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Abstract

We study Schrédinger operators on L2(RY) and ¢2(Z¢) with a random
potential of alloy-type. The single-site potential is assumed to be exponentially
decaying but not of compact support. In the continuum setting we require a
generalized step-function shape. Wegner estimates are bounds on the average
number of eigenvalues in an energy interval of finite box restrictions of these
types of operators. In the described situation a Wegner estimate which is
polynomial in the volume of the box and linear in the size of the energy
interval holds. We apply the established Wegner estimate as an ingredient for
a localization proof via multiscale analysis.
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1 Introduction

The theory of Anderson localization is concerned with spatial concentration and
decay of eigenfunctions, as well as the corresponding dynamical quantities like
wave-packets. The interest in these features stems from the quantum theory of
disordered media, which provides a relation to transport properties of the modeled
medium.

A paradigmatic, and probably the most studied model in the mathematics
literature on Anderson localization is the alloy-type potential. The reason for
its popularity is that it allows to model structural features of the stochastic field
determining the potential explicitly. The features which have attracted most of
attention are non-monotonicity, the covering-property, and long-range correlations.

They have been addressed for instance in [Klo95], [Kir96], and [KSS98a], re-
spectively. A further advantage of the alloy-type model is, that it can be treated
in the continuum as well as in the discrete setting. In particular, the problem of
non-monotonicity in the potential has been tackled in many papers, with intensified
interest in recent years, [Klo95], [Ves01, Ves02], [HK02], [KN09], [KV06], [Bou09],
[Ves10a],[Ves10b], [ETV10, ETV11], [Kriil2], [CE12], [ESS12].

The main results of the paper at hand are the following;:

e A new Wegner estimate valid for discrete as well as continuum alloy-type
models.

e Along the way we give an explicit construction of strictly positive linear
combinations of translates of single-site potentials.

e Compatibility of non-monotonicity with long-range interactions in the mul-
tiscale analysis proof of interactions. This has been obtained by [Kriil2] for
the discrete model. We show that this holds in the continuum case as well.

Our implementation of the multiscale analysis (MSA in the following) is a different
one than Kriiger’s. Rather that relying on [Bou09], we use the strategy of [KSS98a].
This results in a much simpler version of the MSA. For the discrete alloy-type model
we give a detailed proof, accessible also to non-specialists.

For the continuum analogue we establish a result on the control of resonances,
which allows to merge into the MSA presented in [KSS98a].



In a separate Section 3 we discuss the methodical and physical implications
of negative (sign-changing single-site potential) and long range (non-compactly
supported single-site potential) correlations.

2 Model and results

2.1 Model and basic notation

We first introduce the continuous model. The alloy-type model is given by the family
of Schrodinger operators

Hw — HO + Vw on LQ(Rd)’ HO = —A —|— ‘/0, w E Q,

where —A is the negative Laplacian, Vj a Z%periodic potential, and V,, denotes the
multiplication by the Z%ergodic random field

Vo(z) = > wlUlz — k).

kezd

The so-called coupling constants wy, k € Z%, are assumed to be independent
identically distributed (i.i.d.) random variables according to a probability measure
u with bounded support. Hence the probability space has a product structure
Q 1= Xjezasupp i, is equipped with the o-Algebra F generated by the cylinder
sets and the probability measure P := ®jz4p. The corresponding expectation is
denoted by E, i.e. E(-) := [,,(-)P(dw). For a set I' C Z¢, Er denotes the expectation
with respect to wy, k € T'. That is, Ep(-) := er [Irer #(dwy) where Op := xperR.

The function U : R* — R is called single-site potential. Throughout this paper
we assume that Vp and V,, are infinitesimally bounded with respect to A and that
the corresponding constants can be chosen uniform in w € . This is in particular
satisfied if U is a so-called generalized step-function.

Definition 2.1 (Generalized step-function). Let L?(RY) > w > KX(~1/2,1/2)¢ With
k>0and p=2ford<3andp>d/2for d> 4, where LE(R) denotes the vector
space of LP(R) functions with compact support. Let u € ¢1(Z% R). A function
U :R? — R of the form

Uz)= > ulk)w(x — k),

kezd

is called generalized step-function and the function u : Z¢ — R a convolution vector.
If U is a generalized step-function we define r = sup{||z||oo: w(x) # 0}.

