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ABSTRACT. This paper is devoted to the study of the (discrete) Anderson
Hamiltonian on the Bethe lattice, which is an infinite tree with constant vertex
degree. The Hamiltonian we study corresponds to the sum of the graph Laplacian
and a diagonal operator with non-negative bounded, i.i.d. random coefficients on
its diagonal. We study in particular the asymptotic behavior of the integrated
density of states near the bottom of the spectrum. More precisely, under a natural
condition on the random variables, we prove the conjectured double-exponential
Lifschitz tail with exponent 1/2. We study the Laplace transform of the density
of states. It is related to the solution of the parabolic Anderson problem on
the tree. These estimates are linked to the asymptotic behavior of the ground
state energy of the Anderson Hamiltonian restricted to trees of finite length.
The proofs make use of Tauberian theorems, a discrete Feynman-Kac formula, a
discrete IMS localization formula, the spectral theory of the free Laplacian on
finite rooted trees, an uncertainty principle for low-energy states, an epsilon-net
argument and the standard concentration inequalities.
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1. INTRODUCTION

In this paper we are interested in a tight-binding, one-body Hamiltonian of a
disordered alloy. This Hamiltonian is known as the Anderson model, and it was
introduced in its most simple form by the American physicist Phillip W. Anderson
in 1958 [And58]. Given the extensive mathematical and physical literature on
the subject, see e.g. [Abrl0, and references therein]. We defer the discussion and
review of the literature until after the rigorous statement of our results.

The underlying physical space of our model is assumed to be a Bethe lattice, this
is, an infinite regular graph with no loops and constant coordination number k
(see fig. 1). The Anderson model in this setting was introduced very early by
Abou-Chacra, Thouless and Anderson in [ATA73]. A number of physical and
numerical (e.g. [KH85; MF91; MD94; BAF04; AF05; MGO09]) as well as rigorous
mathematical works (e.g. [KS83; Aiz94; AK92; Kle96; Kle98; ASW06; AW11b;
AWl11la; Warl3]) in this setting have been since published.

FIGURE 1. The Bethe lattice with coordination number k& = 3.

The study of transport properties of disordered models leads to the spectral theory
of random Schrodinger operators. The prototypical example of these operators
is the Anderson Hamiltonian. An important quantity of study is the integrated
density of states, which is a function we denote by N. The numerical value N (F)
counts the available energy levels below the energy E per unit volume. Under
very general assumptions, the support of this function coincides with the spectrum
of the Hamiltonian in consideration. The study of its asymptotic behavior when
we approach the bottom of the spectrum FEy has attracted a lot of attention
since Lifshitz’ remark [Lif65]. The physicist noted that in presence of disorder
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this asymptotic behavior is drastically different from the one of the free operator.
Indeed, as soon as the disorder is non-trivial, this function exhibits a very fast decay
at the bottom of the spectrum Ey. This behavior has also drawn the attention
of many mathematicians, as it can be used as one of the main ingredients of the
rigorous proofs of the ocurrence of Anderson localization. In the setting of our
paper, it was conjectured, see [KH85; BST10; BS11], that the integrated density of
states exhibits a double exponential decay with exponent 1/2, i.e. that for some
suitable € > 0

(1.1) exp(—ee_l(E*Eo)_l/Q) <N(E) < exp(—eé(E’EO)_l/Q) as £\, K.

In the literature (e.g. [Warl3, eq. 5]) one also finds this written in the somewhat

weaker form
loglog|log NV (E)| 1

BNy log(E — Ey) 2
The purpose of this paper is to prove this conjecture. To do so, we study the
Laplace transform ¢ — N (t) of the measure dNV( - ) and we establish asymptotic
bounds for large t. We will see that for a suitable € > 0

1 ~ €
(1.2) eft(Eoﬂlogtﬂ) SN(t) < eft(Eﬁ(logﬂ?) as t — +00.

These bounds are of independent interest, as they are related to the long-time
behavior of the so called parabolic Anderson problem in the annealed regime. This
long-time behavior is in turn related to the location of the ground state energy
of suitable finite-dimensional approximations of the Anderson Hamiltonian. We
discuss this circle of ideas, which is well known in the literature, after stating
rigorously our results.

Most of the novelty lies in the proof of the bounds on the ground state energy Fk,
of the Hamiltonian restricted to finite symmetric rooted trees 7 of length L (see
fig. 2, where L = 00). In absence of disorder, it behaves as

(1.3) Ey+CL™2.

up to smaller terms. In presence of disorder, one expects heuristically that the
ground state of the disordered Hamiltonian restricted to 77 lives in some smaller
subtree of length r = C"log L on which the random potential is essentially zero.
Hence, with good probability we should have

(1.4) Bk = Ey+C"(log L)?,

which is the order of the ground state energy of the free operator restricted to
this subtree. The length scale log L appears naturally as one balances out the
probability that the random potential is small in a subtree, which is exponential in
the number of random variables (we find about £” of them in a subtree of length r),
and the number of trees of length r (there are about kX" < k). Note also that
because of symmetry reasons, one might expect the ground state to localize to a ball.
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It turns out that symmetric rooted trees provide a tractable, good approximation
for the balls of the Bethe lattice (which are also finite trees).

Let us finish this short summary by emphasizing that the usual rigorous argument
does not work in our setting, the culprit being (i) the exponential growth of the
trees and (ii) the spectral gap of the free Laplacian restricted to trees, which is of
order L3 and thus too small, compared with (1.3) and (1.4). As a consequence of
(i) we are not able to use Dirichlet-Neumann bracketing and (ii) renders impossible
the approximation of the ground state of the perturbed operator by the ground
state of the free one. We discuss later the new ideas required to overcome these
two problems.

Let us now introduce some notation and the rigorous statements of our results.

1.1. Main results. To fix the ideas, let T be an infinite graph and denote by ¢*(T")
the space of square summable functions defined on the vertices of I'. Let Ar be
the associated (negative definite) Laplacian operator, i.e.

Ar: A(T) — *(T)
(ArH)(w) = (f(w) = f(v)).
Here the index w ~ v runs over all neighboring nodes w € I' of the node v € T'.
Let us define a random potential on this graph, i.e. a diagonal operator
VE () — (I)
(Vop)(w) =wup(v), veTl, e (D),

where w := {w, }yer is a sequence of non-trivial, bounded, non-negative, independent
and identically distributed random variables. We will also assume that

essinf wy = 0.

This is no additional restriction given that we can always shift the energy through
a translation. We are interested in the random operator

(1.5) HY = —Ar + V1,

where \ denotes a (strictly) positive coupling constant. We will call this Hamiltonian
the Anderson model on I'. Choose some 0 € I' and let us define its associated
integrated density of states as

(1.6) NT(E) :=E[(60, 1(~c0,51 (H,,)00)],

which is a function of the energy F € R defined on R. Here, and in the rest of the
paper, 1g denotes the indicator function of the set S, the operator 1(_eo j(H,) is
the spectral projector on (—oo, E], defined by functional calculus and 6, € ¢*(T)
denotes Kronecker’s delta. The function N7 (E) is positive, increasing and take
values in [0, 1]. It is the cumulative distribution of the density of states measure,

which we denote by dA/.
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If one assumes that HY is ergodic [PF92; CL90], then (1.6) is independent of the
choice of 0 € T" and we know that there exists some set > C R such that

(1.7) Y :=o(HL) = o(—Ar) + A suppwy = supp dN",

for almost every w. This is the case if I" is the graph Z? or the Bethe lattice B
defined below. We will denote by Ej the bottom of the almost sure spectrum, i.e.

Ey :=inf ¥ = inf o(—Ar).

It is well known that the asymptotic behavior of the integrated density of states
close to the bottom of the spectrum FEj is very different in the presence of disorder
(see remark 1.2 below or [KMO06] for a survey). In this work, we study this behavior
on a graph known as the Bethe lattice, which we define as an infinite connected
graph, with no closed loops and degree constant and equal to k+ 1. If k =1, we
obtain with this definition the graph Z. From now on we fix k > 2 for the rest of
this paper and we denote this graph by B. Whenever we omit the index I' it will
be assumed that I' = B.

This paper is devoted to the proof of the following theorem.

Theorem 1.1. Let k > 2 and H,, be the Anderson model on the Bethe lattice of
degree k + 1. Then, if

(1.8) v := limsup \/Elog}logIP’(Vw(v) <rR)| <1
K \0

then inequalities (1.1) hold and thus

. loglog|log N(E — Ej)| 1
1.9 | = ——.
Remark 1.2. e The fact that the integrated density of states decays faster in

presence of disorder has been known to hold rigorously since the works of
Nakao [Nak77] and Pastur [Pas77] on R¢. Analogous results have also been
obtained in the discrete setting I' = Z%. In this case, if A = 0 in (1.5), then
logNZ(E) d

im ————% = —

ENEo log(E — Ey) 2’

while as soon as A # 0, (and with a restriction analogous to (1.8))

log[log NZ*(E d
i [Bllos N7 (B)] __d (Lifshitz tails)
ENEy  log(E — Ejp) 2
e In absence of disorder, the density of states of the free Laplacian on the
Bethe lattice can be calculated explicitly (see [Kes59; McK81]),

(1.10) AN (E) :=d{b0, L(~o0,5)(—AB)d0)
k+1 4k —(E—k—1)?
2 (k+1)2—(E—k—1)2

(Van Hove singularity)

=1;(F)

dE,
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with I := o(=Ag) = supp dNy = [(VE — 1)?, (Vk + 1)?]. In particular, we
see that for any k£ > 2

logNg(E) . 3

ENEo log(E — Ey) 2

e The double exponential decay of the integrated density of states in (1.9)
stems from concentration inequalities, which are exponential in the volume
of shells of the Bethe lattice, and the fact that the volume of these shells
grows exponentially with their radius.

e Condition (1.8) tells us that the distribution of the random variables should
not decay too fast when we approach 0. It is satisfied, for example, by
uniform or Bernoulli random variables. We provide in the text a slightly
weaker version for which we can prove (1.9) but not (1.1). If this last
condition is not satisfied, it is indeed possible to show that the lower bound
fails (see lemma 2.3). Similar results are known to hold true in the Euclidean
settings (see [KMO06]).

To establish our main result, we will study the Laplace transform of dA. The
study of the integrated density of states through the Laplace transform of its
derivative goes back at least to Pastur [Pas71]. This last work together with
the celebrated result of Donsker and Varadhan [DV75] on the asymptotics of the
Wiener sausage were used to give a rigorous proof of the Lifshitz tails for the
continuous Anderson model with Poisson impurities, see [Pas77; Nak77]. The same
ideas work in the discrete setting [BK01]. The spectral theorem shows that the
Laplace transform of the density of states measure dN is the continuous solution
u: [0,4+00) x B — [0,400) of a heat equation associated to H, evaluated at one
point. Thus, the proof of our main theorem will be a consequence of our next
result, which is related to the following Cauchy problem:

(1.11) %u(t,v) = Apu(t,v) — Vyu(t,v), for (t,v) € (0,00) x B

u(0,v) = dop(v) for v € B.

The solution ¢ +— u(t, - ) is the solution to the heat equation with random coefficients
and localised initial datum dg. Again, 0 € I is here any point of the lattice and the
results are independent of this choice.

Theorem 1.3 (Annealed regime). Assume (1.8). There exists some € > 0 and
t* > 0 such that for allt > t*,
et €

1.12 —t(Ey+ ——)) <E[u(t,0)] < exp(—t(Fp+ ———

112) et (B ) < Bt 0)] < exp(-4(Fo + -5
Remark 1.4. Obviously exp(—t(Ey + |O((logt)™?)|)) = exp(—|O(t(logt)~?)|) but
the quantity Fy + |O((logt)™?)| can be regarded as an energy in the spectrum %
close to the bottom Ej.
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FIGURE 2. The infinite rooted tree.

The long term behavior (1.12) at the node 0 € I" of the solution to the heat
equation (1.11) is well approximated by finite volume versions of the same problem
(using e. g. Feynman—Kac formula). More precisely, we will look at the solution to
the Cauchy problem on a ball of radius L =< t with Dirichlet boundary conditions,
i.e. we require that the solution is zero outside this ball. The solution of the finite
dimensional problem is then bounded above by a term of the form e_tEGS(HW‘BL),
where Fgs(H,|BY) denotes the smallest eigenvalue of H, restricted to the ball
BL. A crucial ingredient of our proof consists in replacing the balls B by finite
symmetric roooted trees T.

Let us introduce some more notation. We let 7 be a rooted tree with branching
number k, this is, an infinite connected graph which has no closed loops and such
that the degree is constant and equal to k+ 1 on every site, except at one particular
site 0, which is called the root of the tree (see fig. 2). Note that we can embed this
infinite graph into the Bethe lattice B. In this note we consider finite versions of
this tree, namely, for any natural number L > 0 we denote by 7% the subtree of T
of finite depth L, consisting on all those sites at a distance L — 1 or smaller from
the root 0:

TE={veT:d"(0,v) <L—1}.
Here d*'( -, - ) denotes the graph distance associated to the graph I'. By introducing
the notation (which we use later) |v| = d7 (0,v) + 1 for the “level” of the node v,
we can also write 75 = {v € T : Jv| < L}.

These finite symmetric rooted trees look like the balls BY C B, centered at 0,
after removing entirely one of the branches attached to the center of the ball . Note
that 7% is a finite connected graph which has no closed loops and such that the
degree is constant at each site except at the root and at the leaves {|v| = L}. We
also picture these finite subtrees as subsets of the infinite Bethe lattice B. Let now

Hf = Hw|7'L

be the Hamiltonian H,, restricted to the subtree 77 of length L with Dirichlet (also
called simple) boundary conditions. We denote by EZ; the ground state energy of
HEL i e.

E{;JS ;= inf <H£gp, (p> .

llell2=1
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We can now state our last result.

