CONDITIONAL WEGNER ESTIMATE FOR THE
STANDARD RANDOM BREATHER POTENTIAL
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ABSTRACT. We prove a conditional Wegner estimate for Schrodinger
operators with random potentials of breather type. More precisely, we
reduce the proof of the Wegner estimate to a scale free unique contin-
uation principle. The relevance of such unique continuation principles
has been emphasized in previous papers, in particular in recent years.

We consider the standard breather model, meaning that the single
site potential is the characteristic function of a ball or a cube. While
our methods work for a substantially larger class of random breather
potentials, we discuss in this particular paper only the standard model
in order to make the arguments and ideas easily accessible.

1. INTRODUCTION

A Wegner estimate is an upper bound on the expected number of eigen-
values in a prescribed energy interval, of a finite box Hamiltonian. The
expectation here refers to the potential which is random. This research di-
rection is pursued by many authors. In this technical report, we cannot
discuss the history of the subject appropriately, but refer e.g. to [6] and the
references therein.

Wegner estimates have been derived for Hamiltonians living on Z% or R?,
more precisely on bounded subsets of rectangular shape of these spaces.
Here we will be only interested in models on continuum space R?. The
most studied example in this situation is the so called alloy-type potential,
sometimes also called continuum Anderson model. A particular feature of
this model is that randomness enters the model via a countable number of
random variables, and these r.v. influence the potential in a linear way. In
the model we study here this dependence is no longer linear, but becomes
non-linear. What remains, is the monotone dependence of the potential on
the r.v. The topic of the present note is to explain, how to effectively use
this monotonicity. This only works if it is possible to cast the monotonicity
in a quantitative form.
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With this respect we consider the study of the random breather model as
paradigmatic for a better understanding of random Schrédinger operators
with non-linear randomness.

To our best knowledge random breather potentials have been first con-
sidered in the mathematical physics literature in the work [2].

1.1. Wegner estimate for the random breather model. We prove a
Wegner estimate, Theorem 1.2, for the Random Breather model.
In the following, As(z) := = + [~s/2,5/2]¢ is a d-dimensional cube of side
length s > 0, centered at the point € R%. B,(x) denotes the ball of radius
r > 0 around x € R?. If # = 0, we omit the x and write A; or B,. If the
side length s is fixed, we simply write A.

Let 0 < w_ < wt < 1/2 and let pu be a probability measure on R with
bounded density v, and support in [w_,w]. We define the probability space

(Q, A, P) - (X’iGZdR’ ®Z€ZdB(R)7 ®1€Zdu) .

Here, B is the Borel o-algebra. For w € Q and j € Z¢ we denote the
projection onto the j-th coordinate of 2 by w;. The {w; }jezd form a process
of [w_,w]-valued independent and identically distributed random variables
on Z%. For i,j € Z% and § € R we define w + 6 and w + de; € Q by

(w+0); :=w;+ 6 forall j c 74

s ifi—i
(w+0€;); = it L
wj if j # 1.

Definition 1.1. We define families of random potentials {V,,}
(1) V() = Z XB., (x —j) or

jezd

2) Vo) = 3 Xau, (@~ 5).

jezZ4

weN

The (standard) Random Breather model for balls in case (1) or cubes
in case (2), respectively is the family of operators {H,} .o where

H, =—-A+V,.

For each w the operator H, is nonnegative and self-adjoint on a dense
subspace of L2(R?). We also define for a cube A C R? the restriction H,, A
of H, to A with Dirichlet boundary conditions and the restriction of the
potential Vi, o : A — R.

We formulate a scale free quantitative unique continuation property, which
the random operator H,, o may or may not have. Denote by x7(Hu A) the
spectral projector of H,, o onto an interval I.

Hypothesis (SFUCP). Let {24}z be a sequence of points in R?. Denote
by W; the characteristic function of the set | J,cz4 Bs(2x). Given b € R there
is M > 1 such that for all 0 <6 < 1/2

(3) X(—oob) (Hup) Wsla X(—oop)(Hun) = 0" X (oot (Hurn)
if the balls satisfy Bj(z) C A1(k) for all k € Z.
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Inequality (3) is understood in the sense of quadratic forms.