Recall that any real-valued function on R? that is uniformly locally LP, with
p=2ford<3andp>d/2for d> 4, is infinitesimally bounded with respect to
the self-adjoint Laplacian A on W22(R9), see e.g. [RS80, Theorem XII1.96]. This
is indeed satisfied for V,, if U is a generalized step-function, since for any unit cube



C c R? we have

/C|Vw(:c)|pdx - /3‘ S owr S ul - Rz 1) de (1)

kezd lezd

< [[ulf g /C S fw(w — Dz = W ful g 0], q),
lezd

where wy = sup{|t| : ¢t € suppu}. Notice that the upper bound is uniform in
w € . Hence, Vj and V,, are infinitesimally bounded with respect to A and
the corresponding constants can be chosen uniform in w € . Therefore, H,, is
self-adjoint (on the domain of A) and bounded from below (uniform in w € Q).

Let us now introduce the discrete analogue of the alloy-type model. The discrete
alloy-type model is the family of Schrodinger operators

hy := hg + v, on KZ(Zd), w e .

Here hg is the negative discrete Laplacian on ¢2(Z%) given by

(hot)(x) = > (W(x) = ¥(y)).

lz—ylli=1

The random part v, is a multiplication operator by the function

V() == Z wru(x — k),

kezd

where u € (1(Z%R) is called single-site potential. Notice that in the continuous
setting, the (discrete) single-site potential u plays the role of a convolution vector
to generate the (continuous) single-site potential U in form of a generalized step-
function. With other words, the convolution vector of a generalized step-function
serves as a single-site potential for our discrete model.

Next we introduce some assumptions on the function v and the measure p which
may or may not hold. For k € Z¢ we denote by ||k|; := Zle\m the ¢!-norm of k.

Assumption (A). There are constants C, a > 0 such that for all k& € Z? we have
lu(k)| < Ce Ikl

Assumption (A) gives rise to constants ¢, # 0 and Iy € N&, both depending only
on the function u, i.e. C and «. The constants ¢, and Iy are defined in Section 4,
see in particular Eq. (5). We use the shorthand notation N = ||Ip]|;. If the mean
value @ = ), ,q u(k) is positive one can choose Iy = 0 and ¢, = u. If @ = 0 then
Iy and ¢, depend on the behavior of the generating function associated to u, at the
argument value 1 € C?. Moreover, for any [ > 0 we define

2 2.31C 8(d + || 1o]1)?
= 204+ —1 .
Ry max{ +o¢ n|cu](1—e*a/2)’ o2

Assumption (B). The measure p has a density p € BV(R).



Here BV(R) denotes the space of functions of finite total variation. A precise
definition of this function space is given in Section 5.

Assumption (C). We say that Assumption (C) is satisfied for § > 0, if there exists
a decomposition u = uy — du_ with uy,u_ € £1(Z4RY), and |lu_|j; < 1. For the
measure 4 we assume supp g = [0, w4 ] for some w4 > 0.

The estimates we want to prove concern finite box restrictions of the operator
H,, or hy, w € Q. For I >0 and j € Z? we denote by

N(G) = (=1, 1)+ j c R

the open cube of side length 2/ centered at j. We will use the notation A; := A;(0).
By H(f} we denote the restriction of the operator H,, to a bounded open set A C R?
with Dirichlet boundary conditions on JA. In the special case when A is a cube,
HA will denote the restriction of H,, to A either with Dirichlet or with periodic
boundary conditions. Let Pg(H2) denote the spectral projection for the operator
H2 associated with a Borel set B C R. If A = A; we will write H., and Pg(H])
instead of H and Pg(H/!). Analogously for the discrete model, for [ > 0 and
j ez let
€.(j) = (-1, 1% +5) Nz

and ¢ := €(0). For ¢ C Z? finite we denote the canonical inclusion £2(€) — ¢2(Z%)
by ¢ and the adjoint restriction £2(Z%) — ¢%(€) by me. The restriction of h, to € is
defined by hS = mehote + Tevyte: £2(€) — £2(€). Let Pg(hS) denote the spectral
projection for the operator h% associated with a Borel set B C R and if [ > 0 and
¢ = ¢; we will write h., and Pg(h!,) instead of A& and Pg(h%).

2.2 Results on Wegner estimate

Now we are in the position to state our bounds on the expected number of eigenvalues
of finite box Hamiltonians HY, and h!, in a bounded energy interval [E —¢, E+¢] C R.
They are called Wegner estimates [Weg81] and are inequalities of the type

VIi>0,E€R,e>0: E{Tr(Pp_cpiqhl))} < Cw (20)* (21 +1)°*  (2)

with some (Wegner-)constant Cy, some a < 1 and some b > 1. The exponent
a determines the quality of the estimate with respect to the length of the energy
interval and b the quality with respect to the volume of the cube €;. The best
possible estimate is obtained in the case a = 1 and b = 1.

