) which
ensures localization, or at least important partial results used on the road to localization.
Although in this paper we do not provide a complete answer to the above question, we make
a first important step. Namely, we provide an initial length scale estimate, that is one of the
main steps in proving spectral localization via multiscale analysis, for a very wide class of
random Hamiltonians with weak disorder.

The second key ingredient to make the multiscale analysis work is a Wegner estimate. The
role of the two ingredients is the following: the multiscale analysis is a induction procedure
over a sequence of increasing length scales. While the initial length scale estimate provides
induction anchor, the Wegner estimate guarantees that the induction step works. Physically,
the Wegner estimate ensures that resonances between spectra of disjoint subsystems occur
only with small probability. In a sequel paper we plan to give a set of conditions on general,
abstract random Hamiltonians which imply the Wegner estimate. This set is distinct, but
similar to the conditions we impose in the present paper. Thus for random Hamiltonians
which satisfy both requirements localization via multiscale analysis follows.

The indication how to implement the proof of Wegner estimate is provided by Lemma
2.3 below. It describes the lifting of the spectral bottom for periodic configurations of the
random coupling constants. This ensures that there is a (small) energy interval near the
minimum of the spectrum of the original, unperturbed operator which is uncovered by the
random perturbations: There exists a operator in the ensemble whose resolvent set contains
the mentioned energy interval. In this situation the vector-field method introduced in

[16] by Klopp and developed in [13] and [11] can be applied.

While our theorems cover a substantially more general setting, let us describe here in the
introduction a special case of the model we consider: Let £1, Lo: H?([0,1]") — L2([0,1]™) be
bounded symmetric linear operators, ¢ > 0, L(t) := tL1 + t?Ls, t € [—¢,¢], be an operator
family, (S(k)u)(y) = u(y+k),y € R", k € Z™ be the shift operator, wi, k € Z", be a sequence
of numbers with values in [—1, 1], and

Ho(w) = A+ L5(w), L) =Y S(k)L(ewp)S(—k),
kel

We have no specific requirements on the type of operators L1, Lo: they could be multiplication,
differential, or integral operators or a combination of these. In Section 3 we give a number of
examples covered by our general setting, including scalar potentials, magnetic fields, random
metrics, Laplacians on infinite strips and layers with random boundary, as well as integral
operators.

Our two assumptions on the single site operators L1, Lo are the following: Let —A be the
negative Neumann Laplacian on [0,1]™, 1: [0,1]™ — 1 the constant function and u the unique

solution to —Au = £11 with [ udy = 0. We assume that
[0,1]"
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(A1) [ Lildy=0 and (A2) [ Loldy— [ wulyldy > 0.
[0,1]" [0,1]" [0,1]"
Our first result is that the lowest eigenvalue Aj, (w) of the restriction H (w) of H®(w) to

n
Iy :={yeR": y= 3 aie;, a; € (0,N)} with Neumann boundary conditions obeys
i=1

Av(w) > ee? Y wi, Tn:=Z"N[0,N)"
kel'n

provided N > Ny, and 0 < e < {%. Here ¢1, c2, N1 € (0, 00) are independent of € and N.

If wi, k € Z% form an i.i.d. sequence of random variables, we deduce that for small, but not
too small values of € > 0

1 n
P (w cN: X;,N < N_%) < N”(1*§>G—C4NW

where constant ¢4 > 0 depends only on the distribution of wy. Finally, we prove a Combes-
Thomas bound for the general class of operators we consider, and derive a initial scale esti-
mate, as it is used for the induction anchor of the multiscale analysis. A Combes-Thomas esti-
mate is a bound on the off-diagonal exponential decay of the integral kernel of (H% (w) — E) ™!
provided an a-priori lower bound on dist(E, o(H3 (w))) is known. Here o(-) denotes the spec-
trum of an operator. The novelty of our result is that the considered operators need only be

block diagonal with respect to the decomposition & Lg([O, 1™ + k‘), but not necessarily a
keZm
differential operator.

In Section 3.7 we show that the model described in this introduction is covered by the more
general, abstract model defined in Section 2.

History and earlier results.

Results on random waveguides. The results presented here are a generalization and improve-
ment of those in [3]: In [3] we considered randomly wiggled quantum waveguides in the ambient
space R?. For this specific model a variational estimate analogous to Theorem 2.1 was estab-
lished in [3, Corollary 4.2]. In [4] we studied an apparently very similar disordered model,
namely a randomly curved waveguide. For this model the hypotheses (A1) and (A2) are not
satisfied and our analysis showed that the lowest eigenvalue A3 (w) exhibits a behaviour dis-
tinct (in some sense opposite) to the one encoded in inequality (4.2). Common to both types
of random waveguides studied in [3] and [4] is a non-monotone dependence on the random
variables wy. This is a challenge to the mathematical analysis, as will be elaborated further
below. To the best of our knowledge the first disordered model of a quantum waveguide was
studied in [14]. There the width of the waveguide is determined by a sequence of random
parameters wy. This gives rise to a monotone influence of the parameters and facilitates the
study of the spectrum. In [14] in addition to an initial length scale estimate for the Green’s
function a Wegner estimate was provided, yielding spectral localization near the bottom of
the spectrum.

Weak disorder quantum Hamiltonians. Our model depends on a global parameter ¢ > 0. It
tunes the overall strength of the disorder present in the operator. The interest is now, to
identify an energy interval, depending on the disorder strength e, where an initial length
scale estimate, a Wegner estimate and spectral localization hold. Corollary 2.7 provides such
a statement concerning the initial length scale estimate. Most detailed results identifying



4 BORISOV, GOLOVINA, AND VESELIC

energy regimes with spectral localization in the weak disorder regime have been obtained for
the Anderson model on ¢?(Z"), or its continuum analog, the alloy type model on L?(R™).
Corresponding to the general setting of this paper, we will restrict our discussion to continuum
models, i.e. quantum Hamiltonians defined on R™ or an open, unbounded subset thereof. In
[18] it is proven that under the assumption

(mA1) u € L°(R"), /u(m) dx # 0

there is an energy interval J. € R with size of the order € such that the alloy type model

—A+Vper+€ Z u(—k)
kezmn

exhibits spectral and dynamical localization in J. almost surely. Here Vj,e; is a bounded Z"-
periodic potential. Due to assumption (—A1), [18] does not cover the situation considered
here (if we assume that the random perturbation is a multiplication operator). In this sense
our result, when specialised to the case that the random part of the Hamiltonian is a potential,
complements the result of [18].

Spectral analysis of non-monotone random Hamiltonians. The proofs of initial length scale
estimates and Wegner estimates simplify greatly if the random variables w;, influence the qua-
dratic form associated to the Hamiltonian in a monotone way. If this monotonicity property
is violated one has to identify and use specific properties of the model at hand in order to
replace monotonicity. This has been carried out for alloy type models of changing sign e.g. in
[17, 28, 18, 32, 13, 22, 20, 26], for random displacement models e.g. in [15, 1, 12, 19], for
random magnetic fields e.g. in [29, 30, 13, 21, 31, 7], [9, 8], and Laplace-Beltrami operators
with random metrics e.g. in[25, 23, 24].

Innovations. We list the results, methods and conceptual innovations obtained in the paper.

e We establish a variational lower bound for the spectral minimum of random Hamil-
tonians an arbitrary large, finite boxes IIy. As the box size N grows, the number of
random variables influencing the random Hamiltonian H5 (w) grows as well, namely
proportional to the volume of IIx. Thus the variational problem involves a large (and
increasing) number or parameters.

e The basic assumption on the influence of the individual parameters on the random
Hamiltonian M3 (w) is the validity of a certain Taylor formula, cf. (2.1), as well as
Assumptions (A1’) & (A2’), or their generalizations (A1) & (A2). In contrast to the
standard approach, we do not require the dependence to be linear (not even rational).

e The variational bounds are proven using a perturbative framework based on a non-
self-adjoint modification of Birman-Schwinger principle proposed and developed in
[10], see also [2], [6], and [5]. This abstract approach allows a uniform treatment
of many types of random Hamiltionians studied before (random scalar potentials,
random magnetic fields, randomly perturbed quantum waveguides), as well as new
types (e.g. integral operators, randomly perturbed quantum layers).

e We establish a general Combes-Thomas estimate. It does not require the Hamiltonian
to be a differential operator, rather it could contain an integral operator part as well.
To the best of knowledge of the authors such estimates have been so far obtained only
for local operators.
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e Now two probabilistic results follow: First we establish an upper bound on the prob-
ability of finding an eigenvalue of H3 (w) very close to Ag. The probability is expo-
nentially small in the size N, while the notion of 'very close’ depends on N as well.
With the same probability we establish that the Greens function for energies above,
but close to Ag of the resolvent of H3 (w) decays exponentially in space.

e The size of the energy interval above Ay can be expressed as a function of the weak
coupling parameter €, instead as of N. This implies an estimate on the 'Lifschitz tail
regime’ quantified in terms of a small disorder parameter €. The size of the interval
is not quite, but pretty close to quadratic in e. A quadratic behaviour is the best one
could expect.