Theorem 1.5. Asssume (1.8). There exists some € > 0 and L* > 1 such that for
all L > L* we have

Ey+e(logL) > < BE, < Ey+ ¢ '(log L) 2
with probability at least
1 — exp(—eb).

To finish the presentation of our results, let us note that an immediate corollary
of theorem 1.5 is that

log(EL — E
(1.13) i eFa—Fo) oo

L—oo  loglog L
In fact, the Borel-Cantelli lemma implies this, since

log(FLs — Fy) log e
]P’(— > -2 — )
LXL:* log log L log log L Z exp(=

log(E&—Eo)
loglog L
comparison, in absence of disorder we obtain (see section 3):

Vkn?

so that limsup;_, < 2 a.s., and analogously for the other direction. For

L ._ Ly _ —4
(1.14) EO = EGS(_AB|T ) = E() + m + O(L )
which implies
log(EL — E
lim log(Ey — Ey) — _9 as.
L—o0 logL

1.2. Discussion. The results we presented concern an operator which appears
naturally in the study of the macroscopic properties of crystals, alloys, glasses, and
other materials. If one looks at the Schrodinger equation

i%2 = Hlp, 2 =-1
p(0) =o€ (), |lpoll3=1"

then the Anderson model HY defined by (1.5) describes the Hamiltonian governing
the behavior of a quantum particle having an initial state ¢y in a disordered
medium. Its integrated density of states measures the “number of energy levels
per unit volume” and is a concept of fundamental importance in condensed matter
physics, as it encodes various thermodynamical quantities of the material, spectral
features of the operator and properties of the underlying geometry.

The Anderson model has been the subject of hundreds of physical and mathe-
matical papers. One of the most studied mathematical features of this model is
the phenomenon known as Anderson localization, i.e. that the spectrum of the
random operator exhibits pure point spectrum with probability 1, for any strenght
of disorder, whereas the free operator has only absolutely continuous spectrum.

(1.15)
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We invite the interested reader to consult the monographs [CL90], [PF92], [Sto01],
[His08], [Kir07].

One of the hallmarks of Anderson localization is the so-called Lifshitz tails
behavior, i. e. the exponential decay of the integrated density of states at the bottom
of the spectrum. It is well known that such a decay, together with additional
assumptions on the regularity of the random variables, provides one of the main
ingredients to start the multi-scale analysis, see e.g. [GK13], or to satisfy the
fractional moment criterion ([AM93]). These strategies have been succesfully
applied to prove the existence of localization in a neighborhood of the spectral
edges, for example when the graph is Z¢ (the model introduced originally by P. W.
Anderson in [And58]) or its continuous version on R?.

The Bethe lattice is of interest in statistical mechanics because of its symmetry
properties and the absence of loops. It allows to obtain closed solutions for some
models, e. g. in percolation theory and the non-rigorous scaling theory of Anderson
localization. In our setting, the resolvent of the operator H, on the Bethe lattice
admits a recursive representation (see e.g. [Ros12]), but in this work we make
no use of these formulae. It was for these reasons that the model was studied
in [ATA73] and it enjoys some renewed interest in the physical community (see
e.g. [BST10; BS11]). Because of its exponential growth, it is also of interest in
connection with the configuration space of many-body problems [Alt+97].

Perhaps one of the most striking features of the operator defined on the infinite
tree B is the absence of pure point spectrum at weak disorder [Kle96; AW11b;
AW11a]. For a survey on recent progress on the spectral properties of the Anderson
model on the Bethe lattice see [Warl3]. At weak disorder, thus, this model exhibits
no Anderson localization, even near the spectral edges where Lifshitz tails take
place. For the Anderson model on the Bethe lattice, the existence of a Lifshitz tail
does not imply localization. We remind the reader that in the Euclidean case, the
absence of localization at higher energies and therefore the existence of a spectral
transition is still an open problem.

The parabolic problem (1.11) is the heat equation associated with the Anderson
Hamiltonian and is well studied under the name of Parabolic Anderson model. Tt
describes a random particle flow in the tree B through a random field of soft sinks,
which can also be seen as traps or obstacles via the Feynman—Kac formula. There
is an additional interpretation in terms of a branching process in a field of random
branching rates. We refer the reader to [GK05; KW] for a survey. In this context,
one is usually interested in the behavior of the total mass ||u(t, - )||; of the solution
for large ¢ > 0, which is also the behavior of the solution to the heat equation with
initial datum u(-,0) = 1 at one point. Because of the exponential growth of the
graph, we were not able to study this quantity. However, theorem 1.3 is a first step
in this direction.

A related question of interest is whether there is intermittency in this setting.
Following the heuristics described in [KW], intermittency can be understood as a
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consequence of Anderson localization. On the other hand, Lifshitz tails have been
proven as a by-product of the proof of intermittency in the parabolic Anderson
model in [BKO01]. Given that we may have absolutely continuous spectrum in spite
of the existence of Lifshitz tails, the answer to this question is an interesting subject
for further studies.

This discussion would not be complete without citing some previous results. The
Lifschitz tails behavior for a percolation model on the Bethe lattice was studied in
[Rei09)], see also [MS11]. In [Sni89] similar bounds to ours are obtained for N and
for A in the hyperbolic space, which is the continuous analog of the Bethe lattice.
In our setting, Lifshitz tails were studied in [BS11; Ros12]|, where in particular a
rigorous lower bound

i inf loglog|log N(E — Ey)| S _1'

E—Eo log(E — Ey) 2
is established. A proof of any type of decay other than the trivial one has resisted
several attempts to be rigorously proven. We will try to explain now why.

The first problem concerns the finite-dimensional approximation of the infinite
dimensional operator. In the standard setting of the Anderson model I' = Z?, if we
let

Ap={veZ: ||v]|. <L},
then the thermodynamic limit of the normalized eigenvalue counting function
1) i FOULIA) OO E) |t Los(HulAL)
L—o0 #AL L—oo #AL

converges almost surely for every F where A is continuous. In this setting as
well as in the continuous version on R?, the limit defined in (1.16) is independent
of the boundary conditions. That this limit coincides with the averaged spectral
function N at these points is known as the Pastur—Shubin formula. There is a
wealth of results in this direction in different settings. It holds in particular on any
amenable graph T' (like Z%) if we choose the sequence A, as a Fgllner sequence.

The limit (1.16) may have different limits depending on the choice of boundary
conditions when the graph is not amenable [AWO06]. In particular, the usual
Dirichlet-Neumann bracketing is of no hope. A similar phenomenon occurs on the
hyperbolic space [Sni89; Sni90]. This leaves us with the problem of finding the
right finite volume approximations. In [SS14] it is proven that the Pastur—Shubin
formula holds in great generality. This setting includes the Cayley graph of a
free group. The finite volume approximations are the analogous of the periodic
boundary conditions in the Fuclidean case. Unfortunately, the rate of convergence
of the approximations to the averaged spectral function (1.6) is unknown. An
approach of a different vein was explored in [Geil4]. Here one looks at this problem
on random regular graphs. It is indeed known, since the pioneering works of McKay
[McK81] and Kesten [Kesh9], that the density of eigenvalues of the free Laplacian
of random regular graphs converges to the measure given by (1.10). This approach
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introduces another source of randomness and seems difficult to study. We avoid
these difficulties alltogether by approximating the integrated density of states only
at low energies.

In this work we consider Dirichlet restrictions of the operator to finite trees 7T%.
We show that these are good approximations as long as we look at the bottom
of the spectrum. The problem then reduces, as usual, to that of finding good
upper bounds on the ground state energy Fgs(H,|T%) with good probability. In
the standard Anderson model, one usually uses Temple’s, [Sim85], or Thirring’s
inequality, [KM83], or perturbation theory, [Sto99]. Unfortunately, they are all
based on the premise that the ground state of the perturbed operator, modulo
some small error, should look like the one of the free operator. This reduces the
problem to study only the effect of the random potential on the ground state of
the free operator. The error term in these methods is related to the spectral gap of
the free operator, i.e. the distance between the first and the second eigenvalue. In
the Euclidean setting both the first and the second eigenvalue of the free operator
with Dirichlet boundary conditions are of the same order, whereas in our setting
we have (1.14) but the scond eigenvalue of —Ag|T* behaves as

Eos(—Ap|T") + O(L73).

See section 3 for these calculations.

1.3. Strategy of proof. In order to make the reading of this paper easier, we
provide here a road map for the proofs and a table of notations in page 16. This
will also allow us to comment on some results and acknowledge some sources. To
simplify the (not necessarily rigorous) exposition, we assume k = 2 and ¢ > 0 a
small constant which may change from line to line. We also write A < B,B 2 A
if there exists a constant ¢ such that A < ¢B; A< Bif A< Band A2 B. As
usual, to prove theorem 1.1 we prove lower and upper bounds separately.

1.3.1. Lower bound. We first prove lower bounds on the integrated density of states,
which is usually easier. This is done in section 2. Note that a rigorous proof of the
lower bound was already obtained in [BS11] and [Ros12]. Our method is not very
different from the one in [Ros12], but we do identify the sharper condition (1.8).
Another novelty is that we also obtain a precise lower bound for the ground state
energy on finite rooted trees. Indeed, as will be clear, to obtain the lower bound of
the Lifshitz tails it is enough to prove that for large L

(1.17) Eit < Ey+el™
holds at least with probability

e~ 1iL

(1.18) e

This is usually proven by finding a suitable test function. In [Rosl12| the test
function corresponds to the ground state of the free Laplacian and the probability
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(1.18) corresponds simply to the probability that all the random variables on the
tree are small.

Our proposition 2.1 corresponds to the upper bound in theorem 1.5. It is proven
by localizing the test function to a subtree of length log L (see fig. 3 in page 18).
This is crucial to prove that the almost sure behavior of EL; is of order (log L) ™2
for large L. We show then that this upper bound implies the lower bound in (1.2)
(corollary 2.5) and a Tauberian theorem (lemma 2.6 and proposition 2.7) gives the
lower bound in (1.1).

1.3.2. Upper bound. In section 3, we introduce some elements and tools we will need
in the course of the proof. Because these calculations make no use of randomness,
we decided to isolate them in their own section.

We first study the spectral theory of the free Laplacian on finite trees, calculating
explicitly all the eigenvalues and an orthonormal basis of eigenfunctions (lemmas 3.1
to 3.3 and 3.5). The eigenfunctions have their support confined to disjoint subtrees.
This property is crucial when we study the action of the random potential in
section 4.

We then prove an analog of the Ismagilov-Morgan—Sigal (IMS) localization
formula on trees (proposition 3.6). The proof is of interest on its own as it can be
adapted to very general discrete settings. In this work, we have decided to prove it
only for functions in ¢*(Z) (lemma 3.7) and then carry it over to the tree by means
of the spectral theory of the free Laplacian.

We finally prove in this section an uncertainty relation for truncated eigenfunc-
tions on the tree. Explaining the details here would make this road map too long,
but see below to see how this truncation is used. We also prove first this property
for functions in £%(Z) and then use the spectral theory to prove it on £2(T%).

In section 4 we prove the upper bound in (1.1). It proceeds roughly as follows.
The first step is a Tauberian theorem. It is an elementary consequence of an upper
bound on the integrated density of states for energies close to Fy using the large
time decay of the Laplace transform N/ (¢) of its derivative (proposition 4.2). We
include it for the sake of completeness. It says the following: if for some ¢ > 0

(1.19) N(t) < exp(—t(Ey + c(logt)™?))  fort > 1
then
N(EB) < exp(—eE-F)™y for B — By < 1.
We then do a reduction to a finite scale (proposition 4.3). We show that we can
restrict the operator to a ball, as long as the ball grows linearly with the time t:
N(t) = E{do, e M 8y) < BBy, e B 50) + e with t = (L and ¢ > 1.

The approximations H,|B* considered in this step correspond to the Hamilton-
ian H,, restricted to balls of radius L with simple (also called Dirichlet) boundary
conditions. A proof using the Feynman—Kac formula is contained in [Ros12] (follow-
ing [BKO01]). We provide a somewhat elementary proof of this fact, which appears
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to be new in this context. The idea is to compare the series expansion of both
e tHo and e tHwB" and expand the matrix products of the terms (8, (—tH,,)"5)
as products of paths from dy to dy of length at most n/2. This is a discrete version
of the Feynman—Kac formula. Because the coefficients of both H,, and its approxi-
mation coincide in a large ball, the error we make is easily estimated by the tail of
the exponential series.

The next step consists in simply replacing the operator by its ground state energy
(lemma 4.4). Using a spectral decomposition of dy in terms of the eigenfunctions
of H, leads to an upper bound of the form

(1.20) <50’eftHw|3L50> < o—tBas(Ho|BY)

It is easy to see (lemmas 4.5 and 4.6) that every ball is embedded in a finite
symmetric rooted tree and that we can replace the ball by a tree 77 because

e—tEGs(Hw\BL) < e_tEGS(HL%) where H£ = Hw|TL'

This is crucial in our argument, as we are able to use the spectral theory on the
tree as a makeshift “Fourier transform” in the probability estimates we describe
below. Using the two last inequalities and taking the expectation in (1.20) we see
that (lemma 4.7) for any £ > 0

E (8o, e 5" 6)) < et + e PoP[EL. < E.

As the (1.19) and the proven lower bound (1.17) suggest, one should take F =
Ey+ C(log L)™2% in the last inequality. Note that Egs(—A|TL) = Ey + CL™? is not
even of the same order. We perform then a reduction to an even smaller scale.
By using the IMS localization formula we go from the scale L to r = ¢ *log L
(proposition 4.9). By doing this, we trade energy for probability: the number of
subtrees of length log L is about k*7'°¢% < k' = k*" and thus

P[EL < By + C(log L)) < k" P[EL < Ey + Cr 2.
It is clear now that we need to prove a bound of the form
(1.21) PIEL < By + CL <", L>1

to obtain (1.19). Proving this bound occupies the last section of this paper.