The precise formulation of the Wegner estimate relies on the definition of the
quantities r, ¢y, Iy, N and R; introduced above and defined precisely in Section 4.

Theorem 2.2 (Wegner estimate, continuous model). Assume that U is a generalized
step-function and that Assumptions (A) and (B) are satisfied. Then there exists
Cw =Cw(U) >0 and N = N(u), such that for anyl > 0 and any bounded interval
I :=[Ey, E>] C R we have with I' = €g_

Er{Tr(P(H}))} < e Cwllpllvar|T](20 + 1),



Theorem 2.3 (Wegner estimate, discrete model). Let Assumptions (A) and (B)
be satisfied. Then there exists Cw = Cyw(u) > 0 and N = N(u) such that for any
[ >0 and any bounded interval I C R we have with I' = €,

Er{Tr(Pr(hL,))} < CwllpllvarlT|(20 +1)2+V.

Of course the same bound follows for the full expectation E{Tr(P;(h,))} and
E{Tr(P;(H.))}, respectively. However, in our application it is crucial to be able
to work with the partial average Epr. The main point of Theorem 2.2 and 2.3 is
that no assumption on u (apart from exponential decay) is required. In particular,
the sign of u can change arbitrarily. Also, note that the result holds on the whole
energy axis.

Remark 2.4 (Continuous model). Theorem 2.2 has been already made available
in the preprint [PTV11]. It generalizes or is complementary to earlier results on
Wegner estimates. Let us compare the result of Theorem 2.2 to earlier ones of
Wegner estimates for alloy-type models with sign-changing single-site potential.

The papers [K1095, HK02] concern alloy-type Schrédinger operators on L2(R?).
The main result is a Wegner estimate for energies in a neighborhood of the infimum of
the spectrum. It applies to arbitrary non-vanishing single-site potentials u € C.(R%)
and coupling constants with a piecewise absolutely continuous density. The upper
bound is linear in the volume of the box and Hélder-continuous in the energy
variable.

The papers [Ves02, KV06, Ves10b] establish Wegner estimates for both alloy-
type Schrédinger operators on L?(R?) and discrete alloy-type models on ¢2(Z4).
We will discuss now the results of [Ves02, KV06, Vesl0b] referring to operators
on L?(R%). These papers give Wegner estimates that are linear in the volume of
the box and Lipschitz continuous in the energy variable. The bounds are valid for
all compact intervals along the energy axis. They apply to single-site potentials
U € L(R?) of a generalized step function form with a convolution vector satisfying

s: 0 s(0) = Z u(k)e™*? does not vanish on [0, 27)%. (3)
kezd

Remark 2.5 (Discrete model). Theorem 2.3 has been made publicly available in
the preprint [PTV11] and generalizes the results established in [Ves10a]. There the
same result as in Theorem 2.3 has been established, under the additional assumption
that at least one of the following conditions holds:

(i) =3 pegau(k) #0,or
(ii) w is finitely supported, or
(iii) the space dimension satisfies d = 1.

If condition (i) is satisfied, the Wegner bound of [Ves10a] holds for all u € ¢*(Z%)
not necessarily of exponential decay. The volume dependence of the upper bound
in the Wegner estimate in [Ves10a] is slightly better than ours here. A particularly
important case in [Ves10a] is the one when both conditions (i) and (ii) hold. In



this situation the exponent of the length scale can be chosen to be equal to the
space dimension d. This corresponds to the volume exponent b = 1 in Ineq. (2),
and yields the Lipschitz continuity of the integrated density of states. This is the
distribution function INV: R — R obtained as the limit

1

lim e {TT(P(_OQE](th))} —: N(E)
at all continuity points of V. Consequently its derivative, the density of states, exists
for almost all £ € R. While in certain situations where « = 0, a Wegner estimate
was already established in [Ves10a], the improved proof presented here allows more
explicit control of the exponent b. The proof in [Ves10a] uses an induction argument
over the space dimension, which obscures certain parameter dependencies.

In the new preprint [ESS12] a Wegner estimate for compactly supported single-
site potentials with Holder continuous distributions was proven.