2. FORMULATION OF PROBLEM AND MAIN RESULTS

Let ' = (x1,...,2,), * = (2, £,,41) be Cartesian coordinates in R” and R™*!, respectively,
where n > 1. By II we denote the multidimensional layer Il := {z : 0 < 2,41 < d} of width
d > 0. In space R™ we introduce a periodic lattice I' with a basis e1, ..., e,; the unit

cell of this lattice is denoted by [, i.e., O := {2’ : 2’ = > aje;, a; € (0,1)}. We denote
i=1

O:=0'x (0,d).
For some tq > 0 we denote by L(t), t € [~to,to], a family of linear operators from H?(OJ)
into Lo([J) given by

(2.1) L(t) :=tLy + 2Ly + 13L3(t),

where £; : H*(O) — Lo(0) are bounded symmetric linear operators and L3(t) is bounded
uniformly in ¢ € [—to, to).

Given u € H%(II), it is clear that u € H*(0J) and function L;u is thus well-defined as an
element of Ly (). Now we can extend the function £;u by zero in IT\ O and this extension is
an element of Ly(II). In the sense of the above continuation, in what follows, we regard the
operators £; as acting from HZ2(II) into Lo(II). We stress that, in general, the operators L;
are unbounded as operators in Lo(IT).

The main object of our study is the operator

(2.2) H(w) = —-A+Vy+ L5 (w), Lf(w):= ZS(k)ﬁ(ewk)S(—k‘),

kel’
in II. Here ¢ is a small positive parameter, wy, k € Z" a sequence of numbers with values in
[—1,1], Vo(z) = Vo(zp+1) is a measurable bounded potential depending only on the transversal
variable z,, 11, S(k) stands for the shift operator: (S(k)u)(z) = u(a’+k, 2p41). The boundary
condition on OII is either of Dirichlet or Neumann type. We denote this condition by

(2.3) Bu=0

on OII, and Bu = u or Bu = Bzanu+1' We consider also the situations when on the upper and
lower boundaries of 011 we have different boundary conditions. Say, on the upper boundary
we have Dirichlet condition, while on the lower boundary Neumann condition is imposed.
We consider the operator H¢ as an unbounded one in La(IT) on the domain ©(H®) := {u €
H2(I) : (2.3) is satisfied on OIT}. The action of the second term in the right hand side of
(2.2) can be also understood as follows: Given u € H?(II), we consider the restriction of u on
the cell Oy := {x : © — (k,0) € O} for each k € T'. Then, identifying cells Oy and [J, we apply

the operator L(ewy) to u‘DK and the result is how L£°u is defined on Uj.
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For sufficiently small € operator £¢ is relatively bounded w.r.t. the Laplacian on ©(H¢)
with relative bound smaller than one and the latter operator is self-adjoint. Hence, by the
Kato-Rellich theorem operator H* is self-adjoint, as well.

Our results concern operators on large, finite pieces

n

(2.4) I, N = {w cd=a+ Zaiei, a; € (0,N), 0 < xpy1 < d},
i=1

of the layer II, where o € I' and N € IN are arbitrary. We let

n
Fon = {x’ el: x/:a—{—Zaiei, a; :0,1,...,N—1}
i=1
and observe that I, y = U O.
k‘EFa’N
We introduce the operator

an (@) = A+ Vo + Lo n(w), LonW)i= Y S(k)L(ewr)S(—k)

keFa,N

in Ly(I1,,n) subject to boundary condition (2.3) on v, n := Oy x N Ol and to Neumann
condition on 9lly N \ a,n. The domain of Hf y(w) is

(2.5) D(H, ) = {ue H*(M, N) : u satisfies (2.3) on ya.n
and Neumann condition on 9Il, n \W}

The reason why we impose Neumann boundary conditions is the following: We want to give
lower bounds on the first eigenvalue of finite volume Hamiltionians HZ, y(w). Since Neumann
conditions produce the lowest ground state energy, this covers the ‘worst case scenario’.

By Ay we denote the lowest eigenvalue of the operator

d2
. +Vy on (0,d)

subject to boundary condition (2.3). The associated eigenfunction normalized in L2 (0, d) is
denoted by g : (0,d) — R. Let Hp be the Schrédinger operator —A + 1 in O subject to
boundary condition (2.3) on 00 N JII and to Neumann condition on 90 \ 0II. Note that
Howvoe = Agtpg, where here ¢ : O — R is given by the longitudinally constant extension
o(z) = Yo(xn+1). The second-lowest eigenvalue of Hp is denoted by Aj.

We make the following assumptions for operators L;.

(A1) The identity
(L1%0,%0) L) =0

holds true.
(A2) Let U be the solution to the equation
(2.6) (Ho — Ao)U = Ly,
and orthogonal to 1y in La([J). We assume that
(2.7) co := (L2%0,%0) L,y — (U, L1%0) o) > 0.

The two conditions on U in Assumption (A2) are uniquely solvable since by Assumption (A1)
L1 is orthogonal to 1y in Lo(O).
By A, n we denote the smallest eigenvalue of Hg, . Our first result reads as follows:
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Theorem 2.1. There exist positive constants c1, co, N1 such that for

(2.8) N>Ni, and 0<s<%
the estimate

2
025 2
DRV S
k€T o N
holds true. In particular, the minimum of X, n w.r.t. wy is Ag and it is achieved as wi = 0,

ke Fa,N-

Remark 2.2. A very simple interpretation of Assumptions (A1), (A2) is as follows. They are
equivalent to the condition

(2.9) There exists C = const >0 : Al —Ag>Ct?, forte R, [t|small.

for the lowest eigenvalue A of the operator Hp + L(t). The reason is that the three-term
asymptotics for A! reads as

A = Ao + t(L1%0,%0) 1, ) + 7 ((L2tho, o) 1,0y — (U, L1300) 1,)) + OF?).

Hence Assumptions (A1), (A2) are equivalent to (2.9).

Inequality (2.9) yields that the minimum of A* w.r.t. ¢ is Ag and it is achieved at t = 0.
In Theorem 4.1 (see also Lemma 4.3) we prove the same for X!, v, ie., )\g’ n is minimal as
the perturbation is absent. And this happens mostly thanks to Assumption (A1l). There are
similar but distinct models, where minimizing the ground state eigenvalue corresponds not
to the minimal (i.e. absent) perturbation, but to the maximal one, cf. [4].

We observe that in order to satisfy Assumption (A2), the scalar product (L2t0,%0)r,(0)
must be positive. The reason is that (U, L1¢0)r,@) = 0. Indeed, integrating by parts and
applying the minimax principle, it is easy to see that

(U, L1%0)1,0) = VU120 + (VoU, U) o) = AollU 12,y = (A1 = R) U120,

where A is the second lowest eigenvalue of Hp, since U is orthogonal to 1g. This inequality
provides also an upper bound for (U, £1%0) ., (). First it implies

1
Ul ooy < m“ﬁl%HLQ(D)

and thus,

1
(U, L190) 1,0 | < r

ﬁ”ﬁﬂ/}oniz(m)-

Then a sufficient condition ensuring (2.7) is

1
(L2tb0, ¥0) Lo > m”ﬁlwoniz@)‘

Property (2.9) implies an estimate on the spectral minimum of the operator H®(w) on the
infinite domain for periodic configurations w € 2.
Lemma 2.3. Consider the particular configuration © € Q with W, = 1 for all k € T'. Then
there exists p € (0,00) independent of e, c, N, such that
Vael,NelN,e>0: X, y(@) = Ao + coe? — ped

and
Ve>0: info(HE(D)) = Ao+ coe® — ped.
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Our last deterministic result provides a Combes-Thomas estimate for the general class of
operators we consider.