To prove (1.21) we proceed as follows. The idea is that functions with low kinetic
energy average the random potential and this pushes their energy away from the
bottom of the spectrum. First we show that (up to an error) we can assume
that the (random) ground state ¢’ of HL is a linear combination of low energy
eigenfunctions. Using our “unique continuation principle”, we can furthermore
replace these eigenfunctions by truncated versions. The rest of the proof is a careful
analysis of the action of the random potential on functions of this type.

Let us be more precise. Every eigenfunction of A|TT is supported in some subtree
of .V of length L—|v| rooted at v € T (see section 3). We index the eigenfunctions
U, . by their anchor v € T* and their mode (or frequency) m=1,...L — |v|. Tt
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is not hard to see (lemma 3.3) that the eigenfunctions W, ,, close to the bottom Ej
satisfy

Cm 2
L—|v|+ 1>
We deduce then that the eigenfunctions ¥, ,, having small energy, i.e. those for
which

<AT\IJU,m7 \Ijv,m> ~ EO + <

Cm 2
— ) < 2
(L — |v| + 1) p
satisfy both that their modes are bounded by § (uniformly in L), i.e.
(1.22) m <

and that the distance of their anchors to the root of 7% is bounded linearly in L,
i.e.

The susbscript A here stands for “anchor”. The reader may imagine that the
ground state is (up to an error) “bandlimited in Fourier space”.

After this projection in “Fourier space”, we introduce a truncation in physical
space. This is necessary because low energy functions are not “flat” in the usual
sense. The reader will convince herself by looking at the ground state of A+, which
is radially symmetric and thus exponentially decaying from the root. Nevertheless,
these functions distribute evenly their £2-mass in the transversal direction. We can
thus throw away some of the mass close to the anchor and control precisely the
error by doing so(with our “unique continuation principle”). Let us call ¢* the
(random) ground state of HL we obtain after applying the spectral projection and
the truncation.

Most of the averaging now takes place away from the anchor in the radial
direction. Let us look at the potential energy of pl. If we center the random
variables

(Vo™ ¢") = (Vi = (Bwo))p", ") + (Bwo)ll¢” |2
then the first term in the sum is close to zero with good probability. The second
term of the sum is of order 1, which implies that we are far from the bottom of the
spectrum.

We proceed now to explain the probability estimates. To show that the potential
energy is concentrated around its mean we may use Hoeffding’s inequality, which
tells us that for fixed ¢ € £2(T*) we have

(1.24) (Ve = (Ewo))p, )] S 5.
with probability at least

1 — exp(—O(x*/ Var[((Vl, — (Ewo)), #)]))-
Cauchy—Schwarz then tells us that

Var[((V., — (Bwo)), )] S llelli-
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We cannot apply directly this inequality with ¢ because it depends on the
realization w. To get rid of this problem, we exploit first the spectral theory of the
free Laplacian. Because some spectral projectors have disjoint support, we are able
to reduce the metric entropy in the second step, which is a classical e-net argument.
The problem is now reduced to estimate the probability that inequality (1.24) holds
for every ¢ chosen from a fixed e-net. The last part of the calculation is thus a
uniform estimation of the #*-norm of functions both restricted in “Fourier” space
and truncated in physical space, which decay exponentially fast in k€.
This finishes our presentation of the proofs and the introduction.
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Table of Notation
I' = A graph. When it is missing from the notation we assume that I' = B
—Ar = Graph Laplacian of the graph I'

B = Bethe lattice of degree k (infinite graph)
BL = Ball of radius L of the Bethe lattice B
TL = Rooted tree of length L (every node has k children but the leaves)
Ey £ Bottom of the spectrum, Ey := inf 0(—Ag) = (Vk—1)2 = inf o (H,,)

E¢s(H) = Ground state energy of H, i.e. Egs(H) := inf),,=1(p, Hp)

1| | - 1| | 1| - 1| | - | 1| | | 1| | o

Integrated density of states of H, on B

Expected integrated density of states of H,, on B*

Density of states measure

Laplace transform of the density of states measure dA
Restriction of the operator H with simple b.c.

Probability

Expectation

Kronecker’s delta, i.e. §;(j) = 1 for i = j and zero elsewhere
Graph distance associated to I'

Ball of the Bethe lattice of radius L centered at v

Finite symmetric rooted tree of length L with root v
Augmented finite tree, i.e. Tt := TE W {x} and d(x,0) =1
Distance to x € T.L, i.e. |v] = d(*,v) = d(0,v) + 1.
Anderson Hamiltonian restricted to 7% with simple b.c.
Indicator function of the set S

u and v are neighbors, i.e. d(u,v) = 1

Adjacency matrix of the graph I'

Forward gradient on Z and its adjoint

Partition of unity on Z

r-scaled, radially symmetric partition of unity on 7

The constant in the error of the IMS formula

An energy defined as E}f) = 2Vk COS(M), see lemma 3.3.

I+1

L
15 = 1oy (k + 14+ AR TE) = Lp o0y (ABITT)
my) =1- 15’

unitball of /2(7TF)
unitball of ¢2(TF)

One of the non-trivial, bounded, i.i.d. random variables having 0 in
their support

p.t.o.
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Table of Notation (continued)

_ A . .
w = Expectation of the random variable w,
~ A . ~ _
w, = Centered random variable @, := w, — @
A .
w4 = Sup-norm of the random variables wy = ||wo||oo
~ A . ~ _
@, = Sup-norm of the centered random variables @y = ||Jwp — @||oo

2. LiFscHITZ TAILS: THE LOWER BOUND

In this section we prove the upper bound in theorem 1.5, the lower bound in
theorem 1.3 and the lower bound in theorem 1.1.

2.1. Locating the ground state on a finite rooted tree: The upper bound.
Denote by Ej the infimum of the spectrum of the free Laplacian A on the infinite
rooted tree with k children at each node, i.e. Ey := (vVk — 1)%. As we will see in
section 3.1, the ground state energy of the free Laplacian restricted to the finite
tree T* of length L (with the root on level 1) reads

Eas(—AITY) = By + 2Vk(1 — cos(

s
L+1

The distance between these two values is thus of the order of L=2 as L — oo. By
adding a nonnegative random potential V,,, we increase the ground state energy by
at least inf V,,(T%). Our first proposition gives a probabilistic upper bound on the
random ground state energy of the random operator HX := —AL +V,, on TT.

)) > Fy.

Proposition 2.1. Assume that the single-site potentials V,,(v), v € T, satisfy
(2.1) v := limsup v/k log|log P(V,,(v) < k)| < 1.
kN0

Fiz Cy, > 1+ 7*Vk(logk)?/(1 — v)? and ¢ € (0,1). Then there is a scale Ly =
Lo(k,v,Cy,¢e) such that, for all L > Lo, we have

P(info(H}) < By + Ci(log L) %) > 1 — exp(—k°").

Remark 2.2.

e Condition (2.1) restricts the tail behaviour of the distribution function of
the single site potentials at 0. This guarantees enough probability for small
single site potentials. The result shows that the ground state is shifted
from the scale L= not further than (log L)~ with probability exponentially
close to 1 as L — oco. Without condition (2.1) the distribution of the single
site potentials could have topological support bounded away from 0, which
would shift the spectrum by a positive distance almost surely.

e The upper bound on the ground state provides a lower bound on the
integrated density of states, see proposition 2.7. The classical assumption
for a lower bound on the IDS on Z¢ is that the cumulative distribution
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FI1GURE 3. Support of test function ¢, :=
at v € Sp_yi0gL-

function of the single site potentials vanishes not faster than a polynomial
at 0:

(2.2) AC5, v > 0: Ve > 0: P(w < k) = (Csk)".

This is e. g. satisfied for the uniform distribution on an interval [0, a|, a > 0,
and all nondegenerate Bernoulli laws. Condition (2.2) implies v = 0 and
thus (2.1).

Proof of proposition 2.1. Let v := nv/k//Ci — 1 and note that
0<y<(1—-v)/logk.
We denote by
St togr = {v €T |v|=[L—~vlogL]}
the sphere of T% at level [L — ylog L] and by 7,% the subtree of T rooted at v.
Define the function ¢, € £2(T%) by

_ 2 o |wl— [+ 1 L
QOH(U}) = ]_7;L<w)\/<L — |U| I 2)k\w\—|’u|+l SlH(ﬂ'm), (U) € T )

The support of the function is then 7.7, see fig. 3. In section 3 we will see that ¢,
is the normalized ground state of the free laplacian restricted to T.F, trivially
embedded in 7. We also see that the corresponding eigenvalue is
T T
k+1-— 2\/Ecos<—) =Wk-12%+ 2\/E<1 - cos(—)).
|vlog L] +1 ( ) |[vlog L] + 1

We will use the states ¢, v € Sp_410g 1, as test functions to probe for the ground
state energy of HE. In the quadratic form (—Ag,, ¢,), we sum only over the support
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of ¢,. Hence, (—Ay,, p,) is the eigenvalue of ¢, on T.F. Since 1 — cos(z) < z?/2
for all x € R, we see that

2k _ 2Vk
(Ivlog L] +1)2 = 7% " 42(log L)?”

We ask the potential to be small on at least one of the subtrees 7;L, v € SL_ylogL-
To this end, let x := (log L)~ and

Q) :={w:3Fw € S _r10gr: max V,(w) < k}.
weTk

v

<_ASOU7 §0v> < EO +

For all w € Q}, we have

info(HY) < inf  ((—Apu, 00) + (Vow, 90))

UGSLf’ylogL
2Vk
7?(log L)

For the probabilities, this implies
P(Q)) < P(info(H)) < Ey + Ci(log L)7?).

We have to estimate P(€}) from below. Choose § € (0,1 — v — vlogk). From

v < 1and (2.1), we get an L{, > 0 such that, for all L > L{, and all w € TF,
llog P(V,,(w) < )| < exp(k~2(v + 0)) = L"*°.
We use this to build a lower bound of P(€2}) in several steps. Note that for each
v € S_+10g L, the subtree T.F rooted at v has #T.F = Z}l}fg“ k< klylos L+l <
kL71°8* nodes. Therefore, we have
|log P(max V,,(w) < k)| = Z |log P(V,(w) < k)| < kLlogktvo
weTk
weTk

Now we use #8,_1og, = kIE7108L1=1 > EL=vlogL=1 ¢4 find that the probability to
find at least one v € Sp_ 1051, Where the potential is uniformly bounded by x > 0,
satisfies

< E0+ + Kk < Eo—l—C’l(logL)’Q.

/ —
P@)=1- ]| (-PB(maxV(w)<w)
'UESL—'ylogL

—1- 1 — exp(—|log P <
IT (1 —exp(—log (max V.,(w) < »)D)
'UESL—'ylogL

>1- <1 — eXp(—k’L’Ylogk-i-l/-i—&))#SLWIOgL

ka'y log L—1

>1-— (1 _ eXp(_kL'ylongrqu&))

From log(1 —p) = = >, p’/j < —p, we see
(1 —p)* = exp(zlog(l — p)) < exp(—pz)
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for all p € [0,1] and = > 0. This yields
]P)(QIL) 2 1 — exp(— exp(_kijlogk—&—V—&—é) kL—'ylogL—l)
=1 —exp(—exp(Llogk — kL7'8F 00— (y]og L + 1) log k) ).

The important fact here is ylogk+ v+ 0 < 1. Thus, for all € € (0,1), the exponent
satisfies

Llogk — kLYektv 0 _ (y]log I 4+ 1) logk > eLlogk
as soon as L is large enough, say L > Ly > L{. The proposition readily follows. W

We address briefly the question of the optimality of condition (2.1). Let us first
note that to prove the lower bound for the Lifshitz tails with exponent 1/2 it is
enough to prove that for every 7(0,2) we have

info(HY) < By + (log L)™, L>1

with good probability (compare this to the consequence of proposition 2.1). This
leads us to consider the slightly weaker condition

vn € (0,2): limsup /" log|log P(V,,(v) < k)| =0,
K\ 0

which is implied by condition (2.1). The following lemma shows that we can not
expect to do better than this.

Lemma 2.3. Suppose that for some n >0

(2.3) lim\Sélp KL/ log|log P(V,,(v) < k)| > 0.

Then, if n" > n and { > 0, there is a sequence L; — oo for which
P(inf o (HY) > By + (log L;) ™) > 1 — exp(—(L;).
Proof. We start with the simple bound
inf o(HY) > FEy + min V,,(v).
veTL
Then, it is enough to prove that for ' > n and { > 0, there is a sequence L; — 0o
satisfying
(2.4) P( min V,,(v) > (log Lj)’”/) > 1—exp(—(L;).

veT i

Condition (2.3) implies for any " > 0 such that n < n” < 7 there exists some
sequence r; — 0 satisfying

[log P(V,(v) < k)| = exp(s; 7).
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We can always assume that the x; are small enough by removing some elements

of the sequence. Letting L; = (exp(ﬁj_l/ nlﬂ this implies that for any ¢ > 0 there
exists some L* such that for all L; > L*

!logP(Vw(v) < (log Lj)’"/)| > exp((log Lj)”//"ﬁ) > (L;.

Using the independence of the random variables and the fact that |log(1 —p)| < 2p
for 0 < p < 1, we see that for any ¢ > 0 there is some sequence L; — +o0o so that

log P(min V,(v) > (log L;) ") =} log(1 = P(Vu(v) < (log ;) "))
veT "I L.
veT "I
[T 1og(1 — P(V..(0) < (log L;) ™))
—2kM P (V,(0) < (log L) ™)
—9kellogk)Lj—CL;

VoWV

(2.5)

In particular, using that (2.5) is small and exp(—xz) = 1 — x + O(2?), we see that
for any ¢ > 0 there exists some sequence L; — oo satisfying (2.4). This finishes
the proof. [ ]

If we assume condition (2.3) with n < 2, this last result and the methods we
introduce later in section 4 can be used to prove that there exists some sequence
E} ™\ 0 for which

log log|log N'(E7)| 1

lim su < ——.
e log(B} — Ey) 2

It is thus impossible to obtain the lower bound in proposition 2.7 under this
assumption.