Theorem 1.2 (Wegner estimate for the Random Breather model). Let
{H,} be the (standard) Random Breather model as defined in (1) or (2)
and A = Ap a sufficiently large cube of side length L € 2N + 1, centered
at the origin. Assume that the hypothesis SFUCP holds. Let b € R. Then
there are constants

0 < C < 0, depending only on d, b,
0 < emax < 00, depending only on M, w,,

such that for all 0 < € < emax, £ € R with [E — ¢, E +¢] C (—o00,b — 1] we
have

@) BT e (Hon)]] < C Valnlla/M Inel L,

Emax can be chosen as

1 (1/2—w+>M
Emax = 7 | — 5 .

4 2

Remark 1.3. (a) We can give an explicit bound on the constant C, namely
C <2-32%e" - 2(Vd+ 1) +2%).

(b) The |Ine|? term can be hidden by choosing a slightly smaller M < M
and a different constant C' > 0. Hiding also the factor V4|lv,|le in this
constant, we obtain a bound of the form

E [Tl" [X[E—a,E+g] (Hw,A)H < C~’ . 61/MLd,

(c) The factor 1/2—w; in epay is due to technical reasons. It can be replaced
by other positive values with the tradeoff that the dependency of M becomes
more involved.

Remark 1.4. Since this note is of a technical nature, we will not discuss here
the following issues, but will do this in a subsequent paper.

e It is possible to use Neumann or periodic boundary conditions in-
stead of Dirichlet ones as well.

e The Wegner estimate holds for a much larger class of single site
potentials.

e Previous results on Wegnes estimates for such models will be also
discussed there. This includes a discussion of the classes of single
site potentials covered (and not covered) in pervious papers. In any
case, so far no Wegner estimates for the standard random breather
potential have been proven.

e A discussion of the scale free unique continuation principle (SFUCP)
which is the basis of the main Theorem.
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2. ESTIMATES ON THE SPECTRAL SHIFT FUNCTION

We reproduce here the estimates on the singular values of semingroup
differences and the spectral shift function of two Schrédinger operators dif-
fering by a compactly supported potential obtained in [4]. We reduce the
estimates to the particular, simple situation we are dealing with. The con-
stants are calculated explicitly and more accurately than in [4].

We will be dealing here with a pair of operators: Hy = —A + Vj with
Vo non-negative and bounded, and H; := Hy + V, with V non-negative,
bounded, and supported in a ball of radius 1/2. Let A = Ay be a cube of
sidelength L € 2N + 1 and call H{]X and H{\ the restrictions of Hy and H;
onto A with Dirichlet boundary conditions. Let

_gA _gA
X/Zf\f::e HY _ e=Ho,

This is a compact operator and we will enumerate its singular values de-
creasingly by g1 > pe > .... Then we have the following

Theorem 2.1 (Theorem 1 from [4]). For n > Ny := 49, the singular values
of Ve% obey
1/d

(Vi) < (Vd+ 1) exp (—”16>

We start the proof with a lemma

Lemma 2.2. Let H = Hy or Hy be as above and let HY be the Dirichlet
restriction of H to an open set U with finite volume |[U|. Then the n't
eigenvalue E, of HY satisfies

2nd [ n 2/d
B, >4 ()
) = <|U|>

Proof. We have H U > _AY where —AY is the Dirichlet restriction of —A
to U. Hence

2
Tr (e_%Hu) <Tr (e‘Zmu) = He_tAuHHs = //u y \e‘mu (z,y)|>dz dy
X

where || - ||us denotes the Hilbert-Schmidt norm. Using that the kernel of
the Dirichlet semigroup is bounded by the free kernel, that is

—tAU 2 —tA 24 —d o |z — y|2
™2 (z,y)|"dy < [ e (2, y)|*dy = | (4mt) Texp ( ——F— | dy
u u u 2t

—d/2 —d/2 _ |z —yl _ —d/2
< (87t) (2mt) exp | —————— | dy = (8nt)~ =,
R

2t

see [1] for the boundedness by the free kernel and [3] Theorem 2.3.1. for the
free kernel, we estimate

—tAU —
le™ IiBs < 4] (8mt) =42,

Thus
Te(e2H%) < u|(8mt)~Y/2.
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Denote by NY(E) the number of eigenvalues of HY smaller or equal to E.
By Cebysev’s inequality and the above bound