Theorem 2.4. Let o, 31,82 € I', m1,ma € IN be such that By := g, ,, C lly N, By :=
g, m, C o n. There exists No € IN such that for N > Ny the bound

— Cl — i
(2.10) X8, (H;N(w) —A) 1XB2HL2(H&,N)_>L2(H(!,N) < ?e CzadSt(Bl’BQ)y

holds, where Cy, Co are positive constants independent of €, a, N, 9, 1, B2, m1, mo, A and
¢ :=dist(A, o (H, y(w))) > 0.

Now we formulate our probabilistic results, and introduce for this purpose the assumptions
on the randomness. Let w := {wg}rer be a sequence of independent identically distributed
random variables with the distribution measure u, with support in [—1,1]. We assume that
b <0< by and b_ < by, where b_ = minsupp p and by = maxsupp p. This gives rise to
the product probability measure P = @), .- on the configuration space €2 := xper[—1,1];
the elements of this space are sequences w := {wy}rer. By E(-) we denote the expectation
value of a random variable w.r.t. P.

Now we are in position to formulate our main probabilistic results.

Theorem 2.5. Let v € N, v > 17. Then for N > Ny, where N1 comes from Theorem 2.1,
the interval

7 c3 c1 2
N=|—""77, c3 = ——

E(lwy)NT N3 Ve,
is non-empty. For N > Ny and € € Iy, the estimate

1 n
i <w €0 Xy — Ao < N—%> < N(173) e
holds true. Here the constant c4 > 0 depends on p only.

Our next statement is the initial length scale estimate.

Theorem 2.6. Let « € I', vy € N, v > 17, N > Ny, and € € In. Fix 51,82 € T'an,
mi,mg > 0 such that By := Ilg, p,, C Ily N, B := llg, py, C Iy n. Then there exists a
constant c5 independent of €, a, N, 1, B2, m1, ma such that for N > max{N{, K{, Na}

cg dist(B1,B2)

_1 n
e (Mo — Nl < 2/ Ne W )>1—N”<1 Pomea®,

2v'N

where || - || denotes the norm of an operator in Lo(Il, ) and xp stands for the characteristic
function of set B.

]P’(V/\gA(ﬁ—

Corollary 2.7. Let a« € ', v € N,y > 17 and ¢1 be as in (2.8). Choose e >0 and N € NN,
N > max{N], K, No}, such that N = (g/c1)""/*. Let B1,Ba, m1,ma, B1, Ba, cs5 be as in
Theorem 2.6. Then

1 v/8 —v/8 e dis = v/8
v (“ <otz (S) eVl <2 () e )
1

C1

~n(y-1)/ -3
>1—<€> T ()

C1
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Note that, since N~4/7 ~ ¢, and since in applications we have dist(By, By) ~ N we have

e \/8 L
diSt(B1,Bz) (Cl) ~ {—:77/8 ~N2>1
Thus we are indeed witnessing an off-diagonal exponential decay of the Green’s function, with
high probability. With the smallest value v = 17 which is allowed, we obtain an energy interval
with width of order £'7/8 which is not much smaller than &2. Intuitively, one would expect
that in the weak disorder regime (if the first order perturbation annihilates) the Lifschitz tail
regime interval is of order 2. So, in this respect our result is suboptimal. This is the price
we pay for treating very general perturbations, instead of, say, just multiplication operators.

Corollary 2.7 quantifies a Lifschitz-tail regime (an energy interval) in the weak disorder
regime (a small constant multiplying the random variables). Lifschitz tails denote the ex-
ponential thinness of the infinite volume integrated density of states near the bottom of the
spectrum. Our results have nothing to say about the integrated density of states, since in the
limit N — oo the coupling € shrinks to zero. However, when it comes to proving localization,
one always uses some kind of finite volume criterion, like the probabilistic initial length scale
decay estimate for the Green’s function (even is Lifschitz asymptotics of the integrated den-
sity of states have been established). Thus, for this purpose our estimate is equally good as
establishing a Lifschitz tail regime on the energy axis.

Remark 2.8 (More general unperturbed part). Our model admits an abstract perturbed part
L while the unperturbed operator —A + Vj is explicit. The above listed results remain valid
if we replace —A + Vj by a more general operator Ly, as long as it satisfied the following list
of conditions:

(i) Lo maps H?(II) to Ly(II) and is self-adjoint on D(Lo) := {u € H*(II) : Bu=0 on 9II}

(ii) The restriction Lo of Lo to H?(O) with boundary condition Bu = 0 on 90 N JII and
Neumann condition on 9000\ 911 has spectrum o (Lo ) C {Ag}U[A1, 00), where Ag < Ay,
A is non-degenerate and has a normalized, a.e. positive eigenfunction g satisfying
Lo,ato = Aotbo.

(iii) Let ¢§”" be the periodic extension of ¢y to IL: § (2' + k, zp41) = Y8 (2/, xp41) for all
e L, Zpy1 € (O,d),k e I', and w(])\/’ = N_1/2¢ger XTIy On LQ(HN). Let ,C[)’a’]v be the
restriction of Ly with domain (2.5). Assume that Ay = info(Lon) = inf (Lo, ) and
that Lo = Agpp as well as Lo vty = Agthd).

(iv) For any w € @ and £, y(w) := L§ , x + La,n(ew) we have for the spectral infimum the
bracketing inequality

LG N (W) = 55\1}27 A(LE k(W)
where K,v € N, N = K7 and Mg, = K['NTyN.

(v) With respect to the decomposition @ La(0+ (k,0)), Lo is a block-diagonal operator.

kezm

Remark 2.9 (More general perturbation). Although we have assumed that operators £, and

Lo are independent of ¢, it is possible to treat also the case when these operators depend on

t,ie., L1 = L1(t), L2(t). In this case we should suppose that these operators considered as

acting from H?(J) into Lo((J) are bounded uniformly in ¢. The identity in Assumption A1l

should hold true uniformly in ¢, i.e.,

(ﬁl (t)wo, ¢0)L2(D) =0 foreachte [—to, to].



10 BORISOV, GOLOVINA, AND VESELIC

And inequality (2.7) should be modified as follows:

(52@)%,%)@(5) — (U(t), ﬁl(t)¢0)L2(D) >c¢y >0 foreachte [—to,to].

where constant ¢g is independent of ¢, U(t) is the solution to equation (2.6) with £; = £1(¢)
and U(t) is orthogonal to 1y in Lo(0J). Then all the above results remain true since their
proofs remain unchanged.

The structure of the paper is as follows: The next section presents various specific examples
which are covered by our general model. They were, in fact, the motivation and origin for the
choice of the abstract model. Thereafter follows Section 4 with the proof of the variational
lower bound on the ground state energy on the finite segment and Section 5 with the proof of
the abstract Combes-Thomas estimate. In Section 6 the proofs of the probabilistic estimates
are provided.

3. EXAMPLES COVERED BY THE GENERAL MODEL

In this section we provide several examples of perturbations covered by our results. Namely,
we discuss particular cases of operators L(t) satisfying assumptions (Al), (A2). In what
follows, we check only this assumptions since they suffice to establish all results presented in
Section 2.

3.1. Linear perturbations with positive coupling constants. Condition (A1) imposes
a quite strict condition on the linear part of the perturbation £. However, if we restrict our
considerations to non-negative coupling constants wy, then much more general linear perturba-
tion are allowed. To see this, we consider the situation £; = 0, £3 = 0. Then (A1) is trivially
satisfied, (A2) requires ¢y = (L2t0,%0) > 0, and L(t) = t?Ly. Thus L(ewg) = e2wiLs, hence
we have non-negative coupling constants w,% as prefactors. Note that any random variable
n: Q — [0,1] can be written as = w3 for some random variable wy: Q — [~1,1], so in
the case of non-negative random coupling constants the power two is no restriction. In this
situation Theorem 4.1 gives:

Theorem 3.1. Let 6 € (0,1), n € Xper[0,1], « €', N € N and

Honv(w) = —A+Vo+6 > mS(k)L2S(—Fk)
kera,N

with domain as in (2.5). For sufficiently small 0 this is a selfadjoint operator.
Then there exist positive constants ¢y, co, N1 such that for

2

(3.1) N>Ni, oand 0<0< -k
the estimate 5
c
AH N (1) — Ao > % > m
kera,N
holds true.

Here )\(7-[‘;7 ~ (1)) denotes the lowest eigenvalue of ’Hi, ~(n). The theorem covers the case
where the random variables are non-negative, the perturbation is linear and in an average
sense positive.

In the present situation Corollary 2.7 takes the form of



WEAK RANDOM ABSTRACT PERTURBATION 11

Corollary 3.2. Let a € ', v € N,y > 17 and ¢; be as in (2.8). Choose § >0 and N € NN,
N > max{N/, K], N2}, such that N = (5/0%)_”’/8. Let 1,82, m1,ms, By, Ba, c5 be as in
Theorem 2.6. Then
16)
a4

1 () )

Here I, denotes the distribution measure of the stochastic process 7.