2.2. The lower bound on N(FE). The upper bound on the ground state in
proposition 2.1 implicates a lower bound on the integrated density of states N/,
formulated in proposition 2.7. The strategy of proof is the same as in [Rosl2,
section 2.1]. Nonetheless, proposition 2.7 improves the prerequisites under which
the lower bound holds, cf. remark 2.2.

The following lemma is taken from [Ros12, section 2.1.1] and adapted for trees T*
instead of balls of the Bethe lattice.

Lemma 2.4. For all L € N, t >0 and E' > Ey, it holds true that
N(t) > e B P(inf o (HE) < B J#T*.

Due to the change of notation and for the convenience of the reader, we repeat
and detail the proof.
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Proof. Let L € N and E € R. Ilp := 1(_ g(H,,) is the spectral projection of H,,.
According to (1.6), the integrated density of states is given by

N(E) = El{d, Tpdo)] = (AT S B[(6,,1gb,)] = (4T Efir(Lys Holy)]
veTl

For the Laplace transform of A, the spectral theorem gives
N(t) = /e_)‘td./\/‘()\) = (#TH)'Eltr(172 exp(—tH,)171))

for ¢ > 0. [Sim05, Theorem 8.9] states
(2.6) tr(17z exp(—tH,)171) > tr(exp(—tHY)),

where HL := 1,7 H,17.. This is easily seen with help of spectral measures. Due
to the convexity of A — e™*, for each v € T, the Jensen inequality gives

(0, exp(—tHL,)5,) — / exp(~1A) dpg, (A) > exp / Ndps, ()
= exp(—t(0y, H,0,)) = exp(—t(dy, L7z H,1710,))
= <5va eXp(_tH£)6v>7

where y5, is the spectral measure of H,, with respect to &,. Summing over v € TL,
we obtain (2.6). The Laplace transform is thus bounded by

N(t) = #TH)Eltr(exp(—tH))] = (#T7)'Elexp(—t inf o (H7))].
The Markov inequality reduces the last expectation to a probability
P(inf o (H:) < E') < e'F'Elexp(—tinf o (HE))]
and finishes the proof. [ |

Corollary 2.5. Let C be the constant in proposition 2.1. Fort > 0 large enough,
then

N(t) = %e_t(EHz(locglL)?)

Proof. We choose L = (t and E' = Ey + Cy(log L)~2. Note that
#TL _ Z _ OLflk,i < kL _ e(tlogk.
This, lemma 2.4 and proposition 2.1 gives

N(t) >

eft(E()‘FCl (log ¢t)~2)—tC log k

—t(Eo+C1(2logt)~?)

WV
N — DO —

e
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As known from Tauberian theorems, the behavior of N (t) as t — oo and the
behaviour of N'(E) as E N\, Ey are related. The following is taken almost verbatim
from [Ros12, (2.27)].

Lemma 2.6. For allt > 0 and E > Ey, it holds true that
N(E) = ePoN (t) — e "E-Fo),
For completeness, we give the short proof.

Proof. Integration by parts, with vanishing boundary terms since N'(Ey) = 0, gives

N(t) = / Ooe’”d/\f()\): / Oote’t’\./\f()\) dA

Eo Ey
E 00
< N(E) / te ™ d\ + / te ™ d\ < e FON(E) + e 7E.
Eop E

This is equivalent to the claim. |

Together with proposition 2.1, lemmas 2.4 and 2.6 are all that is needed to prove
the lower bound of the Lifshitz tails. More precisely, we obtain the following.

Proposition 2.7. Assume (2.1) and fix Cy as in proposition 2.1. Then there exists
A > Ey such that, for all E € (Eg, A), it holds true that

N (E) > k22 (VEOTEE) 1y

In particular,
log log|1 E 1
lim inf ~8 ogllog V' (E)] > ——.
ENEy  log(E — Ejp) 2

Proof. Lemmas 2.4 and 2.6 concatenate to
N(E) > (#TEH) et =EIPp(inf o (HE) < E') — e 1 E-E0)
= (#TH) P EIP(inf o (HE) < B') — 1)eHEF0),
which is true for all ¢ > 0 and E, E’ > Ey. We choose E' := (Ey + E)/2. This
ensures ¥ — E’ > 0 and will enable us to choose t large enough to make the lower
bound positive.

But first we have to deal with the probability. In order to apply proposition 2.1,
we let L := [exp(y/2C1/(E — Ey))|. That way, E' > Ey + C1/(log L)? and,
provided E — Ej is small enough so that L is large enough,

P(info(HL) < E') > P(info(HY) < By + Ci(log L)) > 1 — exp(—k"/?) > 1/2.
Up to now we know, for all ¢t > 0 and L large enough,
N(E) > ((2#TL)—let(E—Eo)/2 o 1)e—t(E—E0).
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It is time to choose t := 2log(4#T*)/(E — Ey), that is, (2#T %) te!(F-Fo)/2 = 2

and

(#TL) k2t 1 o ex 1/(E—Eo
N(E) > exp(—2log(4#T")) = 16 Z 16 > Ek 2-2exp(/2C1/(E E))'

It is now easy to read the exponent of £ — Ej from the limit inferior of this lower
bound on the Lifshitz tail behaviour , i.e., —1/2. This finishes the proof. [ |

3. DETERMINISTIC PREPARATIONS

We develop the spectral theory of finite rooted trees. The spectrum was already
calculated in [RRO7], but we need the eigenfunctions, too. The radially symmetric
generalized eigenfunctions for the (infinite) Bethe lattice were calculated in [Bro91].

Recall that we denote by T the (nodes of the) rooted tree of length L with k
children at each node except the leaves, by 0 the root of the tree and by |v| =
d(0,v)+1 the “level” of the node v. For indexing reasons, we introduce the notation

L= TL W {*} for the (nodes of the) rooted tree of length L augmented by a
vertex * with x| = 0, such that  is a parent of the root. Any function in ¢2(71)
is understood as an element of ¢*(7,L), too, with the value 0 on *.

3.1. The spectrum of the adjacency matrix on a finite rooted tree.

Lemma 3.1. For each m € {1,..., L}, the radially symmetric function defined by

TE S v Yk (v) =

(L+12)k|” —sin( )

is a normalized eigenfunction of the adjacency matriz AR of the rooted tree T
with eigenvalue

= 2\/ECOS<L+ 1)

Proof. Let 6 := %% € R. We check first the eigenvalue equation for v € TE:

1

APy = Y h(w)

weT L w~w

=/ ez sin((jo] = 1)6) + ky [y sin(@([v] + 1))
=4/ L+1)k\l 5 - 2sin(|v]0) cos(0) = ALk (v).
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The third equation employs sin(a + ) = sin(«a) cos(f) + cos(a) sin(B), «, § € R.
We check now that they are normalized. This is seen via

L L

2sin?(0¢ 1 . .
A AGIE= S£n+(1 ) _ S e e

veTL /=1 /=1

2i6 A(L+1)0 =200 _ o—2i(L+1)0

1 e —e
L (- o Y
2(L—|—1)< 1 — 2if 1 — o2i )

where we used eI — ¢£2mim — 1 ip the last step. [ |

Since the radially symmetric functions on 7% form a linear subspace of £2(T%) of
dimension L, lemma 3.1 lists all radially symmetric eigenfunctions of A%, We now
construct the remaining non-radially symmetric eigenfunctions on 7. Recall that,
for each v € T, we denote by T.F the subtree of T rooted at v and of length
L—|v|+ 1.

Let ve TE1 CTE and u € T.E, u ~ v. The node u is the root of a subtree T.-
isomorphic to 72"l According to lemma 3.1, we have L — |v| radially symmetric

cigenfunctions i, m € {1,...,L — |v|}, of the adjacency matrix of T.X, given
by
(1) wllw) = - sin( " (fu] — o))

wm (L +1— |v])klwl=lv-1 L+1—|v

for w € TF. We trivially extend ¢£,"! to a function on 7% by assigning 0
to the complement of 7.X. For a given v € T*, we will agglutinate below the
functions i, u € TE u~wv, at v, see (3.2).

Note that 73" = {v} U{u € T : u ~ v} is isomorphic to T2 as a graph. The
matrix representation of A with respect to a basis (d,;v € T2) with the root as
the first entry is

0O11 ...1
100 0
100 .0
100 ... 0
with dimensions (k+1) x (k+1). The kernel of A on 7?2 has dimension k—1, so we
can find k — 1 normalized and orthogonal real eigenvectors 1, j € {1,...,k —1},
v|+1

of A® associated to the eigenvalue 0 on 7,”"". These eigenvectors assign the

. +1
value 0 to v, since for any u € T , u # v, we have

Uy (v) = APy (u) = 0 -y (u) = 0.
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We set

(3.2)

wam = D wg(u

ue€T L u~v

To unify notation, we define WZ, —:= 4l and ;- (v) := 1 for the root v of T*,
too, as well as

J o= {1} for v = % and
UL, k=1 ifue TR

We call a triple (v, j,m) L-admissible if v € TX7Y, j € J,, me{l,...,L— |v]}.

Lemma 3.2. The vectors \Ifﬁjm with (v, j,m) L-admissible are normalized eigen-
= Mo = = 2v'k cos (2
and form an orthonormal basis of (*(TT).

vectors of AL with eigenvalues \- respectively,

v,j,m L+1— H)

Proof. Let (v, j,m) be a L-admissible. In the case v = *, lemma 3.1 tells us that

Lim =¥k is a normalized eigenfunction of A", From now on, we let v € 75"
Note that
(33) D i) = AP (0) = 0+ 455 (v) =

uETE u~v
Since WE . is pieced together from eigenfunctions on trees with the same eigenvalue,

v,j,m

the only node we need to check is v itself. We use (3.3) to see that

A(L)\Ijﬁ,j,m(v) = Z djqij(u)wi’r_n‘vl( ) = 0 - Aﬁ]m v,7,m (U)

2y

uETE w~v
Thus, all ¥}, are eigenfunctions of AL,
Orthonormality is our next goal. For v € TX=1 m € {1,...,L — Jv|}, m' €
{1,...,L} and j € {1,...,k — 1}, we have

<\ijlm7 v,7,m Z 1/} wL |1}>:

ueTL u~v

since (L, f,ﬁz'v|> is constant in w and (3.3). For (v,j7,m) and (v',j',m') L-
admissible with v,v’ € TE~! we distinguish the following cases.

o If N}, 7é A s 1> then (\Pﬁ]m, Wk ) =0, since AP is symmetric.

e Letv#£0v. Ifve TL or v' € TF, then the argument from above for v/ = *

applies. If v and v’ have disjoint subtrees, then the supports of Wl im
and UL . are disjoint. Either way we reach (WL . WL = 0.

m/,j v,J,m? v,m’,j’>
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L _\L _ m/m
e Assume v =', A, = Ay . We thus have cos(55% B |) = COS(—L+1—|U|)'
Since = € (0,7) and cos|(o,x) is injective, we deduce m = m’. Conse-
quently,

-1 7 N —lv L—|v
(O Uiy = Y () (W) (L v )

w,u €TL uu/ ~v

N Z W ij”(u) = 5;',]'/,

u€TE u~v

since 1,; and 1, are orthonormal and ¢, (v) = 0.
We now know that the set of all UL, —with (v,5,m ) L-admissible is orthonormal.

v,7,m
To identify this orthonormal set as a basis, we simply count all L-admissible

triples:

L—|v| k—1 L—|v|
3 3B ST 3 3 o
veTE-1j€Jy m=1 veTL-1 j=1 m=1
L1 L1
_L+ZM Wk —1)(L— () = —1)<LZM—1—ZW—1>
=1 =1
KEl 1 LRk —1)— (ke — 1) K —
L+ (k-1(L _ _ |
+( )( 1 (k;—l)2 ) k—1
This is exactly the dimension #77% = S k! = E=L of 2(TT). |

We study the behaviour of the principal eigenvalue Ai 11 of A" as a function
of L and identify the states in its vicinity. This will be used in section 5, and it is
a crucial part of our argument.

Lemma 3.3. Let L € N. For € R we define EL) = 2\/ECOS( L+1) ) For
L-admissible (v, j,m) and B € [0, L], we have

Mo € 1B A ) = ol S@+1)(1-2) = mef{l,....|B+1]}
Remark 3.4. Note that E(L) = B |50 = A

L
*,1,1°

Proof. Remember that 1 — % < cosx <1 — % + % for all x € R. This reveals

24<(5L111) ) S COS(LLH) - COS<(6LJ;11)7T) - 7T2(ﬁL(iJ;)22) S i(Li 1)4'

For # < L, we use that cos |jo 5 is strictly decreasing to obtain

+1 m [

Moosph ey o m P <1

vgom Z g Lri—Jo SL+1 G+l L+1
<:>|v|<(L+1)(1_%> — m<|[B+1]. n
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T * U1 (%) (%} Uy Vs Vg U7
|
Uy e 1 e
) U3 2 ° .
Vg U5 Vs Ut 3 ° ° ° °

|

V.o~

>@

FIGURE 4. The action of the map ~ is indicated with the dotted arrows.