E
NL{(E) < thE/ e—QtSdN’u(s) < thETr(e—QtH“)
— 00
<l (§rt) P =) (5= )
2nd
where in the last inequality ¢ := % has been chosen. Since n < NY(E,),
this implies (5). O

Proof of Theorem 2.1. The n" singular value will be estimated by Dirichlet
decoupling at a scale R, which monotonously depends on n. Let without
loss of generality supp(V) C Bj/3(0). Choose a large R = R,, > 2 to be
specified later. Call H JR (j = 0 or 1) the Dirichlet restriction of H; onto

Aop = [~ R; R]?*? and let
AR = e HI' _ e=Hi'  and Dpg = ng}f — Agp.
We apply Lemma 2 and find
1
un(e_HyR) < exp(—g—dnz/d}%_% < exp (—wn2/dR_2>
e

for 7 = 1,2. Since Apg is the difference of two nonnegative operators, its
singular values obey the same bound:

1
(AR < jn(e= ) < exp (—an/dR-g) .

If the operator Dp is bounded, then i, (V) < uy,(Ag)+||Dr||. We will now
estimate the norm of Dy by using the Feynman-Kac formula for Schrodinger
semigroups with Dirichlet boundary conditions, see [1]. Let E, and P,
denote the expectation and probability for a Brownian motion b;, starting
at x. Let 7p := inf{t > 0|by ¢ A} be the exit time from A and 75 := inf{t >
0]by ¢ Aar} be the exit time from Agp. Then

(DRf)(x) =E, |:(€_ fol(Vo—i-V)(bs)ds e fol Vo(bs)ds) X[TA>1](b)X[TRSI](b)f(bl)} .
Using that x(;,~1)(b) < 1, we find
Difl(2) < B [e o Voo o= B V0 1y ) 7o)

Only Brownian paths which both visit supp(V') and leave Br within one
unit of time contribute to the expectation. Thus, if 7y is the hitting time
for supp(V') and B = {7r < 1,7y < 1}, then

Daf|() < By [ Vo0 [ VOIS 1] oy (b) | £(0)]
Applying Hélder’s inequality
1 1/8 1 1/8
‘an‘(x) < (Em [efoO VO(bs)dS]> / (Em “e* Jo V(bs)ds _ 1’8:|> /
2
x (B Do (0)) ' (B [1£(01) ).

The first two terms are bounded by 1, uniformly in x.
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Letting by = (0", ...,6{") € R? and calling 7 := inf{t > oY) ¢
[~ R, R]} the exit time of the j'' coordinate from the interval [~ R, R], we
have

d d
Polrn <1] =Po | {r’ < 1}| <SP0 [ <1] = d-Bolrfy) < 1)
=1 =1

The projection onto the first coordinate of (b;) is a one-dimensional Brow-
nian motion and by the reflection principle

(1) _ (1) _ A [T e 4 1 R
6) Polry’ < 1] =2P|b57 > R| = — e dr < ——R e .
( ) O[ R = ] 0“ 1 = ] 5271‘ 5 < o

Recalling that R > 2, and hence \/%R_l <1 we find

PolrR <1 <d-e ®/2

Since every path in B must cover the distance r > R — 1/2 between
supp(V') and the complement of the ball Bg, we find P, [B] < d- e /2. We
assumed that R > 2, hence r > R —1/2 > R/v/2. Then P,[B] < de—F*/4
and

Drfl(x) < Vd- e B/ (B, f(b1)[?)"? = Vd- e 1 (2] £12) () °.
Using the fact, that e® is an L' contraction
IDofll2 < Vde /) (A f)11? < Ve 10| 21177 = Vde 10 £,

To balance between the two bounds obtained for u,(Agr) and ||Dgl|, we
choose R := n'/?¢ and find

tn(Ar) < exp(—1/16 - nl/d)7
| Dnll < %-exp(—1/16.n1/d)’
that is

(V) < (Vd+1) - exp (—1/16n"/%).

1/2d - 9 this only works for

Since we assumed R =n
n > Ny = 4%
O

Let now g € C*°(R) with compactly supported derivative. If g(H;) —
g(Hp) is trace class then there is a unique function (A, Hy, Hy) called the
Lifshitz-Krein spectral shift function, such that

(7) Tr [g(Hy) — g(Hy)) = / £(\, Hy, Ho)dg(N).