—7/16 —c5 dis 9 "
(5> o 5 d t(31732)< 2)

1 S ~v/16 5 .
P (VA< ot g (5) 5 I () -0l <2 (5
1 1

3.2. Potential. The canonical example is the perturbation by a potential:
L(t) =tV + 2V,

Here V1, V5 are measurable bounded real-valued functions defined on [J and £y, Lo are just
operators of multiplication by Vi, V5.
Assumption (A1) reads as

(3.2) [wds=o.
O
while Assumption (A2) takes the form
(3.3) /Vy/;% dx > /VlUwo dz.
g g

Here U solves the boundary value problem described in Assumption (A2) with the right hand
side L1909 = Vitp. Since ¥2 > 0 is positive everywhere, (3.2) implies that either V3 = 0
almost everywhere, or V; changes sign. It is clear that given V; obeying (3.2), there is a wide
class of potentials V5 satisfying (3.3).

In all the following ezamples we assume that the boundary condition (2.3) consists of Dirichlet
boundary conditions.

3.3. Magnetic field. The next example is a random magnetic field. The perturbed operator
reads as

Ho(w)=(V+A), A =e > wS(k)AS(-k).
k€lq N

Here A = A(z) = (A1(x),..., Ant1(x)) is a real-valued magnetic field which is assumed to
belong to C'*(0) and vanishing on the boundary of 9J'":

. /
. ydn+1) — n s W)
(3.4) A(,Zp41) =0 on 90" for each x,41 € (0,d)

Since
(IV 4 A%)? = —A + 21A° - V +idiv A° + |4,
operators L1, Lo, L3 are given by the identities
L1=2A-V+idivA, L;=]A? L3=0.
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Let us check Assumption (A1l). We calculate

0 ) 0
(L1tbo, Y0) (o) = i / o <2An+1 L de> dz =i / (An+1 ax% +¢OdvA> az.
O

Tn+1 n-+

Now we integrate by parts employing Dirichlet boundary conditions for 1y and A:

i/ <An+1 0v5 —1—1/) d1vA> dx —1/1110 d
4 Ox Tn+1

/dl‘n+1’¢)0 Tnt1 /Z (2, 2py1)da’ =0

D’Jl

since for each  x,41 € (0,d)

L 04
Z (2, 2pyq) da’ —Z d;vl dx, —= D (', 2p41) =0
! J

which can be checked by integration by parts. N N
To check Assumption (A2), we first observe that U = iU, where U is orthogonal to ¢y in
L,(O) and solves the equation

(Ho — Ao)U = 2A - Vahg + o div A.

Hence,

(3.5) (U, L13%0) 1,0y =(U, 2A - Viho + o div A) 1,0y
=[VUI2, ) + (U, U) ) — Dol U7, )

and

¢ = / (’A‘Q@bg —2UA- Vipo — 1/10(7 div A) dz.
O
Let us prove that

U 2
(3.6) CQZD/‘A—FV%‘ dz.

We first observe that functions U and v satisfy the same boundary condition on 0lJ N O11
and this is why function % is well-defined and belongs at least to H' ().
To prove (3.6), let us calculate the difference

J:_/<‘A+V¢ ‘ —\A|2¢8+2(7A-V¢o+wo[7divA> dz.

Since

U
%ZJOV% = VU - %V%,
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we get:

~ o~ r7 ~ ~2 o~
J = / <21/}0A -VU + ‘VU’Q — 21/JUVU - Vb + %’V¢0’2 + YU div A> dr.
0 0

d

Integrating by parts, we obtain:
Vo o

0

:/ <_ AU? = VU? — 2|w)o|2> dz
O d}o

—2/w VU - Vi da = — /VU2 Vz/zodx—/Uzdl
0

Hence, by (3.5),

)
J :/ (2¢0A - divU + [VU> = VoU? — AU + hoU div A) da
O
_2/ (YoA - divU + ¢oU div A+ UA - Vaby) dx = 2/div¢0(7Adx =0,
O O

where the latter identity has been obtained by integration by parts. Hence, identity (3.6)
holds true and therefore, Assumption (A2) is satisfied. It means that we can apply the
results of the present paper to each weak random magnetic field provided (3.4) is satisfied.

3.4. Metric perturbation. One more possible example is a random perturbation of metric.
Here operator H®(w) reads as

n+1

0
Ho(w)=—-A+TVo—> Z Ewkazg — k, Tny1) + Ewipbi (@) — k, xnﬂ))%j,
kel i,9= 1
where a;;: 0 — C, b;;: O — C, (4,5 = 1,...,n+ 1) are complex-valued functions belonging

to C*(0), vanishing on 1 x [0, d], and satisfying the symmetry conditions
Qij = Gjs, bij = Eji in 0.
The operators L1, Lo, L3 are given by the identities

n+1 n+1

Za Za L3=0.

2,j=1 2,7=1
Integrating by parts, we rewrite Assumption (A1) as

B7) 0= / YoLathydr = / f oG G ds = [ o ()

dTp41
g

This identity holds true for a wide class of functions a,41,+1. The simplest example is
antint1 = 0. We stress that (3.7) makes no restrictions for other coefficients a;j, (i,7) #
(n+1,n+1).
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Assumption (A2) here looks as

n+1
/ bn+1n+1( ;M}O )2— > aijgﬁ)ggz dx

dxy, ~
(3.8) 0 i ,j=1
dipo G oy OU
= bn n E in d ’
E/ < i +1< n+1> i +1 Ln+1 Oz; r>0

where U is orthogonal to v in L2(0J) and solves the equation

n+1
daint1 0o
— A = — .
(Ho 0)U ; Ox; OTpt1

Inequality (3.8) is satisfied by a wide class of functions b;;, a;;. Here the simplest example is

bntiny1 >0, aGint1 =ant1;i=0

and other coefficients are arbitrary. (Here we also have to assume that the operator Ho does
not have a constant function as the ground state, as it happens when Vg5 = 0 and the boundary
conditions in (2.4) are of Neumann type.) Then the right hand side of the above equation

for U vanishes and the left hand side in (3.8) reduces to [ 5n+1n+1( dgﬁl)Qda:, which is a
0

strictly positive integral.

3.5. Integral operator. The operators £; need not necessarily be differential expressions,
as above, since we make very weak assumptions in their definition. An example of a non-
differential operator is an integral operator:

/K$y y)dy, i=1,2, L3=0,

where K;, ¢ = 1,2, are measurable functions defined on [J x [J and obeying the symmetry
condition K;(z,y) = K;(y,z), (x,y) e Ox 0, i=1,2.
Assumption (A1) is equivalent to vanishing of certain mean for Kj:

/ Ky (20, y bo ()00 (y) d dy = 0.
OxOd

If we suppose Ki(z,y) = K(x)K (y), Assumption (A1) becomes equivalent to

/K Yol

and it implies that L1199 = 0, U = 0. Then Assumption (A2) holds true provided

/ Ko (2, y)bo ()0 (y) da dy > 0,

OxO

and this inequality is satisfied by a wide class of kernels K». For instance, the latter inequality
holds true provided kernel K5 is non-negative and does not vanish identically.
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3.6. Boundary deformation. Our next example is devoted to a geometric perturbation.
Let ¥y = (v, Yns1), ¥ = (y1,...,yn) be Cartesian coordinates in R” and R™*!, and g = ¢(v/)
be a non-zero real-valued function defined on R™ and belonging to C?(RR™). We suppose that
the support of g is located inside [V, i.e. g vanishes in a vicinity of 91" and outside [J. We
introduce the function
95() =) ewrg(@ — k,wni1).
kel

It is equal to ewrg(y' — k, yn+1) on k+'. Employing this function, we define a weak random
perturbation of the layer II:

I :={y: v e R", ¢5(v) < ynt1 < g5 (¢) + d}.
The boundary of II® can be regarded as a weak random wiggling of JII.