Next, we study the spectral projections

L—|v|
(3.4) P CT = T, Pyp:=> (Ul o)Wk,

m=1

of AL for v € TF~' and j € J,. We introduce the map

/.\162(7‘[/)_> @ @62({‘?}“"177[/})7

,Ue’]‘*l‘*l j€Jy

(3.5) Un(2) = kETPEDR NG ) Y (Pagd)(w)

u€TE u~v weTk |w|=z

for z € {|v| + 1,...,L}. For a rough illustration see fig. 4. The map ~ has been
sketched in [AWO06, Proposition A.2] and it is similar to an infinite dimensional
version in [AF00].

The action of = is best illustrated on radially symmetric eigenfunctions %
of A, As we will see in lemma 3.5, they are mapped to functions supported on
{1,..., L}, and in the process, the exponential weights k("I=1)/2 are removed:

— [ 2
G =\ 5pein(7572)

for z € {1,...,L} and m € {1,...,L}. The result is an eigenfunction of the

adjacency matrix of Z restricted to {1,...,L}. Given a non-radially symmetric
eigenfunction Wk, —of A% 7 reconstructs the underlying radially symmetric

eigenfunction, removes the exponential weight and presents the result as a function
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on the copy of {|v| 4+ 1,..., L} which is indexed by (v, j):

(3.6) i) = [T (T =~ D)

for z € {|v|+1,...,L} and (v, j,m) L-admissible. This is again an eigenfunction
of the adjacency matrix of Z restricted to {|v| +1,..., L}.

We define the adjacency matrix on the image of =, which is the Hilbert sum of
the ¢2-spaces of segments of Z. The direct sum of the adjacency matrices of the
segments of Z is the natural choice. For ¢ € @, ; (*({|v[+1,..., L}), it is given by

(2180)1],]'(2) = (Azpu)(2) = @uj(z = 1) + ¢y (2 + 1)

forve TE Y j€ J,, z € {|v|+1,..., L}, and with the boundary values p, ;(|v]) :=
QOU,]'(L + 1) = 0.

Lemma 3.5. For all ¢ € (2(T*), we have the following.
(i) The map = conjugates A and VEA: m = VEAD.
(ii) The map ~ is unitary: |||y = [[¢]l2. In particular, o(A®) = Vko(A).
(iii) Let v € T2 and j € J,. The subspace P, jl*(T*) contains ¢ if and only if
supp(y) € T,° \ {v} and

(w5, () = p(w)y, (u)

for all u,u' € TF with u, v’ ~v and allw € T.F,w' € T% such that |w| = |w'|.
(iv) For all radially symmetric functions n: T+ — C, i. e. n(w) = nz(|w|) for all
w e TE and an ng: {1,...,L} — C, we have P, n = nP,; and (@)m =
nZzZUJ for allv e TEY, j € J,. Here, ng denotes the multiplication with the

Proof.  Ad (i). We study the linear map ~ on the orthonormal basis W/, . To
this end, let (v, j,m) be admissible, v’ € TF7!, j' € Jy and z € {|v/| +1,...,L}.
For v/ # v or j' # j, we have Py W, =0 and ergo (¥}, ) ;(2) =0, too. So
from now on, we assume v’ = v and j/ = j. We then have P, ;U . = WL = For

v7.j7m U7j7m.
u€TE u~vand we TE, we find

W)= Y () (w) = g () T o,

wWeTE w~v
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With Z)y| jo|m,. = \/(L+1—|u|)2k\wl—\vl—1 sin(LJrl B (Jwl = [v])). We now see

—

(Ufjm)og () = K7EIEDE N T pi(u) Y g (w)
ue€T L u~v weTL |w|=z
= =1/ Z w ( ) Z Ty |v|,m,L
ueTL u~v weTE, |w|=2
= | Gll=D2pe—l=1, ol L
2 . < mm ( | D)
sin z—|v|)).
L+1—]v L+1—vl
We now identify \115 ;m as an eigenfunction of A. Let Y= %ﬁll and note that,

for z € {|v]y,..., L}, by the angle sum and difference identities,

sin(p(z — 1 = [v])) +sin(p(z + 1 = [v]))

= sin(p(z — [v])) cos(¢p) + cos(p(z — |v])) sin(¢p)
+sin((z — |v]) cos(p) — cos(p(z — |v])) sin(yp)

= 2cos(p) sin(p(z — [v])).

The boundary values sin(¢(|v]—|v])) = 0 and sin(g@(L+1—|v|)) = 0 are satisfied, too.
Thus, vVEA AUL = AL gL m = A im Y im = A L)\IJL m for all L-admissible

v,J,m v,J5,m = v,], v,3,m
(v,4,m).

Ad (ii). We have to check that the image of an orthonormal basis is again an

orthonormal basis. Let (v, 7, m) be admissible. The fact that ||‘II,U mlls = 1is
seen exactly as the normalisation part in lemma 3.1. Let (v, j’,m’) be another

admissible triple. For (v, 7) # (v, j'), UL and WL, have disjoint support and

v,j,m v,7,m

are thus orthogonal. In case (v,j) = (v/,7’) and m # m/, \va]m and \ijm re
orthogonal, too, since the corresponding eigenvalues \Z im 7é ML jrme With respect
to the symmetric operator VEA are not equal. Finally, = is surjective, since the
dimensions of its preimage and its image agree.

Ad (iii). Fix v € TF7! and j € J,. We denote the linear subspace defined by
the condition in (iii) by va By construction, \Ifwm € Dy, so P, jl*(T*) C D, ;.
Furthermore, dim(D, ;) = L — |v|, since the condition allows one degree of freedom
per sphere of 7.1\ {v}. On the other hand, dim(P, ;¢*T.F) = L — |v|, because the
vectors \IflL]]m, m € {|v|+1,..., L}, are a basis of P, j;{*T,“. The statement follows.

Ad (iv). Let ¢ € £2(TT) and n,nz be given as in the statement. Because of (iii),
nP, v € P, j0*(T*). This and the fact that the spectral projectors are orthogonal
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implies that P, ; and multiplication with 77 commute:
Pos(m) = Pog( ZPU v) = ZPMPU ) = 0P, .

We use this in

Ny g(2) = k= CTINR NG ) ST (Pogm) (w)

uETE u~v weTE |w|=2
= (2)k” TN N T gl Y (Pugd)(w) = na(2)d(2).
uE€TE u~v weTE |w|=z

3.2. The IMS localization formula. In this subsection we provide a proof of
the following proposition. It will be needed in section 4 (proposition 4.9).

Proposition 3.6 (IMS localization formula). There is a constant Crys > 0 such
that for each r > 2, we have a partition of unity {N.,}taso C *(TT), consisting
of radially symmetric functions normalized to Za>0 ng,r = 1, such that for all

e 2(TY) we have
<A(L)w’ 7’/}> 2 Z<A(L)<na,rw)7 na,rw> -

a=0

C
—3 13-

Furthermore, the support of 1, is a union of disjoint trees of length at most 2r.

The proof of proposition proposition 3.6 is made in two steps. We first prove this
formula for the discrete, one-dimensional Laplacian. Then, we carry this formula
onto the tree by means of the spectral theory of the rooted tree.

3.2.1. The IMS localization formula on Z. In this subsection we consider the
discrete Laplacian
Ay =171—247
on (*(Z), where T is the translation operator, i.e. given by (7f)(z) = f(x + 1) for
f:Z — C and x € Z. Note that on £*(Z) we have 77! = 7*. We will also employ
the discrete gradient
Vi=r—1

Lemma 3.7. Let f € (*(Z). For any partition of unity {n.}, normalized so that
S nz=1, we have

(=82f, 1) <2 (=Balmad)naf) + |32 (|| 1715

Remark 3.8. (1) In the proof, we actually show the operator equality

“Az =) ma(=A)ne = =53 (Vna)* 7+ (Vi) 7).

Thus, the reverse inequality holds, too.
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(2) On Z%, the Laplacian decomposes: Ags = Z?Zl Agz,. Thus, we immediately
get the d-dimensional IMS formula

d
_AZd - Za na(_AZd)na = _% Za Zj:1((vjna)2 T+ (V;na)z TJ%>’

where (7;f)(2) = f(z +¢;) — f(2), and V; = 7; — 1 is a discrete partial derivative.

(3) Actually, the above formula holds on the Cayley graph of any finitely gener-
ated group, as long as the generator does not contain an idempotent element. This
is proven basically with the exact same proof as given below for Z, except that
one has to read the notation higher dimensional. To be more precise, let S be the
generator corresponding to the Cayley graph. Since the group acts on itself, we get
for each s € S a translation 7, f(2) := f(zs). We treat

T = (Ts)5687 V= (VS)SES
as columns and V* as row and use matrix multiplication when interpreting
V'V =) ViV.=A
seS
We also have to write sums whenever appropriate.

(4) The formulation of lemma 3.7 with the quadratic form instead of the operators
has the advantage, that it is easily restricted to subgraphs, e.g., G = {1,..., L}.
All we have to do is to note that ¢*(G) is embedded trivially into ¢?(Z). The
corresponding operator to the restricted quadratic form is the restriction with
simple boundary conditions.

(5) Thanks to the simple boundary conditions, the adjacency operator Az :=
771 4+ 7= Ay + 2 is only a shift of the Laplacian Az. Lemma 3.7 transfers to Ay:

>3 (Bonfonaf) = |32, (Vn? | _IIFIE + 21413

>3 (Amafonaf) = | 32 (V0| _IIFI5

since Y, nZ=1.

(6) Another noteworthy generalization of lemma 3.7 is the following. Note
that any multiplication operator commutes with the multiplication of n,. Thus,
lemma 3.7 holds for Schrodinger operators, i.e., —A+V with a potential V': Z — R
acting via multiplication.

Proof of lemma 3.7. We follow the proof of [Sim83, Lemma 3.1], the analogous
statement on R?. With the above definitions,

Ay =—-V*V.
For f,g € (*(Z), it is easy to check that
V(f9) = (Vf)mg+ [ (Vg) and V*(fg) = (V'))m"g+ [ (V'g).
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Using this and —V*7 =V as well as —7*V = V*, we immediately calculate
Az(fg) =—-V'V(fg)=-V*(Vfrg+ [Vy)
=Azfg—=VfVirg=V'f1"Vg+ fAzg
=Azfg+VfVg+V'fVig+ fAzg.
Consequently,
[f, =Az] = (Azf) + (V) V+ (V) V™.
To compute [f,[f, —Az]], consider, for g € (*(Z),
[f, =Az)(f9) = (Azf)fg+ VIV (fg) + V[ V(fg)
= f(Azf)g+V[f(Vfrg+ [Vg)+ V[ (V' [T'g+ fVg)
= [(Azf +(VHV+(V )V )g+ (V) g+ (V[ g
fIf,=Bzlg + (V) g+ (V' f) 0.

Thus,
L 1f =Dz = =(V )P — (V*f)* 7~

On the other hand, expanding the commutators yields

[, =A2)l = [f, f(=Dz) + Az f] = — 2Dz + 2f Az f — Az f?.

We combine the last two formuae for f :=7,, sum over a and use > 72 =1 to

derive
A, — Za Na(—Az)1, = —2 Za((vna)% (V) ).
For f € (*(Z), we see

(=32, (V7 + (V' 7) £ )
< (|2 om0, 7 ma )i = |32, 7maz | st

1
2

Thus,

(22,0 =7 (=datmaf)mah)| < |30, (Vn |15
The triangle inequality finishes the proof. |

3.2.2. The IMS localisation formula on the tree. The discrete IMS formula is also
valid on trees, in a very general setting. Indeed, points 3 and 4 of Remark 3.8 hint
at the following way of proving the IMS localization formula on a tree of bounded
degree. First note that the Cayley graph of the free group with s generators is a
tree of degree 2s. Then we can embed the bounded degree tree into the Cayley
graph of a free group, and restrict to the subgraph again. It is enough for our
purposes to consider a radially symmetric partition of unity, so that instead we
will use in this section the spectral theory of the rooted trees to extend the IMS
formula on Z to trees.
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Proof of proposition 3.6.  Step I. Fix ng € C1(R, [0, 1]) with support supp(nr) C
[—1, 1] such that, for any = € R,

Z(nR(x — a))2 = 1.

a€Z
We define a partition of unity on 7Z as follows. For r > 2, let
Nzra: Z— R, Nzra(x) = (27"13: — a).

This gives a partition on Z satisfying # supp 1z, < 7. Furthermore, by the mean
value theorem and suppnr C [—1, 1], we get

Viizra(@)] = [ (2r (2 + 1) — a) —ne(2r 'z — a)|

<2r7" sup |np(2r Nz + &) —a)|
£€l0,1]

< 2r ' sup|nf (R)] - Lr-14m 1001w 1)41y (@)

There are at most two values of a € Z where the gradient is nonzero, since r > 2
and 2r Yz +1)+1— (2r~'z — 1) =2+ 2r~'. We can thus bound the following
sum by

Z(an,r,a< )) 4SUP|77R 2127" Tg—1,2r—1 x+1)+1]( ) C3T_2

a€ZL a€Zl

with C3 := 8sup|7/(R)[2.
Step II. We now define the partition on the tree. Let

Nra: T = [0,1], Mra(v) :=nzra(|v]).
With this definition we have
D =1

on 7. The support of each 7,, is a disjoint union of rooted trees of length at
most 7, see fig. 5. For ¢ € 2(T*), we employ remark 3.8 and learn

(AP, ) = (AL, D) = VE(AD, )
=VEY | ((Ad)g o) =VEY (Ao tus)
> VY (3 (Aelmnabed) Meratios) = Cor® 0,13
= VE kY, (A Trat), s Tra¥y ;) — Consr 2113
=3 (AD (), 10 — Consr D3
=Y (AP (a0) neath) = Cousr 2 [19113,
where Chys := C5Vk. n
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F1GURE 5. Shells of a tree split in trees

3.3. An uncertainty principle.

3.3.1. On a finite segment of Z. Let us first prove a one-dimensional version of
proposition 3.10. Afterwards, we transfer the result to the tree with lemma 3.5.
To this end, let L € N and v € TX7'. Consider a function ¢ € £*({|v] +
1,...,L}), which can be written in the orthonormal basis of eigenfunctions of
—Az|{Jv|+1,...,L} as

2 . /mr(z — ]v\))
pe)= D, am L+1— [ Sm(L—|v|+1 ‘
1<m<L—|v|
Given 8 > 0, we define the spectral projector f’ﬁ‘v"L on 2({|v] +1,...,L}) via

ng"Lgo(z) = Z «Q 2 Sin(mﬂ.(z _ M)),

= L+1—|| \L—|[+1

ze{|lv|+1,...,L}.