This is referred to as Krein’s trace identity. (-, Hy, Hp) is independent of
the choice of g. In fact, g can be chosen from a substantially larger class of
functions:
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Proposition 2.3 (Chapter 8.9, Theorem 1 in [7]). Let Hy, Hy be positive
definite and H; " — H, " trace class for some T > 0. Furthermore let g have
two locally bounded derivatives and satisfy

(AT () < OXTE, as A — o0
for some C,e > 0. Then (7) holds for g.

For such admissible functions, it is possible to make a change of variables

§(N\, Hy, Ho) = sgn(g')&(g(A, g(Hy), 9(Ho)),

see [7], Chapter 8.11. This is referred to as the invariance principle for the
spectral shift function. With our choice of Hy and Hi, g(\) := exp(—2A) is
an admissible function, as can be seen via Lemma .

We also define functions F; : [0,00) — [0, 00) for ¢ > 0 by

Fte) = [ explt) - 1y,

Theorem 2.4 (Theorem 2 from [4]). Let £ be the spectral shift function for
the pair of operators Hé\ and H{X

(i) There is a constant K1, depending on t such that for small enough
t>0

T
/ Fi(J€(\)d < Krel < oo.

— 00

t can be chosen to be t := 1/32 in which case K; < 4-32%- (v/d+1)!
(ii) There are constants K1, Ko, only depending on d such that for any
bounded function f with compact support within (—oo,b] we have

/f(/\)f(/\)dA < Kie® + Kz (log(1+ || flloo)) 1 f11-

We may choose K :=2-32¢. (\4/& +1)! and Ko := 32¢.

Corollary 2.5. Let g € C*°(R) with ¢’ of compact support within (—ooc, b]
such that g(H{) — g(HY) is trace class. Then

d
(8) Trlg(H) — g(H)] < 32° [2(V + 11" + (log(1 + ['ll)" 1]
Proof of Theorem 2.4. (i) Using the invariance principle for the spectral
shift function we have
T

T
/ F(€(\ HY Y )dA = / Fy(je(e, e 1t e Hd)))a

—00

< / Fu(le(s, e, e=F8) ) ds.
efT
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Since the difference V;’}f = e~ H _ ¢~HE i trace class, we can apply an
estimate of [5] and find

/Oo Fy(|é(s. e e )ds < pn(Ver) (Fi(n) = Fy( — 1))
n=1

—00
oo

NO n n
— Zﬂn(veﬁ)/ ("~ Dds+ Y un(veﬁ)/ (" — 1)ds
n=1 n

-1 n=Np+1 n—1

< Nl 1) (VA4 )3 o

n=1
If we choose ¢ smaller than 1/16 this will be finite. We choose ¢ := 1/32 and
recall that Ny = 49 so that we obtain

/ Ft(‘g(s,elejefHO)DdS S 4d(€1/16 _ 1) + (W—F 1) 2671/32n1/d.
-~ n=1

To estimate the second summand we use

S ettt < / e1/3221 g0 — 3301 / e Vyddy = d-3297(d) = d!-32¢
n=1 0 0

and obtain

/ Fi(|€(s, e eH0) )ds < 4 4 (d +1) - 32%d) < 2324 - (Vd + 1)),

(ii) We use Young’s inequality and dualize the bound from part (i). F; is
non-negative and convex with F/(0) = 0, hence its Legendre transform G
is well-defined and satisfies

log(1 + 1) \*
Gi(y) :==sup{zy — Fi(z)} <y <t> for all y > 0.
x>0

Young’s equality yields yz < Fy(z) + Gi(y) and with b := supsupp(f) we

find
b
/ FVENA < / (€A )N + / Go(|F(N))dA

Using part (i), we find that the first integral is bounded by Kje’. For the
second summand we estimate

[easonans [ 1o (log“‘f( )“) dx < | og(1 | Fllx0) I/ 1.
J

3. PROOF OF THE WEGNER ESTIMATE

Since the proofs for balls and cubes are identical, we only consider char-
acteristic functions of balls as single-site potentials

o) V@)= 3 xa, (@ - )

jezZd
Sometimes, we will write Hp(w) = Hy, o and Va(w) = Vo for notational
convenience.
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Note that for all w € [w_,w4]%", all cubes A C R? with sidelength L €
2N + 1 and all j € Z¢, H, p has purely discrete spectrum. Denote the
eigenvalues of H,, A by {\i(w)};cy, enumerated increasingly and counting
multiplicities.