In II° we consider the Dirichlet Laplacian, which we denote by H¢(w). The operator He (w)
does not satisfy our assumptions since it is defined on a domain II* depending on a small
parameter. But it is possible to transform this operator to make it fit our model. Namely,
one can verify by direct calculation that changing variables @’ = ¢/, xp41 = yn+1 — 95 (v'), we
keep the spectrum of He (w) unchanged and we arrive at the operator

(3.9) Ho(w) =—-A—divPV in II,

where P is (n + 1) x (n + 1) matrix defined by

995

oz
0 AV

e __ w ! e __ .

o= ((V’gi)t IV’95|2> Vs ou

Bun

The operator (3.9) corresponds to (2.2) with

B "9 dg O 87@ 0 o2 9?2 B , B
ﬁl_Zaanax]ax]+axjamjaxn+1’ N |Vg|8?21+1, 9=9), Lz=0.

We proceed to checking Assumptions (Al), (A2). Integrating by parts and taking into
consideration that g vanishes in the vicinity of 90/, we get

0 a
/ oLyt dr = / Z I g dW0dans1 dz =0

and Assumption (A1) is satisfied.
To check Assumption (A2), we first observe that

diho

511/}0 = d Am’ga
Tn41
and, integrating by parts,
(3.10) /¢0£2¢0 dx = /yv’ zpo dx = Ao/yv g*dx’.
n+1
The equation for U reads as
d
(3.11) (=A — AU = Yo Ayg

d$n+1
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and thus, integrating by parts,

/ Yo UApgdr = dio gAUdzx
dxn 41 dTpi1
]

d d? d
2 dl‘n+1 Cll‘n+1 d$n+1

dpg 2 dio d?
= — Apgdr — A d
D/(d:cnﬂ) 95219 0% D/d$n+lg<dx2 o JUdz

n+1
d d?
:Ao/\V/g|2d:E'—/ Yo g< 5 +A0>Ud:v.
4 J dxpn41 dz; 4
Together with (3.10) it implies the formula for ¢y:
dibo < d? >
3.12 co = / + Ap ) U dx.
( ) 0 denJrl g dxglJrl 0
To check the sign of ¢y, we solve equation (3.11) by separation of variables. Namely, since
2 . m
Py = p sin Exn_H,

we can write the Fourier series

d
d > 2 . m™m d
ﬂ = Z AmYm, ¢m($n+1) = \/;Sln Tanrla am = / vo VUm dajnJrl'
m=1 0

dx, 1

Then we represent U as
U(.Z‘) = Z amUm(x,)wm(xn+1)a
m=1
and obtain that U, should solve the equation

2
(3.13) <—A$/ + %(m2 - 1)> Up=Apg in [

subject to Neumann condition on dCJ. We substitute the above Fourier series for dgﬁl and
U into (3.12) to obtain

T
(3.14) =" Z aZ,(m® = 1)(g, Un) £, (@)

We represent function U, as
(3.15) Un=—9+Wp,
and in view of (3.13), W, solves the equation
2
™

<—Ax/ + i (m? — 1)> W = T

e d2(m2—1)g in OO0
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subject to Neumann condition on 9. It yields

2
T
|V W HLQ(D’) + d2( 1)||Wm||%2(mf) :?(m2 = 1)(9, Win) Lo (o)

[\

(3.16)

T
<5 (m? = Dllgl L) [Winll o0y

9

Hence,
Wl Lo @y < ll9llLo@)-

Here we have a strict inequality, since in the case of identity, it follows from (3.16) that
V'W,, = 0 and W,,, = const that contradicts equation for W,,. It follows from the obtained
inequality and (3.15) that (g,Um)r,@) < 0 for each m > 1. Therefore, each term in the
series in the right hand side of (3.14) is negative and ¢y > 0. Thus, our operator satisfies
Assumptions (A1), (A2) and we can apply the results of this paper to a weak random wiggling
of the boundary.

3.7. Random operators in multi-dimensional spaces. Now we show that our setting
covers not only operators defined in a finite-width layer in R™*!, but operators defined on

n
the whole Euclidean space as well. Recall O := {2’ : 2/ = Y a;e;, a; € (0,1)} C R™. Let
i=1
L/(t) = tLy + 2L + 3 Lh(1),
where £} : H*(') — La(0)') are bounded symmetric linear operators and £5(¢) is bounded
uniformly in ¢ € [—tg, tp]. In n-dimensional Euclidean space we consider the operator

HE(w) = =Dy + Y8 (k) L (ewp)S'(—k),
kel
where A,/ is the Laplacian in R" and §'(k) is a shift operator: (S'(k)u)(z’) = u(a’ + k).
Then H' is a random self-adjoint operator in Ls(IR™) with a similar structure as H°. The

only difference is that it acts on functions in R”.
Based on the £ we define operators £; : H*(O) — Le(0O):
(Liu)(2', Tnt1) = Liu(-, Tnir)-
Thus L] acts on 2/ — u(2/, zp41), while 2,41 is regarded as a parameter. The result is a
function depending on x’ and z,11: it is precisely L;u.

Now that we have L1, L2, and L3 at our disposal, the operator H¢ is defined as in (2.2).
We choose Neumann condition on 011, Vi = 0, and d = w. The spectrum of H® can be found
by separating the variables 2’ and z,,1. Namely,

o0
(3.17) o(H) = | o(H® +m?)
m=0

since we can represent each function u in the domain of H¢ by its Fourier series:

E U (') COSMT 1 1.

The eigenvalue Ay in our case vanishes: Ao = 0. Assumptions (Al), (A2) take on the form:
(A1’) The identity [ £)1dz’ =0 holds true, where 1(2) =1 in .
D/
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A2’) Let U’ be the unique solution to the two equations
q

HoU' = L£41, /U'dx/—().
[

Here Hry is the negative Neumann Laplacian on (1. We assume that

66 = /[,Q]ldl’ - (U,7‘C/1]1)L2(D’) > 0.

Once these assumptions are satisfied, by (3.17) and Theorems 2.5, 2.6 we obtain immediately
the analogues of these theorems for H'*.

Theorem 3.3 (The result described in the introduction). There exist positive constants ¢,
¢y, Ni such that for

/

(3.18) N > Ny, and0<€<%

the estimate

(3.19) c v(w) - Z w

kEFa N

holds true.

Theorem 3.4. Given v € N,y > 17, there exist constants ¢, ¢, Ni such that for N > Nj
the interval

is non-empty. For N > Ni and ¢ € Iy, the estimate
1 ,on
P (W - Q- )\E,N < N_%> < Nn(l_;>e_C4N’Y
holds true, where ¢ depends on u only.

In this theorem XS , is the lowest eigenvalue of the operator H’ Z ~- The latter is the
restriction of H'® to

HaN —{x cR": x —a—l—Zazez, aZE(O,N)}
=1

with Neumann boundary conditions.

Theorem 3.5. Assume the hypothesis of Theorem 3.4, let € € In and fix 1,82 € TN,
mi,ms > 0 such that By = Hﬁ1 my C I, , B2 = H’ﬁ2 my C II!, - Then there exists a
constant c§ independent of €, o, N, 1, B2, m1, ma such that for N > Nj

65 dist(Bq,B3)

o T el _1 / n
P(WGQ ||XB1(H/Z,N_)\) XBQH 2\/>e VN ) 21_Nn(1 7>e—C4N’Y’

where || - || stands for the norm of an operator in La(IT}, y).
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4. DETERMINISTIC LOWER BOUND

The essential milestone in proving our main result is a deterministic variational estimate
provided in Theorem 2.1. For the reader’s convenience we formulate it here once again.

Theorem 4.1 (Theorem 2.1 above). There ezist positive constants ¢y, ca, N1 such that for

(4.1) N>N  and 0<s<§%
the estimate
2
Co&
(42) @)~ o> S W
k€la N
holds true.

The rest of this section is devoted to the proof of the above theorem. Throughout the proof
by C we denote various constants independent of € and V.

4.1. Setup for analytic perturbation theory. We begin with considering operators Hg? ~(0),
i.e., the Schrédinger operator —A + Vp in I, n subject to boundary condition (2.3) on o, N
and to Neumann condition on 0ll, n \ Fa,~. The lowest eigenvalue of operator is )\37 N =2N\o
and the associated eigenfunction normalized in Lo(Il, n) is N _%wo. Provided N > N; and
Ny is large enough, the second eigenvalue is Ag + 7, where 3 > 0 is the second eigenvalue
of the negative Neumann Laplacian on [I'. Then there exists C' > 0 such that the ball

B:={\eC: A=A <CN?}
contains no eigenvalues of Hg, ~(0) except Ag and the distance from B to all the eigenvalues
of Hg’ ~(0) except Ag is estimated from below by CN 2.
For A € B\ {Ag} the resolvent (Hg ~ — A) 7L is represented as

1 (3 %0)Ly(11a )
WTW) + Ra,n(A),

where R, n is the reduced resolvent. It is an operator from Lo(Il, n) into H (M, ). Its
range is orthogonal to ¢y in Ly(Il, ). Moreover, by analogy with [3, Lm. 5.2] one can prove
easily the following lemma.