Lemma 3.9. Let L € N, 8> 0,0 <6 <1 and v € T be fized, such that
o] + 1+ [6L] < L. Define, for ¢ € (*(Jv|+1,...,L}), the truncation

To16% = L{jul+1+16L1,..,.L}P-

Then, for |v| < (1 — ﬁ)(L + 1), we have

Slv|,L Slv|,L Alv|,L
1PI o — T s BY )y < V2R6Y2(8 + 1P| I o).
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Proof. We calculate, using Cauchy—Schwarz,

w 2 ETRA m(z — o)\ P
Loty ~ TPl = 2 5™ |3 asin )
(Lot 1,.my = T5) P57 el L+1—]o D |2 amsin L+1— v

[6L]1-1 g+1 B+1

L+1 Z Z’O‘m’ Z<SIH<L+1 |v|))

Now using ||PB(L)Q0||% =y |am|2 and sin(t) < [¢[, valid for all ¢t € R, the last
line is smaller than

L) oL]—-1 1 (L oL]—1 1
2”]3( ||2f 1-1 8+ 27T2||P )‘70||2 [6L]— B+

L+1— ZZ(LH |v>2_(L—|—1 |v|SZ Zm

=1 m=1
7T2(5L) (/8 + 1) HP(L) ||2
So(L41—p AT

=) (L + 1) implies
L < B+1

L+1—|v| " L+1
This bound and taking the square root yields the result. |

Now note that |v| < (1 — 1

L<B+1.

3.3.2. On a finite rooted tree. For any 3 > 0, we recall the definition of

) ._ p+1
(3.7) EP = 2\/Ecos(L . 17r)

from lemma 3.3. We want to study the neighbourhood [E (L) E(L ] of the principal

eigenvalue E(() ) of the adjacency matrix on the rooted tree 7%. We define the
spectral projector of A on the energy interval [EEL), 00) as

mo AT = AT, T e= > (o0l )ul
’ vgm: AL >E'(L)

v,7,m*~
We also define the space truncations
Tiyps: €2(TL) — £2<TL)7 T s = Ol reTrz)> o] +145L)
and a truncated version of H(L()L)
B
L)
0 CT = &7, Mne= 30 (V) TV,
v,7,m: )\U] m}Eéf‘)
Note that we can also write
L)
(3.8) i) (L)(10 Z To|s P, 1 <)L)90

v,j
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FIGURE 6. Tllustration of (3.8). The subtree T.* is indicated with

solid edges. Nodes in the support of functions truncated with Tj, s
in T.F are filled black.

Proposition 3.10. Let L€ N, 3> 0 and 0 < § < 1. Then, for any ¢ € (2(T*F),
HH R L>90H2 V262 (5 +1)° HH ¢l
Proof. We will show equivalently that
Vip € 0 (TH): 00 = 10, 0l < VEEY2(5 + 17l

Indeed, it follows from (3.8) that if HSEL()L)@ = 0 then l:[g()m(p = 0. We assume thus
5

5
from now on that ¢ = HgJ()L)gp. For such ¢, we see, by (3.8),

(H(E()L Y — H( ()L))QO Z(lTL - T|v|,6)Pv,j§0-
7j
By lemma 3.5, we know that P, 5 commutes with the radially symmetric truncation.
Thus, by the orthogonality of the projections P, ;,

I E<L>90 HE<L> el = HZPUJ Lo =Ty ‘PH = > IRt = Tia)ell;
v

We study this norms via the unitary ~

, see (3.5) and lemma 3.5. For each v, 7, we
have

IPusCirs = Tl = [Pty ~ T, = Nt~ Tl
= | (Lqo,ry — T\lvl,é)@v,sz-



38 FRANCISCO HOECKER-ESCUTI AND CHRISTOPH SCHUMACHER

We learn from lemma 3.3 that the coefficients (v jm)v,jm Of
€ L
SO HE(L)QO Zavjm\llv]m
v,7,m
vanish as soon as |v| > (L + 1)(1 — %) or m >  + 1. Therefore, we have

B+1
Boj = P‘L”"L@m, and we can thus invoke lemma 3.9 to conclude

||<H<&>¢ Hm Jolla < 20263 (8 + 1)° Y [1Bugllz = 27%8° (8 + 1)%|lo]l3.

v,j

Since ¢ = HEEL()L)cp, this is what we set out to prove. |
8

4. LIFSCHITZ TAILS: THE UPPER BOUND
This section is devoted to the proof of the following theorem.

Theorem 4.1. Let Ey := (vVk — 1)2. Then,

, log log|log NV (E)| 1
4.1 1 < —=.
(4-1) el log(E — Ey) 2

This theorem provides the converse to proposition 2.7. Note that no condition
on the random variables is needed for the upper bound.

4.1. Bound by a probability. We remind that A (E) denotes the integrated
density of states given by (1.6), AN = dN/dE its derivative and N(t) is the
Laplace transform of dN. We start by proving the following Tauberian theorem,
which links the long time behavior of A to the low energy asymptotic of AV

Proposition 4.2. Let /\N/'(t) be the Laplace transform of the density of states
measure dN . Suppose that for some n > 0,

(4.2) lim sup e'(Fot1ee )™ A7 (1) <

t—o0
with By == (Vk —1)%. Then,

, log log|log N (E)| 1
4.3 lim su < ——.
(43) Eanp log(E — Ep) Ui

Proof. Assume that inequality (4.2) holds. Then, there exists some ¢* such that
for all t > t*,

(4.4) N(t) < 2e~HFot+(log)™"),
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Clearly, for £ > Ej,

N(E) = : dN'(\)

Ep

E
<etE/ e_t)‘d/\/()\)

Eo

<e'® /00 e AN () = PN (1),

Eo
and by (4.4), for large t,
N(E) < 9t (E—Eo)—t(logt)™"
Now we choose t as follows
t=1t(F):= exp((ZE — 2E0)*1/">.
We see that, for small £ — Ej,

N(E) < 2exp (—(E — Ey) eXp<(2E = QEO)‘l/’?>>

1

< exp ( (B = Ey) exp((QE - 2E0)1/’7>) .

and for F — Ejy small enough
log|log N (E)| < —log(2) + log(E — Ey) + (2E — 2Ey) /" < (E — Ey) /.
Now taking another logarithm, dividing by log(F — Ey) and taking the lim sup

proves the theorem. [ |

The rest of this section will be devoted to prove that, as a consequence of
theorem 4.10, condition (4.2) holds for any n > 2. This proves theorem 4.1.

Our next proposition compares N to a finite dimensional analog NZL. For any
I' C B, we denote by H,|I" the operator H,, with simple (sometimes called Dirichlet)
boundary conditions, i.e. the operator defined by

Hw\F = 1FHw1F7

or equivalently, writing H, (v, w), v,w € B, for the matrix coefficients, it cand be
defined by

H,(v,w) ifv,wel
0 elsewhere.

(4.5) (H,|T)(v,w) = {

Remember that BY denotes the ball of radius L of the Bethe lattice. Let us define
the averaged spectral density N'Z of H,|BY by

NL(E) = E<50, 1(_OO7E](HLU|BL>50>
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In particular, its Laplace transform can be written
NL(@t)=E [<50, e-tHw\BL(so>] .
Note also that, using functional calculus, we have
N (t) = E [(3o, e 50)] .

In the following proposition we compare these two quantities. We define w, :=
||wol|so for further use.

Proposition 4.3. Let N be the Laplace transform of ANY. Pick some positive
constant ¢ > *||H,|| = 2((Vk +1)® + wy) and let L = [Ct]. Then, for anyt > 1
the following holds:

IN(t) — NE(t)| < e
Here, ||H,|| = sup 2.

Proof. Assume ¢ > e?||H,|| and ¢t > 1. First let us note that H, is a bounded
operator and (we actually have |[H,|| = (k + 1 4+ 2vE) + ||V ||so). This allows us
to expand the exponential as a sum like

= (—1)"
— (00, H{;6o) +Z

n=0 n>L

<50, eitHw (50> = 50, Hn50>

which is also valid if we replace H,, by H,|B. It is easy to see that the two first
terms of this sum are 1 and —tH,,(0,0) = —t(H,|B*)(0,0) respectively. Expanding
the matrix product, we see that, for 2 <n < L

(00, H}00) = Z H,(0,21)H,(x9,x3) - - Hy(xp—9, Tp_1)Hy(Tn-1,0).

Now, using that H,(v,w) = 0 for v,w € B* satisfying d(v,w) > 1, the last sum
reduces to

(4.6) > Hu(po.p)Hu(p2.ps) -+ Ho(Po—z, Pue1) Ho(Pa—1, pn).

where we have written (po,...,pn) : 0 ~ 0 to denote a path (po,...,p,) € (B)"*!
(which may include loops) starting at 0 and ending at 0. In particular, if (po, ..., ps) :
0~ 0,

(4.7) d(po,pi) < Z d(pj,pj+1) <n <L forany 0 <i<n,

0<j<n—1

i.e. the paths in the sum (4.6) are entirely contained in B*. Using (4.5), we see
that for 2 <n < L

(4.8) (0. HEoo)= Y ] (HlB")(piz1,pi) = (60, (H.|B")").

(po,---spn):0~0 1<i<n
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We conclude that the first L + 1 terms of the expansions of (J, e *#«§y) and
(do, e_tHW|BL(50> coincide, and

(30, 6= 8g) — (dg, e 118" 5)| = Z (80, H™So) + Z (80, (H,|BY)"80).
n>L ! n>L !
Let us estimate this error. We do it for for the first term, the second one is similar.
By a simple calculation, we see that

SO = 3
v Hw no__ — H n
n>Ln! n>1 (L+ )
tL+n
<Y V|

et (L + n)(Ltn)g—(L+n)

Z <€t||H ||>L+n

n=1

where we have used n! > n"e™™ and (L +n)~' < L™, In particular, if L = [(t],

we see that -
t|| H,, "
(2D <o,

and as ¢ > €?||H,|| and ¢ > 1, we can bound the the error as

tn

-z n =([¢t]+n) —Ct
(4.9) > " < D e < 20,

n>L n>1
Noting that ||H,|B"|| < ||H,||, a similar calculation leads to
tn . _
(4.10) > — {8, (H,|BY)"6,) < 27,
n>L

This ends the proof. |

We will now study the large time behavior of M.

Lemma 4.4. Let I' C B be finite and H,|T' the restriction of H, with simple
boundary conditions. Then

E [(5, e T 50)] < E [emtPesHelD)]

Proof. Fix a realization w and let {\;; ¢; bier = {\i(w); ¥;(w) }ier be a complete set
of (eigenvalues, eigenfunctions) of H,|I". Then, writing

o™
we see that, as Fgs(H,|T') = minger )\.( ) and Y |eu]? = 1,
<50’eftHw\F(5 Z’a ’2 — A ( < Z‘& ‘2 —tEgs(Hy|T) _ eftEGS(me'

el el
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Taking the expectation in this inequality yields the desired result. |

The following two lemmata link the behavior of the ground state energy of the
Hamiltonian on a ball to the one on a finite rooted tree. This is needed in order to
use the spectral theory developed in section 3.

Lemma 4.5. Let L > 1 and Bf a ball of radius L centered at v € B, i.e.
Bt = {w e B:ds(w,v) < L}.

Then, for every v € B with |v| = L + 2 there exists a rooted tree T3 C B, of length
3L, which contains BE.

Proof. Label the k branches of the Bethe lattice by the nodes € T satisfying
|z] = 1 and assume that d(0,v) = L + 1. Then, there exists a unique minimal
path [0,v] = (0, vy, v9,...,v) of length L + 1. Because d(v;,v) = L, we know that
vy € BE. In particular the whole ball is contained in the branch of the Bethe lattice
v1. Now choose k& — 1 other branches to form the infinite rooted tree 7. The result
is now clear because by definition 7% := {v € T : Jv| < L} and for any x € BX we
have |z| < 2L+ 1 < 3L. [ |

Conversely, it is easy to see that 7 C BL, for all L > 1. This leads to the
following lemma.

Lemma 4.6. For any L > 1 and |v| = L+ 2,
Egs(Ho|By) < Ees(Ho|T)") < Eos(Hu|By")
Here Tt and T3 are the trees satisfying T- C BY c T3E.

Proof. Let v € B with |v| = L+ 2 and T3% be the rooted tree containing BZ. Then

Ees(H,|BY) = inf (Hyp,¢)
wel®(BL)
llell2=1
< inf  (Hop, ¢) = Ees(Ho|T*) < Eos(H,|T?").
QOGKZ(TSL)
llell2=1
This means that
E |:e*tEas(Hw|Bf):| <E [eftEasmwrr“)

Using translation invariance, we can translate the point where we calculate the
integrated densities of states N' and N'X. proposition 4.3 tells us then that it is
enough to study, for some v € B with |v| = L + 2,

NE@) = E | (8, e tHelBig |

We remind that BZ is the ball centered at v.
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From now on we write H% := H,|T*. The next lemma is a simple bound on the
expectation by a probability.

Lemma 4.7. For anye >0, L > 1 andt > 1, we have
(411)  E[eFoli)] < e B teoe0™) 1 o B0p (Eug(HE) < By + e(logt) ™).