Lemma 3.1. Let (3) hold and assume that w € [w_,w,]%". Then for all
i € N with \j(w) € (—00,b—1] and all 6 < 1/2 — w4 we have

Ai(w =+ 6) > Ni(w) + (6/2)M.
Proof. Let Hyy57¢i = Ai(w + 9)¢; for all i € N. Then

Ai(w +8) = (di, Hurs500i) -
We write Hy, 54 = Hon + (Vs — Vo). Note that wy +6 <1/2 and
10)  Vies(®) = Vil@) = 3 Xy s — 9) — Xy (2 — )

jeA

This is a sum of characteristic functions of mutually disjoint annuli of width
9. Each of these annuli contains a ball of radius §/2 and we find

Viors(x) = Vio(x) = Ws)a()

where W5 is characteristic function of a union of balls of radius 4 /2 each
of which is contained in a different elementary cell of the grid Z<.
Restrict now to i such that A'(w) € (—o0,b — 1] which implies in partic-
ular A\*(w + 8) € (—o0,b]. Then estimate (3) holds and we obtain via the
variational characterization of eigenvalues
Ai(w +6) = (¢i, Hops.00i)
= <¢7 Hw,A¢> + <¢7 (Vw+5 - Vw) (Z))

= max
¢eSpan{¢1,...,0: },||o]|=1
(¢, Hon®) + (6, W 20)

> ma
= yoax ,Hund) + (5/2)M
¢€Span{¢1,‘..,¢>i}’H¢”:1 <¢) 7A¢> ( / )

> X
¢pESpan{¢1,...,0: },|| 9| =1

> inf max , H + (6/2)M

_dimD:i¢€D,H¢>||:1<¢ wA9)+(9/2)

= \i(w) + (6/2)M.

We choose ¢ := 2 (45)1/ M "so that the lemma becomes
Ai(w~+9) > Ni(w) + 4e.

Since we required 6 < 1/2 — w,, this yields the upper bound on ¢ from the
theorem. Note in particular that this bound is smaller than 1/2.

Let p € C*(R,[—1,0]) be a smooth, non-decreasing function such that
p=—1on (—o0;—¢] and p =0 on [g;00). We can assume ||p'[|cc < 1/e. It
holds that

X[Efs;EJrs](x) <plx—E+2)—plx—E—2)
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for all z € R which translates into

E [Tr [X(p—c:p+e](Hon)]]
< E[Tr[p(Hon — E+2¢) — p(Hon — E — 2¢)]]
=E[Tr[p(Hoa — E —2c+4e) — p(Hyn — E — 2¢)]].
Lemma 3.2.
(11) Trp (Hoa — E—2c+4e)] < Tr[p(Hyss50 — E — 2¢)].
Proof. p is a monotonous function, hence we have by the previous lemma
pAi(w) — E —2e+4e) < p(Ai(w+9) — E — 2¢).
We expand the trace in eigenvalues

Tr [p(Hon — E =26 +42)] = Y p(Ni(w) — E — 2¢ + 4e)
<Zp i(w+0)— E—2¢) =Tr[p(Hyssn — E — 2¢)].

O

Now let A := ANZ® and N := |A|. The indices which affect the potential
in A will be enumerated by

k:{l,.N}—= A, ne~kn).

We define functions which describe how the upper bound in (11) varies when
we change one random variable wy,) while keeping all the other random
variables fixed. In order to do that we need some notation. Given w €
wo,wi]?, n e {1,..,N}, § € [0,1/2 — wy] and ¢ € [w_,w,], we define
OMI(#) € [w_, 1/2]Zd inductively via

S

(. t if j = k(n)
<w( 5)(t)>j = {(w(n—l,ci)(wj + 6))3' else.

The function &™) : [w_,1/2] — [w_,1/2]%" is the rank-one perturbation of
w in the k(n)-th coordinate with the additional requirement that all sites
k(1),...,k(n — 1) have already been blown up by J.