(Hon —A) ' =

Lemma 4.2. For A\ € B and f € Ly(Il, n) the estimate
|Ra,N fll 211, y) < CNz”fHLQ(Ha,N),
where C' is a constant independent of A, N, f.
At the next step we describe the minimum of )\37 N W.rt. wg.

Lemma 4.3. (a) For each fived (sufficiently small) value of € > 0 the minimum of X;, y as
a function of the variables wy, k € 'y N 1s achieved for wi, =0, k € 'y n.

(b) Indeed, there exists p € (0,00) independent of €, v, N, and the configuration Q@ = (wa)ker
such that

(4.3) Vael,NeN,weQ,e>0: X y(w)=Ao+ g2 kgin (cow,% - p[swi’D
a,N
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(c) Consider the particular configuration @ € Q with & =1 for all k € T'. Then

(4.4) VaeT,NeN,e>0: I y(@) > A+ coe® — pe’
and
(4.5) Ve>0: info(HE(@)) = Ao+ coe? — pe’

where p is the same constant as in (b).

Proof. We begin with the case N = 1. Then A7 ; is the lowest eigenvalue of operator Hg, ;.
This operator is considered in cell [, and it given by

S =—A+Vo+S(—a)L(ewa)S(a).

a,l —
By means of regular perturbation theory we can write the first terms of the asymptotics for
)‘(61,13
)‘3,1 =Ao + (E(ada)ﬂ)o, ¢0)L2(D) + (5(500&)73&,1(/\0)@%, ¢0)L2(D) + 0(83("}?)4)
=Ao + ewa (L1900, %0) 1,0 + (Ewa)? (Latho — L1Ra,1 (Ao) L12bo, ?JJO)LQ(D) +O(°w)).

We apply assumptions (A1), (A2) to simplify the above expansion. By (Al) the next-to-
leading term vanishes and it is easy to infer form (A2) that

(L2100 — L1Ra1(Ao)L1tbo, Yo) 1, ) = €0 > 0.
Hence, there exists a constant p independent of ¢, o, w, such that
M1 = Ao+ e%wieo — pletwl.
This identity implies that )\371 achieves its minimum Ag as a function of w, for w, = 0.

We proceed to studying Af, . In domain II, y we introduce additional Neumann conditions
on lateral boundaries 00, \ OII of O, for each k € I'y . By the minimax principle it gives
the lower bound for XY y:

(4.6) Sy = min Xp; > Ag+e? min (cowi — plewi])

’ a,N ’ k 1—‘a,,N
At the same time, it is straightforward to check that as wy = 0, k € I'y n, the lowest eigenvalue
of H;, y is Ag and the associated eigenfunction is ¢yp. This completes the proof of (a) and (b),
and (4.4) is a special case of (b). For the second bound (4.5) in (c) we note that, as above,
the introduction of additional Neumann boundary conditions yields

“lf() [/[/ > “lf 1 w >A + min _ﬂ .
D

Let us show that Aj  belongs to B. In accordance with (4.6), Ag.n = Ao. By the minimax
principle we obtain the upper estimate:

- HV%H%NH&’N) + (Vovoo, o) L) + (£5%0, %0) Ly(114 x)

a,N X

H¢0H%2(HQ’N)
> ewr(L1tho, o) Loy + 2wi (L2 + ewrLs(ewr)) o, wo)LQ(D)

k‘EFa,N
=Ag +

10112, (11,9
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By assumption (A1), the sum »  ewy(L1%0,%0)1,(0) vanishes and we can continue esti-
kGFa,N
mating as follows,

> e2wi (L2 + ewpLs(ewy))vo, ¢0)L2(D)
kera,N 2 C
<A+ Ce” <A+ N

)\Z,N < AO + 9
Hq’bo”Lz(Ha,N)

Thus, as N > N; and N is great enough, A7 y belongs to B.

4.2. Non-self-adjoint Birman-Schwinger principle. To obtain the desired deterministic
estimate, we apply the non-self-adjoint modification of Birman-Schwinger principle proposed
in [10], in the same way as it was done in [2], [3, Sect. 5]. It leads us to the equation for A7 y:

g 1 g g — g
(47) )‘a,N - AO = W((I + Ea,NROl,N( a,N)) 1£a,N1/}07 wO)L2(Ha7N)7

where Z denotes the identity mapping. As A € B, by Lemma 4.2 and the boundedness of £;
we have the estimate:

(4.8) L5, NRan(N)]| < CeN?.

Hereinafter || - || stands for the norm of operators in Lo(I1, n). Thanks to the above estimate
and (4.1), we can conclude that for a properly chosen N;

L5 NRan (N[ < C < 1.
Hence, operator (Z + £ yRa, ~(A)7tis well-defined and can be estimated as
I(Z + L5 nRan (V) ' < C
uniformly in &, N, .

4.3. Taylor expansion to third order. Equation (4.7) is the main tool in proving the
desired estimate for A5, ;v — Ag. We represent (Z + LS, yRa,n(A) 7! as

(T+ L5 RavN)) T =T = L5 yRan(AN) + (L5 v Ran (M) (Z + L5, yRan (V)

and substitute this representation into (4.7):

1 1
Aa.n — Mo :m(ﬁaw%, Y0) Lo (M n) — W(EZ,NR(X,N( E,N)EQN@DO:wO)LQ(HQ’N)

1
TN ((ﬁg,NRa,N( ) (T4 L5 xRan (Nan) ™ Lo v o, ¢0)L

-1

2(lla, N
We rewrite the obtained equation by employing the resolvent identity | |
Ran(A2x) = Raw(Ao) = (A2x = A0) Ran (A0 Ran (A2 x)
as follows:
Mo = Ao = (L5 80, Y0) a1, 1) — (Lo Rec v (R0) £t 60) 31, )
(4.9) (5 A Raw (N n) (T + L6 xRa N (N n) ™ £ont0, ¥0) 1 )

1 1
(14 (RN (A0 R OS2 0, 0) g, )
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4.4. Estimates on the individual terms. To estimate the terms in the obtained identity
we shall make use of the following auxiliary lemma. We recall that O, := {x : x — (k,0) € O}.

Lemma 4.4. Fori € {1,2,3} and each u € H*(Il, y) the inequalities

1
2
2
]( >0 caS(hLSEuto), <Oe( > w) el 21, -

kera’N ]fEFa,N

1

2
2 cnSRLSk <C€< 2 yka) sup ||ull 2 (),
kera,N LQ(Ha,N) kera,N kel"a,N

hold true, where C' is a constant independent of €, u, N, wg. For i =3, in the above estimate
we assume L3 = L3(cwy).

Proof. Due to the definition of £; and Cauchy-Schwarz inequality we have

( Z 5wk5(—l<:)£i$(k:)u,¢o)L2(Ha . Z EW (5(—/€)Ci5(k)u, ¢0)L2(Dk)

kEFQ,N kera,N

< > elwrlILiSk)ullpyo ol ooy

k‘EFa,N

>0 (LS o),

k‘EFa,N
Since £;: H?(O) — Ly(0) is bounded, we find some constant C' such that
Y clwrllLiSRyull ooy loll, @y < Ce Y lwnlISER)ul a2 (o)

kJEFCLN keFaﬂN

1

1
2 2
<Ce( Z w,ﬁ) Z ||S(k)“||i12(m) :C5< Z W%) [l 211, )

k’era’]\r k)EFayN kera,N

and we arrive at the first desired estimate. The proof of the other is similar:

2
> ewrS(—k)LiS(k)u = Y RISk LiS(k)ulT, o,

keTa.n Lo(Ma,N)  kely n

= Y AR LSk, ) <Cs? S S(k Julfeoy D wi-

k€T n er kel N

O

This lemma, Lemma 4.3 and the properties of operators £; allows us to estimate two terms
in the right hand side of (4.9). Namely, we have

1 1> o 1>
7N" (Eoé,NRa,N(AO)RQ,N()\E’N)£Q7N'¢07 wo)LQ(H%N)‘
1
Ce 2\ 2
<= . o N () L5 i)
w0 v (X 4t) [RanttoRanO ]

kelo, N

1
C<€2N4 9\ 2 C’cl Ce 1
a,N
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provided Nj in (4.1) is great enough. In the same way we get
(4.11)