Proof. We have indeed for all £ > Ej

E[o™#o W] = E[(Lpazzp) + Lipa<ny)e 0]
<e B 4 e BP(Egg(HEY) < B). |

We summarize the results of this section in the following proposition.

Proposition 4.8. Assume ¢ > 0 and { > || H,|lo(VE + 1)%w,. If

(4.12) limsup e“"P (Egs(H}) < Eo +4e(log L)™%) < 1
L—oo
then
(4.13) lim sup e/ (Fore(osD™) A7 (1) < 1.
t—o00

Proof. Let t > 1 and L = [(t]|. Then,
exp(t(Ey + e(logt) 2N (¢ )
< exp(t(Ey + e(logt) ) (NE(t) + 4e=) by proposition 4.3
< exp(t(Ey + e(logt)~2)(Be tPest") 4 46=¢")  using lemmas 4.4 to 4.6
<e —e(logt)™2 +e t(Eo—C+e(logt)~2)) + eet(logt)’ P [EGS(HEJL) < Fy+ 26(log t)—?] :
using lemma 4.7. For the first two terms in this sum we have

tli;n o—ellogt) 2 o (t(Bo—C+(logt) ™)) _ (.

For the third term, noting that e0o8)™ < ¢¢L/¢ and that for large L = [(t] we
have

2¢(logt) ™ < 2e(log L/¢)? < 4e(log 3L) 2
yields the result. |

It is not hard to see that (4.13) implies (4.2) for every n > 2, so that theorem 4.1
is a consequence of condition (4.12).
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4.2. Reduction to a smaller scale. In the following lemma we trade energy for
probability. The IMS localization formula (proposition 3.6) furnishes a crucial
ingredient of the proof.

Proposition 4.9. For every e > 0 there exists L* > 1 so that for any L > L* and
r=e¢1/2 log L,
(4.14)

46 o e\/g'r r 4 + C
P(Ealit) < Bt 7 ) <o P (Batit) < B )
Proof. Assume both
(4.15) e Y2log(L) =r
and
4 4
(4.16) Ees(HY) < By + ———— < Eo+

T < il
(log L)? 0T 2

Let {n2,} be the family of spherically symmetric functions on 7% given by propo-
sition 3.6. They satisfy

anyr(v) =1on Tt

and
Sur i =8UppNa, C {mr —r < Jv| <mr +r} C TL.
If pkg is the normalized the ground state of HE, then the IMS formula and
ZH@éSm,mH% = 1 yields

C;
(pbs: Hivts) 2 ) Eas(HLSur) | 06starls - —3 leesl3

. C
2 maln Egs(Hf;’Sa,r) - %SHSD@SHE

From (4.16) we deduce then

4+ CIMS
r2

min Egs(HE|S,,) < Fo +

and thus

4e 4+ C|
L L s
P (EGS(HW) < By + m) < Ea P <EGS(Hw Sar) < Eo + 2 ) :

Note that, using again proposition 3.6, the support S, , is a disjoint union of finite
subtrees of length at most 2r. We write this as

S | T

|v|=l(a,r)
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for some [(a,r) and where W denotes disjoint union, and thus

Egs(HY|s,.,) < T_%l(n )EGS(H£|7LQT)-

[v]

The right hand side of this equation is the minimum of a collection of independent,
identically distributed random variables. We deduce that

1+ CIMS)

r2

P (EGS(HUﬂSa,r) < Ey+

<0 bl = ta, )P (Bl HHT®) < B 255 )

< k'P (EGS(HEJT) < Eo+ 1 +TZCIMS> .
To end the proof, note from (4.15) that
L=eVe.
and plugging this into
I de I 9 4+ Crys
(417) P (EGS(Hw) < Ey+ m) < LEMP (EGS(HJ) <Eo+—3 )

yields the result.
[ |

We state the main probability estimate, which we will prove in the next section.

Theorem 4.10. For every ' > 0 there exists some €z > 0 and L* > 1 so that for
any L > L*,

(4.18) P (Egs(HL) < Eg+ f'L7?%) < exp(—exp(eg L)).
We first state and prove the following important corollary.

Corollary 4.11. For any € > 0 small enough and any ¢ > 0 there exists some
L* > 1 such that for all L > L*

4e
P( Ee(HY) < Ep+ — ) <e™¢h
( olH) < Bot (logL)z) ’
In particular, condition (4.12) of proposition 4.8 holds.
Proof. Let B' > 4(4 + Cpys) and r = ¢ /?1og(L) large enough. Then, using the
bound given by theorem 4.10, which we assume to hold, we get that

44+ C
(4.19) P ( East2) < B+ 5572 ) < expl- explesn)

for some eg > 0, independent of r.
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Let 0 <e< EZ;/. We estimate, using proposition 4.9 and (4.19),

4
P (Ecs(Hf) < By+ —— 2) < eV exp(log(k)eV") exp(— exp(egr))

(log L)
< exp(vVer + log(k)eVe — ™)
< exp(—egﬁ’r/Q) = exp(—Leﬁ’/\/g/Z),

for r large enough. This finishes the proof. |

5. MAIN PROBABILITY ESTIMATE

We remind the reader that
—AB = k’ + 1 — AB

where Ap is the adjacency matrix of the infinite Bethe lattice B with symmetric
spectrum o(Ag) = [~2vk, 2v/k]. Thus, the Anderson Hamiltonian H,, defined by
(1.5) satisfies

H,=k+1—-Ag+V,,.
We introduce the restriction of Az to the finite rooted tree T, which we denote

by A, Note that it is also the adjacency matrix of 7X. Any question about the
ground state energy Fgs(HL) can be restated in terms of the principal eigenvalue

AP of the operator AP = AW VLSL), which we define as

ASJL) = sup (p, ASJL)@ =k+1-— EGS(Hj).

llell=1

We have indeed for L € N and 5 > 0 the equivalence
Ees(HY) < By + L2 —= AP > 2vk — L2

If we take § < Vkn? this inequality almost surely does not hold (trivial and
obviously not very useful for our purposes). Then, we restate theorem 4.10 as
follows.

Theorem 5.1. For every 3 > 0 there exists some eg > 0, L* > 1 so that for any
L> L%,

AD <ok — L2
with probability at least

1 . ee—sﬁL

This section will be devoted to the proof of theorem 5.1. Note that it furnishes
the lower bound of theorem 1.5.



THE ANDERSON MODEL ON THE BETHE LATTICE: LIFSHITZ TAILS 47

5.1. Cutoffs in energy and space. We claim first that, in order to attain an
energy Fy + O(L7?) close to the bottom of the spectrum of HEZ (i.e. the top of

the spectrum of AEJL)), a state must have both low kinetic energy and its potential
energy close to the bottom of the spectrum. This will force the potential energy to
deviate considerably from its mean, see proposition 5.4, which happens only with
double exponentially small probability, see proposition 5.5.

To exploit the low energy of the states considered, we cut off all energies above
a threshold. We implement this with the spectral projectors

o (T — (T
Mo = 1pha(AP)p = S (W, o)W,
)\ﬁyjm}E

where E € R and the sum is taken over L-admissible indices (v, j, m) with eigenvalue
bounded below by E, see lemma 3.2.

Recall that at the beginning of section 3 we introduced a vertex * and the
notation 7.%. We used them to index the eigenvalues and eigenfunctions on the
tree, see lemma 3.2.

Definition 5.2. For every v € 727!, define the orthogonal spectral projectors
(5.1) Py:=Y P,

J€Jv
using the notation from (3.4).

Remark 5.3. Here are some properties of these projectors. Let v € T.~!. Then

e If x, = 152 is the characteristic function of the subtree T.L, then for any
w e 7:}L—17
Pw:Pva:Xva-

In particular P, = P,xy = XoFs-
e If we denote by suppp the support of ¢ € (?(T*), then for any w €
TL—l \ TL—l

supp (Pvgo) N supp(ngo) =J.

Given 6 € (0, 1), the truncated spectral projector IZIEEL()L), see (3.8), can be written
5

with this notation as
(5.2) M) = Y TR,
veTE !

We note, for further use, that for any v € 7271,

(5.3) M p, =1, P,
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This is easily seen using the commutativity and orthogonality of the spectral
projectors. Using lemma 3.3, we also note that if |v| > (1 — -2=)(L + 1) then

B+1
(5.4) P, = 0.
We finally introduce a notation for the centered potential:
(5.5) VO v 51,
where w is the expected value of the potential. We remind that the quantity
E(L = 2\/Ecos( L+1 ) was introduced in lemma 3.3. Let us now state the
proposmon.

Proposition 5.4. Let ' > 0. For every > (' large enough, there exists some
0 =03 >0 and L* > 1, so that for any L > L*, then, the following inequality holds:

P(AY > 2V - B'L7%) < <”sh121\ (Vi 0)] = —)
oll2

where we have introduced the notation

Vi = (1 E<L>) V <L>7

with ﬁ(;) defined as in (5.2).
The key estimate is then given by the following proposition.

Proposition 5.5. For any 8 > 0 large enough, let 6 = 6z > 0 given by proposi-
tion 5.4. Then, for L large enough,

P 10295, > ) < 5o )

lella<1 1

Let us first prove proposition 5.4. We thereby reduce theorem 5.1 to proposi-
tion 5.5. The proof of proposition 5.5 is at the very end of this section. It hinges
upon a series of lemmata and propositions which occupy the rest of this paper.

Proof of proposition 5.4. Fix a realisation w of the random potential with the
property
D> ovk— L2
Then, there exists a ¢ € (2(T%) with ||¢|ls = 1 such that
(AP, 0y > 2k — L2,

or, equivalently,

(2VE — AP, ) + (VP g, o) < BL72,
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using |||l = 1. Note that the principal eigenvalue of A% is smaller than 2v/k.

Thus, both 2vk — A and VB are non-negative operators. This implies that we
have both

(5.6) (2VE — AP, ) < B'L72
and
(5.7) (VP p) < BL72

We now proceed as follows. In a first step, we introduce the energy cutoff H(L()L)
E

5
into (5.7). Here, (5.6) tells us how to choose  in order to keep the truncated
version of (5.7) powerful enough. In a second step, we bring the spatial cutoff

in ﬁ;ﬁ% into play. This time, we have to choose § > 0 small enough, depending
s

on f3.
For the first step, let us write

L L
(58) H(E;L) = 1f2(TL) - H(E;L)
and w; = ||V, ]|oc. Then, we find that

L L
<VQEL)90, 80> = <VUJ(L)H;;()L)SO7 H( <L)<P> + 2§R<V(L H( (L>90’ H;;()L>90> +
5 B

L
+ <Vu§L) H(E()L) ¥, H(EZ(B)L) ©)
L L L
> (VT 0, T ) — 20 T 2l T o1l
This, (5.7) and ||H( (L)g0||2 1 imply that

L _ L
(VAT 0 0, 0) < L7+ 20, |0l

We use now def. (5.5) in order to center the random variables so that their mean is

zero. This gives,
(L) - L . L
(9 (Vo0 Te) < BL7 4+ 20 [0 ol — @2 ol

Using the non—negativity of the operator 2vk — A, we see that

(2VEk— ADY I o 1Py = S (2VEk - AL, )WL, o)

Mo >R

v,j,m*

Z (2VE = AL (WL s )

VAN

= <(2\/_ — A, ).
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We use this with (5.6) to deduce that
<(2\/E A®) ) H( (L) S07H§ELL(3)L)90> < B'L 2

and thus, using the definitions (5.8) and (3.7), this implies that

(V- B o < 1
Hence, using cos(z) > 1 — 22/2,
5+ _
RS el < 2

and thus
(L) L—|—1 / B/

From now on we assume we have chosen 3 so large that

S \/% < min{1/vE. & /(8w,)}.

This choice implies
1/2 < <L)80”2 1 and QW+HH bl T1 <L>90Hz w/4.
We deduce from (5.9) that, for L? > 84'/w,
Al O () w
(V HE(L)%H <L)<P> 3

w

For the second step, let us now replace - p L) by - £ L) We denote w, = ||V,

Choose 0 < ¢ < 1 satisfying
V28 (B + 1) < @/(320,).
Then, proposition 3.10 tells us that
(L A &) w
2W+||H (L)%O 1 (L)SOH _6|| E[(;L)@H? < 1_6

1, we deduce

o, 11! ()L>90> <V£J (
H;L()L)@

< _%U n 2®+HHEE;L)QP — H(EEL)SO||2 < _%'

Using this and HH (L)<PH2

L
(L)

(L)
)= (V. 1,

B
—(L)

(L) =
H(L) 0, HEEL()L)
L
<V HE(L>SO (H(E()L)

(L>

(V.

E

o H(L& o 11

—@|oo-

)
(L)

p) +
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)
) w
(L) >} 2 1_6 .