Now let

On(t) := Tt [p (HA (@(”’5)(75)) _E- 25)} , forn=1,..,N.
Note that
On(Wi(n)) = On-1(Wpn-1) +6) forn=2,..,N
and

ON(win) +6) =Tr[p(Hysa — E — 2¢)],
O1(wr(1)) = Tr[p (Hua — E — 2¢)].
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Hence we can expand the expectation of the upper bound in (11) in a tele-
scopic sum

E[Tr [p(Hotoa — B —2¢)] = Tr [p(Huwa — B — 2¢]]
=E [On (wi(n) +6) — O1(wi())]

N
Z ) +8) = On(wrm)] -

Since we have a product measure structure, we can apply Fubini’s Theorem

w+

E [©n(wk(n) +6) — Onlwim))] =E [ On(Wi(n) +6) — On(Wi(n))di(wres)) | -

w—

Note that for ¢t € [w_,1/2], O, is non-decreasing and bounded. In fact,
monotonicity follows from the inequality

Va (809 (0)) < Vi (209 (t2))

whenever t1 < t9 and boundedness is due to the fact that 0 and V,, provide
upper and lower bounds

0<VA( (”5)())§1.

Lemma 3.3. Let —00 < w_ < wy < 400. Assume that p is a probability
distribution with bounded density v, and support in the interval [w_,wy] or
[w_,wy) if wy = 00 and let © be a non-decreasing, bounded function. Then
for every 6 >0

/R O +0) — 0N du() < [[vulleo - 6 [O(wy +0) = O(w-)].
Proof. We calculate

/R O\ +8) — O(\)] du(N)

W +4J

<l | (O +) = O] dA = [vlloe [/

_+4 w_

w4448 w—~+48
vl | [ oM = [ 000 < Il 5160k +8) - ().

W

O
Thus, we find

/w+ [0i(wr(iy + 6) — Os(wri) ) dp(wry)] < [vulloo - 6 [Os(wy + ) — O3(w-)]

We will use the results from the section 2 in the following form:

Proposition 3.4. Let Hy := —A + V, be a Schrédinger operator with a
bounded potential Vy > 0, and let Hy := Hy + V for some bounded V > 0
with support in a ball of radius 1/2. Denote the Dirichlet restrictions to A
by Hé\ and H{\, respectively. There are constants Ky, Ko depending only
on d such that for any smooth function g : R — R with derivative supported
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in a compact subset of (—oo,b| and the property that g(Hy) — g(Hy) is trace
class

Tr [g(HL) — g(Ho)) < Kae” + Ka (n(1+ [lg'lo0)?) 19/l
A possible choice is K1 :=2-32% - (V/d 4+ 1)! and Ky := 324,

The expression Tr[g(Hy) — g(Hp)] is well-defined since Hy and H; are
both lower semibounded operators with purely discrete spectrum and only
the finite set of eigenvalues in supp ¢’ can contribute to the trace.

Proposition 3.4 implies

Lemma 3.5. Let 0 < e < % There is a constant C depending only on d
and on b such that

Op(wy +0) —Op(w_) < C|Inel.

The constant C' can be chosen equal to Kie? + 29Ky with K1, Ko as in
Proposition 3.4.

Proof. Let g(-) := pr+2:(-) == p(- — (E + 2¢)). By our choice of p, g has
support in (—o0,b], ||¢'|lcc < 1/e and ||¢|[1 = 1. We define the operators

HO_:: H ((:)(n’é) (w_))
H,:=H (d)(”’é) (wy + 5)) .

These are lower semibounded operators with purely discrete spectrum and
since g has support in (—oo, b], the difference g(H1) — g(Hy) trace class. By
the previous Proposition

O (W +0)=On(w-) = Tr [pp1a-(H1) = pryac(Ho)] < K1e'+Ks (In(1 4 1/2))?.
We assumed 0 < ¢ < %, thus 1 + ¢ < e~ ! and

In(1+1/e) =In(14+¢) —Ine < —2Ine = 2|In¢|
and 1 < |Ing| < [Ine|? which proves the Lemma. O

Putting everything together yields
(12) BT g pee (Hon)]] < (Kie + 2202 [l -6 el 1

and bearing in mind that § = 2 - (45)1/ M we obtain (4). This proves
Theorem 1.2.
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