(€2 ¥ RaN OG0) (T + Lo RN o) Lo tn) | |

1
2
<O ) IRan ()R )T+ LR () L0l o

k‘GFa’N
<ot 3 wp) I vl
k’EFa,N
3 3
:052N4< > wi) < > ||5(7€)E(€wk)5(—k)¢oH%Q(Dk)>
kera,N kEFa,N
3 3
<Ck2N4< > aﬁ> ( > gﬂwk2mwug%m> <CENT Y Wi,

k€T o, N k€T o, N k€lq,n

The term N? in the third line comes about due to Lemma 4.2 and estimate (4.8).
By (2.1) we can rewrite two other terms in the right hand side of (4.9) as follows:

(4.12) (L5, N%0,%0) La(1a x) — (EE,NRa,N(AO)L"Z,NwO,wﬂ)LQ(Ha’N) =J1+ o+ J,
where

1 =€ Z Wk ElS )w()awO)Lz(H

k€D q N
Jo =2 Z Wi (S(k)LaS(— k)0, %0) Lo (1, v)
k€ N
Y wwp(SR)L1S(—k)Ra N (A0)S(P)LIS(=p)t0s ¥0) 1 r. 1
pkET o N '
J3 =¢* Z wip(S(k) L3 (ewr)S(—k)¥o, ¥0) Ly(11, )
k’EFaN
2 Y W (SR (ewr)S (k)R (Mo) £ ( )wo,wo)
k€l n Lo(a,N)
EDS wk( Ry BSOS (D tn)
keTq N Lo(Ila,N)

where L(t) := Ly + tLs(t).
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Employing Lemmata 4.3, 4.4 and the properties of L£;, we estimate Js:

1

|J5| <C&® Z wi—i—Caz( Z wﬁ)Q

kEFa,N kGGa,N

(4.13) +cg3< > w,%f”RQ,N(AO) > S(k)f(swk)s(—k)wo}

kEGa’N kGFaﬁN

HQ(Ha,N)

<CEN? D Wi
kGFa,N
By assumption (A1) term .J; vanishes:
(414) h1=¢ > (L1S(=k)v0, S(=k)0) 1,1y, ) = € > w (L1¢0,%0) 1, (115 = O-
kela, N ’ k€la N

To estimate Jo, we shall make use of one more auxiliary lemma.

Lemma 4.5. The estimate

(4.15) Jo > 3¢ Z wi

holds true, where cq is defined in assumption (A2).

Proof. We denote
= wpSMLiS(—p)vo, ux =R\ S
pEFQ,N
for A in a small neighborhood of Ag. By (4.14), function f is orthogonal to 1y in La(Ily n).

In view of this fact and by the definition of reduced resolvent R, it is easy to make sure that
u) solves the equation

(Ho — MNuy = f.
Function u) is orthogonal to 1y by the definition of R. Due to the symmetricity of £; we
have

(4.16) Jo=" Y wi(S(K)LaS(—k)10,10) 1y ) — € (Uaas F) Lo(TTax)-

k€T n

The main idea of this proof is to employ the variational formulation of the boundary value
problem for uy. Namely, given a domain  and a part v of its boundary, by H L(Q, ) we
denote the subspace of H'(2) formed by functions vanishing on . As A # Ao, function uy
minimizes the functional

Fu) = [VullT, . ) + VU U)o, x) = DollullZ, ) = 20 @) Lo(110 59

over fII(Q,’ymN) and
—(UA>f)L2(Ha,N) = F(uy).
As in the proof of Lemma 4.4, we introduce additional Neumann condition on the lateral
boundaries 00J; \ OII and it allows to estimate F(u)) from below. More precisely, by W :=

@ H(dy, 80, NIII) we denote the subspace of Lo (1, n) consisting of the functions such
kEFayN
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that their restriction on [, belongs to IfII(Dk, 00, N OII) for each k € T'y n. It is clear that
H' (4N, Yan) C W and thus,

—(U)\, f)Lz(Ha,N) = ./T"('LL)\)

(4.17) >inf Y (IVulli,@,) + WU D)@y — Mollul, g, — 2(F 0)aon)-
k€la.n

The functional in the right hand side of the above inequality is minimized by the solution to
the equation

(A +Vo—Ag)ua=f in Ilyn\ U O,
kEFayN

subject to boundary condition (2.3) on |J 00, N OIl and to Neumann condition on
kEFayN

U 00 \ OII. This solutions reads as vy = wrRE1(A)S(k)Livo on Ok, k € T'y n. The
kEFayN

restriction of vy on O is orthogonal to vy in Ly(Og) for each k € I'y n. Hence, inequality
(4.17) takes the form of

(4.18) —(Ux, F)Lo(ta n) = —(Ons £ Ly(110 n)-

It is clear that uy and vy are continuous w.r.t. X in La(Il4 n) and vy, = S(k)U on Oy, where,
we remind, function U was introduced in Assumption (A2). The latter identity and (4.18)
yield

—(qu, f>L2( . (AO, f) == Y WR(SEU,Sk)L1S(=k)0) 1, 0,

a N) kera,N

== Z Wi (U, L1%0) 1,0 = — (U, L1%0) 1,0 Z wi.

kEFa,N keFa,N

We also have

> WRS(R)L2S (k)0 o) Lo(ian) = D Wi(LaS(—k)to, S(=k)tho) Loy

kEFaJ\] kEFa N
=(Latho, Y0) o) D, wi-
kEFa N
Now the lemma follows from last two estimates, (4.16) and Assumption (A2). O

We return back to identity (4.9). First it follows from (4.10) and (4.1) that

1
1 + (56 NRa,N(Ao)Ra, N (A2 N)LE N0, %ZJO)LQ(H%N) > 3

This inequality, (4.11), (4.12), (4.13), and Lemma 4.5 allow us to estimate the right hand side
of (4.9) and to obtain in this way the estimate for the left hand side:

1 2coe? CeN*
R N LD D" BeEi ST ) ( = ) S Wl

k€l N kETq, N k€T o N

By (4.1) it completes the proof of Theorem 4.1 provided ¢; is small enough.
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5. COMBES-THOMAS ESTIMATES

We establish a Combes-Thomas estimate for the class of operators introduced in Section
2. We use that they are block diagonal with respect to the decomposition @ Lo (D + (k, 0))
kel

They need not be differential operators. For the reader’s convenience we formulate here
Theorem 2.6 once again.

Theorem 5.1 (Theorem 2.6 above.). Let «, 81,082 € G, mi,ma € N be such that By :=
g, m, C Ha,n, B2 :=1lg, m, C o n. There exists No € IN such that for N > No the bound

- C — is
(5.1) I3, (He (@) = 27 B ) sLatr, vy < g 0B,

holds, where C1, Co are positive constants independent of ¢, a, N, 6, B1, P2, m1, ma, A and
6 :=dist(\, o (H n(w))) > 0.

Proof. We fix w € Q. For arbitrary M we introduce the function J = J(¢, M) on [0, M]:

where ¢ € C*°[0, +00), ((t) = 0 outside [0, 1], ¢'(0) = 1.
Let ejL, j=1,...,n, be the basis in R"” determined by the conditions

(52) (ez'?ejl)]R" = :l:(szja

where ¢;; is the Kronecker delta. The sign in the above conditions is chosen by the following
rule. Given z € II, y, we represent 2’ as

(5.3) ¥ =a+ Z biej,
=1

and b; belong to the segments [0, M;N], where M; > 0 are some constants. The latter
condition on positivity of M; determines uniquely the signs in (5.2) and consequently, vectors
ej-. We also observe that M;N are in fact the distance between the opposite lateral sides of
the parallelepiped I, y.

By means of expansion (5.3) and function J we define one more function on II, n:

Jo(a) = J(bj, M;N).

J=1

It is straightforward to check that the gradient of function J, vanishes on the lateral bound-
aries of I,y and J, € C®(Il, y) provided N > Ny and Ny is large enough.

Given a > 0, by 7, we denote the multiplication operator: T,u := e*/*u in Ly(Ily n). It
follows from the aforementioned properties of J, that 7, maps the domain of H;, v onto itself.