We have thereby proven that, for L large enough
: sup [(

{w:aP > 2vk- 02} c{
lpll2<1
is adapted to the energy decom-

This proves proposition 5.4
The spatial truncation we introduced into V,
position of the argument. More specifically, eigenfunctions with different anchors
are treated differently. We therefore split the probability into different components
depending on the anchors, see lemma 5.7

We now prove a simple lemma
1 and ¢ € (>(TF). Then

Lemma 5.6. Let L
> el <

(L + Dlellz.
veTE!
Proof. We have v € TF and w € T.F if and only if v lies in the shortest path from x
=2 D lelw

weTL ve*,w]

to w, which we write v € [, w]. Thus
S lxeelli =D > few

veTE weTk
|

> el <
veTE
Now it suffices to remark that the maximum length of any shortest path from * to
LLveTE andwe TF

veT !
any point of the tree is smaller or equal to L + 1
We introduce the following quantity. For any given L
define
1
(5.10) =(L,v,w) = = (L4 1) wl=lh/2,
We also adopt the convention 0/0 = 0.
Lemma 5.7. Let L > 1, x > 0, B") the unit ball of (>(T*) and £, F C BW
Then the following inequality holds true
sup |(V P, 0)] > )
(V" Pop, Puth)| _ —
]P’( sup > KJ.:(L,’U,U])).
peener ||Popll2|| Puidll2

IP(
pEeEWEF
< D
veTE L weTk !
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Proof. First let us remark that for any ¢ € 2(TT1) we have ¢ = > ettt Pup and

thus, using remark 5.3, we see that
< > Py Y wa>‘

veT ! we’rf—l

(5.11) sup Z Z VP Pyp, Puth)|.

eENEF
peE veTE weT !

sup [(V P, v)| < S
pelYeF

The proof now proceeds as follows. In order to prove the inequality P(A) <
> P(B;), we will show that (; Bf C A°. To do so, fix w with the following

property: for all p € £, € F,v e TE 1 we TE,

(5.12) (VS Pup, Puth)| < KE(L, v, 0) || Popllal| Putd|2-
Then, for any ¢ € £,9 € F, we can use assumption (5.12) to bound

2 3 3 (P, P

’U€7;L_1 UJE%L_l

D Pl Y kDR

veT k! weTE™1
1/2 1/2
(5.13) <nL+07 (X eeld) (X B
veT k! veT k!

where we have used Cauchy—Schwarz in the last line and furthermore defined

Z k= wl=lD2) ||

wez];Lfl

Using Cauchy—Schwarz and P, = P, Y, (remark 5.3) in this last quantity, we see

that
YooBr< Y Y R NP3

veTE veTE 1 weT k1 weTE ™t
We can use polar coordinates to estimate the first sum over w. Indeed, note that,
for n > |v|, the number of elements of the sphere {we TF ' |Jw|=n} is bounded
by k"Il Thus, 3 eyt k™ (=) < S o1 < L+ 1. With the orthogonality
of the P, and lemma 5.6, we see that

> BIK(LA1) Y ¥l < (L+ 123

veT k1 veTE 1

We insert this bound into (5.13), apply >_,crz-1[[Pugll3 = [|l¢l3 once more, and
plug the result into (5.11), to see that assuming (5.12) for all p € £,¢ € F,v €
TE 1w e TE ! leads to

sup [(V P, ¢)| < k.
peEWEF
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This finishes the proof. [ |

5.2. The epsilon-net argument. The next problem we deal with is the fact that
the ground state of H,, is random. This is reflected in proposition 5.4 as follows.
The supremum is inside the probability, so that ¢ and 1 are adapted to w. In order
to remove the supremum, we approximate the ball with a finite e-net and show,
with a union bound, that it suffices to consider only the elements of the net. The
following two lemmas implement a classical e-net argument.

Lemma 5.8. Let v € TE! and BY be the unit ball of Im P, = P, (2(TH)).
Then there exists a finite set M, C B so that for any ¢ € B there exists some
p € M, so that

lo— ¢l <1/8
and furthermore

#M, < 32K,

Proof. The existence of an e-covering of the unit ball of a finite dimensional space
having a cardinality smaller than (4/¢)?, where d is the dimension of the space, is a
well-known fact, which can be established by scaling and volume counting, see for
example [Pis99, formula (4.22)]. It suffices now to remark from the definition (5.1)
that

dimIm P, < k(L — |v|)
to establish the result. ]

Lemma 5.9. Let a scale L > 1, a constant k > 0, B the unit ball of 2(T*) and
sets £, F C B be given. Further, we fiz, for each v € T\, some set M, given
by lemma 5.8. Then, the following inequality

ViP P, P,
p( s 027Pop, Put)

veever 1Pl Putdll
<D D BVEIRg P > 2RE(L, 0, w) | Pl Putdl2)

1EN Ge M, pEMy
holds for allv € TE™', we TE .
Proof. Fix v € TF™!, w € T.LL. Using the fact that P? = P,, we see that
~ P, P,
(VA P, Puts) = (VPP Pu o )| Puplall Bt

NPsella” [ Putbll2
We deduce that

> HE(L,’U,U)))

VUEL)PUQO, wa ~
sup i ) < sup (VP Pup, Puth).
pecier || Pupll2l| Putll2 oeB peBH

We remind the reader that 0/0 = 0.
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Let M., M,, be the %—coverings of BI(,L), B given by lemma 5.8, respectively.
Suppose that £’ > 0 and that

. 7 K ~
(5.14) (VS P, Putd)| < S|Pl Putd 2
for all ¢ € M,, 1 € M,,. Assume furthermore that

(5.15) (VP Pup, Puth)] < 26| Pupllz | Putd |12

for every pE B w e B, Using the definition of M,, M,,, we see that for any
Y e B , Y€ B , there exists some @ € M,, ¥ € M,, such that

(VP Pop, Puth)] < |<W> vsa, P,0)| + (VISP P (& — ), Putd)|
+|< 1;90’ w(ij_w)ﬂ
K24 26| Py (& — ) |2 + 26| Pu () — 9)]|2
K2+ K 4+ K [4=F.

We deduce that if |(V,$" vcp, w¢>| > r’ then we cannot have both (5.14) and (5.15).
We use this below with ', 2x/,4x/,.... Thus,

<
<

viPpow P, -
IP’( sup i 2 P fi’) < IP’( sup (VP Py, Py > H')
eeewer ||Popll2l| Putll2 we B weB®P

< Y PWVEPRG )| > HIIPGa N Putd )
pEMypEMu
+ IP’( sup (VB Pp, Pyp)| > 2/4)

peBSY peBF

<Y D PVIPRG, P > 2K Pulla ]| Putdl2)-

=1 PEM.y, ¢€Mw

Now we choose k' := kZ(L, v, w), and lemma 5.9 is proved. [ |

5.3. Concentration inequalities. With the lemmata we have up to now, we
can attack the probability in proposition 5.5, but we will accumulate sums over
veTEFLweTEFYi>1, ¢ € M, and v € M,. The probabilities we sum
over in the end should be very small in order to get a meaningful upper bound.
We estimate these probabilities in proposition 5.10, which is the main probability
estimate.

We remind the reader that =(L, v, w) was defined in (5.10) just before lemma 5.7,

and that V¥ = (H(L()L>)*V( )H(L(L) We further recall that V is the centered

potential see (5 5), and that the random variables w, are bounded almost surely,
SO |V

N | = |lwo — @|oe almost surely.
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Proposition 5.10. Let L € N, 8 € (0,L], v € TEY we TEL, 6 €(0,1), and
peM, veM,. Then

- 3 @ -
(VP Pg, Put)| > kE(L, v, w) | P.II msoH 1P, L>w||2

w

holds true with probability smaller than
2 eXp(—C’k,@+,5/<a2k5L).
Here,
Cronp = (642K (B+ 1)) > 0.

To prove proposition 5.10 we will need the following two lemmata, the proofs
of which are just below the proof of proposition 5.10. The first one is just an
application of a well-known subgaussian estimate.

Lemma 5.11. For all L > 1, k > 0 and any ¢, 1 € (*(T1), we have
2

(L) K
P(|(V,) 0,)| > k) <2exp(—=—5——5—5 ).
( ) ( 2W3|190||?;||1/1||i>

After applying lemma 5.11, we will be interested in certain ¢*-norms. The
following estimate is taylored to our needs.

Lemma 5.12. For all L €N, 8 € (0,L], v e TE, € TE! satisfying x| > |v],
and p € (2(TT),

8kS(B +1)*

T R o

||XIPUHEEL;L>90H1 < 2

holds true.
We now prove proposition 5.10.

Proof of proposition 5.10. First, recall (5.3). This allows us to write
- (L) 7 (L
PV PP, = Pw(H;é)L)) v, T <)L)Pv
=T, P Ty sV m,anH%,

since the operators Te 5, ., and Yo are self-adjoint. Furthermore, note that
w5 = T|%U| s and recall from remark 5.3 that P, = P,X.. The diagonal operators

Tiw|,s, Xw and V(L) commute, so
PuTLD Py = T, P72 T TP
Finally, compute T, s7}s|,s = Tjw|,s- This leads us to study the quantity
X(,v,w) = (VP P, Pud)
= (V. 3Tt PG @ T s P10, 0)



56 FRANCISCO HOECKER-ESCUTI AND CHRISTOPH SCHUMACHER

which is a sum of independent, bounded random variables. Note that the number
of nodes in {z € T.k7! : |z| = |w| + [dL]} is smaller than or equal to k/**1. Use
this and lemma 5.12 to calculate

[Tos Pl bl = 32 IPeePully 9y < KP4 ma e PT0, o
ol B Tl
B+
S e Ll R
and
X0 T s oI <L><PH4 e P, 3]l < KPP max . P,

E zeT k-1

Wi Tl

6<5+1) 2)w|—[6L]+2|v (L)
< 8k (L+1)2k; eimlorTERl P I

With these estimations, lemma 5.11, tells us that, if " > 0,

0l

HIQ

203 P PTG 2P Pl 0
I2<L+1)2k\w\f|’u|+wL]
16“’2]“6(5"'1 ”PH (L)‘P” [P HE(L)wHQ

log(P(|X (z,v,w)| > ') /2) < —

We plug in
Kk = E(L v, W ||PH (L) || HP H (L)¢}|2

and get

log (GP(X (1 v.)| > KZ(L. v, )| P 2], | PaTI, 511,)
121011
6402 KS(B 4+ 1)Y
This finishes the proof. [ |

Proof of lemma 5.11. Fix @1 € (*(T*). The expression
J— L _
V00 = 3 (wo = @)e()u(v)
veTL

is a sum of #7 independent random variables, namely {(w, — @)@ (v)¥(v) }yere,
all of them having mean zero. For every v € T, we have almost surely

[(wo = @)Y (V)] < @1lp(v)P(v)].
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To bound the probability in question, we use Hoeffding’s inequality ([Hoe63]) and
Cauchy-Schwarz:

PV ~@)e,v)| > ) < 20052 GTL<2a:|2:<v>||w<v>|>2>

2

—K
T e .
202 [lell3l1 113

Proof of lemma 5.12. Let ¢ € (*(T*). To simplify notation, we assume ¢ €
P,II L<)L)€2(7'L). For any L-admissible (v, j,m), let a, j, be defined by

and thus -, | jml* = [l0]l5.
Using Cauchy—Schwarz,

|B+1]

el = S S0 S a0

weTL m=1 jeJ,

(X Shewn) S (X Sivtutor’)

m=1 jeJ, weTE ~m=1 jeJ,

=||so||§z(t§sz] S wk Wl w >]2)2.

weTEk *m=1 jeJy ueTkl u~v

Again with Cauchy—Schwarz and then with the definition (3.1) of 1/15 el e see

S| Y wheeilw] <X Y whmr Y k)

J€Jv ueTt u~v J€Jv ueTE u~v uE’EL,qu
< 2k?
< .
L+ o] = D)o

We use all this in the estimate above and derive
[B+1]

4k wl—lv
Ixalls < meH;‘ Z (Z el 1)
weTL
4k4LB+1J2 wllv
<L g 5 o

weTL
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The remaining sum can be treated with radial coordinates:

L L
D e e S e G e D

weTk (=lal (=lal
—lal 3
k K —a(al—pel)

< k*\x|72|v|+2 — k
1—k1 k-1

Since k > 2, we can beautify k3/(k — 1) < 2k? and get

8k 5 + 1J

Because of (5.4), we can assume |v| < (1 — ﬁﬂ)(L + 1). This is equivalent to

L++_‘,U‘ < i—ﬁ, and the claim follows. m
We finally are in position to finish the proof of the key probability estimate.

Proof of proposition 5.5. We need to bound

» _IP( sup [V, )| > @> <P< sup (V. ¢)] > 32)

lell2<1 16 lolla<l
from above. Let us define
&= F = {p e I, (A7) : llplle < 13-

By definition of f/w(L), see proposition 5.4, and by (5.3), we have

sup (VM. )| < supsup|[(V P, v)].
lelb<1 pCE veF

Using this, we can estimate with the help of lemma 5.7 and see

" o
(5.16) Z Z (sup (Vo Pop. ww>|>3—E(L,v,w)>.

S o 2 U\l [Pl P

The terms in the sum (5.16) can be bounded using lemma 5.9,

|<~°§L Pop, Puy))| =
IP>< sup > :(L v, W)
pecaer [[Bopl2ll Pl

617 <Y Y P(WPRe, ww>2232E<L,v,w>HPv¢uz||szZ||2),

€N e My, PpeEM.y
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where, for v € TL M, C (TF) with #M, < 32FF) see lemma 5.8. Using
P32 = || P, H( ,» valid for all ¢ € ¢2(T"), proposition 5.10 tells us that

~ ~ - PnE ~ ~
P(|<V$L>vao, Pl > 22 2L, 0,0) | Pulal| Putllz)

<PV PG, Puth)| > 2 2(L,v,0)|[ P, et N T )

<2 ( A k5L>

I A N T TR
Plugging back into (5.17) and using #M, < 32*,
. ( (VS Pyo, Put)

sup
PEEYEF HPvSDH prwb

-2
Z Z Wo 525761

€N e M, peM.,

-2
2kL 2 W 5L
<2-32 E eXp<—C,{7@+752 —1024/’{; )

1€EN

\/

The remaining sum can be bounded with a geometric series, since for all z > log 2,
we have

i = —z\% e” —x
Zexp(—aﬂz’) < Z (e7") = o= < 2
ieN i=1

Finally, put this back into (5.16), to get, for all L € N large enough,

Yo 4323 C O o
> ' eXp( mee81024 )
veTEtweTt !
4k 327M ( G k5L>
exp| — Uk .
P 87024
Taking L large enough, we get

©° 5L
PgeXp(—C»u@ﬁmk )

The end. [ ]
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