It is also straightforward to check that
(5.4) T-aATo = A +PW(a),

where P (a) is a first order differential operator whose coefficients are bounded by C(a+ a?)
in II, v, where constant C' is independent of z € II, v, N, a.
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The most important ingredient in the proof is obtaining an identity similar to (5.4) for
L:, n- The first step follows from the definition of L y:

TalonTa= D e “VS(k)L(ewr)S(—k)e”

kEFa,N
(5.5) = > S(k)e R L(ewy ) THS(—k)
kEFayN
_ Z S(k)efa(J*(-fk)fJ*(fk))L(gwk)ea(J*(-fk)fJ*(fk))S(_k)'
kera,l\l

Then it is easy to prove the estimates
(5.6) [J(- = k) = Ju(=F)ll oy @) < C,
where constant C' is independent of £ € I', vy and IN. We also mention the inequalities
el —1<tel, tel0,+00), 1—e' < —t, te(—00,0],

which can be easily proven by checking the monotonicity of the functions ¢ +— (¢t — 1)e! +
1,t € [0,+0), t = t—e '+ 1, t € [0,+00). These inequalities and (5.6) allow us to
bound He_a(‘]*('_k)_‘]*(_k))E(ewk)ea(‘]*('_k)_‘]*(_k)) — L(ewr) || m2(11, y)—La(I, ). Using the
expansion (5.5) this yield the desired relations:

1P (a,e, 0, N)l| g2, y)—La(a ) < Cae®,  for PP (a,e,0,N) =T oL yTa — L5 N

where || - || x—y indicates the norm of an operator from a Hilbert space X into a Hilbert space
Y, and C is a constant independent of a, &, o, N. This estimate and (5.4) imply

(5.7) T-aHonTe =Hon +Pla,e,a,N),
where P is a bounded operator from H? (ILy,n) into Lo(Il, ) obeying the estimate
(5.8) 1P(a &, 0, N) | g2, ) Lo ) < Cae®

Here C is a constant independent of a, £, o, N. This estimate and the previous identity (5.7)
is the key idea in the proof. It is exactly these two ingredients which allow us to follow now
the established strategy of the proof of a Combes-Thomas estimate, see e.g. Corollary 3.3 in
[3].

Our next step is the estimate for the resolvent of Mg, - We assume that A € [Ao, Ao + 1]
and provided A belongs to the resolvent set of H;, 5, we have

_ 1 .
(e =N =5, 8= dist(A, o (M v))-
This identity and the obvious ones
Hon—A=Hon+i+ Loy —i— A

(Hony — AN "= HON +D) T+ Loy — A=) (Hy +0) D)7

yield
HE v — AL } < ¢
it N ) HLQ(H‘”*N) H2 (e, n) dist()\,O(Hi,N))’
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where constant C' is independent of ¢, o, N, and A. This estimate and (5.7), (5.8) imply the
inequality

C 2a

[P(a.e,a N)(He v = 27! < =5,

where constant C is independent of a, ¢, a, N, and §. Hence, for a = C'§ with a sufficiently
small C,

(5.9) |(He x + Plase,a, N) - N) 7Y < %

where constant C is independent of a, €, a, IV, and J.

Given 1,82 € Fa,Na mi,mo > 0 such that H[al’ml - HaJ\[, HBQ,mZ C HQ7N, by (59) for
each normalized vectors 11,12 € Lo(Il, n) we have
(5.10)

[(alxs,, TalHan = N Taxmaltal) | <IT-a(Hay = V7Tl

. C
:||(H2,N+P(a7€7a7N)_)\) H < gv
where constant C' is independent of J, €, a, IV, and A, a is chosen as indicated above, and we
remind that By = Ilg, m,, B2 = g, m,. Since A is below the spectrum of H, v, the integral
kernel of (7—[2 ~ — M)l is positive. Without loss of generality we assume that |32 = |81], the
opposite case is studied in the same way. From now we assume supp; C B; (j = 1,2). Then
it is straightforward to check that

1 .
’(’¢1’X317T—G(HZ,N - )‘) 7;1X32|¢2|)L2(Ha,1\’)‘ 2 exp <<I%12n Jy — HleiX J*> 0(5>

(W1, (Han — A7 02) Ly (11 -
And since

min J, — max J, > Cdist(B1, Bs),
Bo By

where C' is a positive constant independent of S8y, B2, m1, mo, o, N, two latter inequalities
and (5.10) imply

C .
(1, (Hew — N 2) o | < %efcmschst(Bl,Bz)’

where C1, Cy are positive constants independent of ¢, a, N, §, 51, B2, m1, ma. O
6. PROBABILISTIC ESTIMATES
In this section we prove our two probabilistic results, Theorem 2.5 and Theorem 2.6.

Proof of Theorem 2.5. We follow the main lines of the proof of Theorem 3.1. in [3]. We
choose K,v € IN and we let N := K7. Then up to a set of measure zero we can partition
II,, n into smaller pieces Ilg f:

Ha,n = U g Kk,
56MK,'y

where | J stands for the disjoint union and Mk, is the set Mg, = KI'NI'y n. We observe
_1
that the number of elements in the set M ., is equal to (N/K)" = (K7~ 1)" = Nn<1 W>. On
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the lateral boundaries of Ilg x we impose Neumann boundary condition and by the minimax
principle we obtain

AGN = min Aj g

BGMK,'Y
Let us reformulate the above estimate in probabilistic terms. First it implies that
(6.1) [weQ: A y—Ag< N2} C U {we@:rgp—-Ao<E 2}
BGMK,'y

Since random variables wy, k € I' are independent and identically distributed,

~

(62) Y P(we: X - A <K
/BEMK,W
The Cauchy-Schwarz inequality

1
or 2 k< (3 )’

kEFQ,K kera,K

) < Nn(l_%)]P’(w €N: Mgk —Mo < K‘%)_

and Theorem 4.1 yield for K > N; and ¢ < e K4

2
(weQ: N -N<K3}Clwen: 2 Y W<k ?

(6.3) = wEQ:(Zwi)égK

’ NCE
k‘EFQ,K k‘EFQ,K 2

1 K
=qwe: — Z |wre| <

Kn kGFaYK \/68
We choose ¢ so that
Ki E
(6.4) L o Elll)
N 2
i.e.,
2 ~
e — K17,
Ve E(|wl)

It is clear that this inequality is compatible with (4.1) provided K > K, where K is large
enough, depending only on ¢y, co,v,n, and E(Jwg|). We apply the large deviation principle
analogously as in [3, Lm. 4.3]). Hence there exists a constant ¢4 > 0 depending on p only
such that for each K € IN

1 E wo _ n
P wEQ:—nZ ]wk]<(|2’) < e k"
kGFa,K

Thus, by (6.3), (6.4) it follows that

1 Ki 1 E(|wk|)

. . k —ca K™

P wGQ.Kn E ‘wk’<@5 SPlwe: — E lwi| < 5 <e ™™
kEFa,K kera,K
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as soon as K > Kj. Therefore, provided N > max{N{, K]}, where Ny comes from Theo-
rem 4.1, by (6.2), (6.1) we get

P (w - Q . )\Z,K — AO g N_%) < Nn(l_%>e_C4Kn < Nn(l_%)e—C4NV
completing the proof. 0

Proof of Theorem 2.6. Here the main ideas are borrowed from the proof of Corollary 3.3 in
[3]. We first introduce the set

Qy = {w € A, n(N) — Ao > \/1N} = {w € Q: dist(Ao, 0 (Hg, ) > \/%}

1 1
=<w e N: dist(\, o(HE > —— VA€ |Ag, A +]}
{ (M) > 5 ¥NE (Moot
For the next step we need a Combes-Thomas estimate as it is given in Section 5. We apply
it to Hamiltonians Hf y(w) with configuration w in the set Qn. As before we consider
By = H,31,m1 C Hoc,N7 By = Hg%mQ C Ha,N and ¢j S LQ(HOC,N> with supp ij C Bj (] =1, 2).
The Combes-Thomas estimate implies:

C .
}(17[}13 (H;N(w) _ A)_IT;ZJZ)LQ(HQ,N)’ < 716—026dlst(BlgB2)’

where C7, Cs are positive constants independent of €, o, N, &, 1, B2, mi, mo, and § =
dist (A, o(HE, (@), N > Na.

Now, fix N > max{N{, K], N2}, w € Qn and )\ € [AO,AO + ﬁ . Then ¢ > ﬁ and
thus

Cy ..
‘(wl; (Hg,N - )\)711/}2)L2(HQ’N)‘ g 201\/Ne_72ﬁ dlbt(Bl,Bz).
By Theorem 2.5 we have bound
By > 1 - N (173 gea®,

and therefore,

1
PlweQ:VAe |Ag, Ao+ —=
(- [

C. s 1 n
”XB1 (Han — )\)_IXBz H < 201\/NeWQNdISt(Hﬁl’ml’HBQ’MQ)> 21— Nn(l W)e_c“NV

that completes the proof. O
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