2.3 Results on localization

The Wegner estimates from the previous subsection may be used as an ingredient
for the multiscale analysis. Localization then follows once an appropriate initial
scale estimate is satisfied. To keep things short, we restrict ourselves to the discrete
model. Similar results may be obtained for the continuous model as well, see the
discussion in Section 8. Our main results on localization for the discrete model are
formulated in the following three theorems. All of them are proven in Section 7.

Theorem 2.6 (Output of multiscale analysis). Let Assumptions (A) and (B)
be satisfied, I C R and assume that the initial scale estimate, as formulated in
Definition 7.6, holds in I.

Then, for almost allw € Q, o.(hy,) NI =0 and the eigenfunctions corresponding
to the eigenvalues of hy, in I decay exponentially.

Theorem 2.6 is an adaptation of the multiscale analysis a la [KSS98a] for the
discrete alloy-type model with sign-changing long-range single-site potentials, once
the Wegner estimate from Theorem 2.3 is available.

Once the initial scale estimate is verified, Theorem 2.6 gives localization. The
proof of Theorem 2.6 is based on multiscale analysis in the manner of [vDKS89,
KSS98a] using our Wegner estimate as an ingredient, and finally applying Theo-
rem 2.3 of [vDK®89]. More precisely, we need a slight generalization of this theorem
since they consider the i.i.d. Anderson model only. We show in fact that Theorem 2.3
of [vDK®9] stays valid for general families of self-adjoint operators, cf. Theorem 7.8.

If the single-site potential v has fixed sign, the validity of the initial scale estimate
is well known, see e.g. [KSS98b, KSS98a]. If the single-site potential changes sign,
far less is known. We prove the initial scale estimate in the case of large disorder
for all energies if the single-site potential decays exponentially. The proof is in
the manner of [Kir08, VeslOa] and is based on the so-called uniform control of
resonances, which we provide for our model in Section 6. At the infimum of the
spectrum we verify the initial scale estimate if the single-site potential has a small
negative part, including the case of unbounded support of the single-site potential.



This is a generalization of [Ves01, Ves02], where similar results have been shown
for compactly supported single-site potentials. The paper [CE12] proves the an
initial length scale estimate at weak disorder for exponential decaying sign-changing
single-site potentials in the case d = 3. However, this result can be applied as
an ingredient for the multiscale analysis only for compactly supported single-site
potentials, since they prove a non-uniform version only. In this case a multiscale
analysis requires independence at distance.

Theorem 2.7 (Localization, large disorder). Let Assumptions (A) and (B) be
satisfied and ||p||gy be sufficiently small. Then, for almost all w € Q, o¢(hy,) =0
and the eigenfunctions corresponding to the eigenvalues of hy, decay exponentially.

Theorem 2.8 (Localization, small negative part of u). Let Assumptions (A) and
(B) be satisfied and w > 0. Then there exists 6 > 0 and £ > 0, such that if
Assumption (C) is satisfied for ¢, then, for almost all w € Q, oc(hy) N [—e,e] =0
and the eigenfunctions corresponding to the eigenvalues of h,, decay exponentially.

Remark 2.9 (Localization, continuous model). Based on the Wegner estimate from
Theorem 2.2 and the uniform control of resonances from Proposition 6.3 for the
continuous model, similar results to those of Theorem 2.6, 2.7 and 2.8 follow for
the continuous alloy-type model on L?*(R?%) with a generalized step function as a
single-site potential. This is discussed in detail in Section 8.

Remark 2.10. Recently Kriiger [Kriil2] has obtained results on localization for a
class of discrete alloy-type models which includes the ones considered here. The
results rely on the multiscale analysis and the use of Cartan’s lemma in the spirit
as is has been used earlier, e.g. in [Bou09].

There has been also recent progress for discrete alloy-type models for localization
proofs via the fractional moment method. In [TV10b] boundedness of fractional
moments of the Greens function was established under condition (3). In [ETV10,
ETV11] finite volume criteria for a localization proof via the fractional moment
method were established. The best results so far in this setting have been obtained
in the recent preprint [ESS12]. There fractional moment bounds and localization
for a class of matrix valued Anderson models, as well as discrete alloy-type models
has been derived.

3 Non-monotonicity and long range interactions

The results of the paper address several challenges present in the theory of Anderson
localization. Here we will discuss these aspects first separately, and then how they
interact. We will make clear how this is manifested in the methodical implementation
of the proof on the one hand, and the underlying physical phenomena on the other.

While in the theory of Anderson localization one is ultimately interested in
spatial concentration and decay of eigenfunctions, as well as corresponding dynamical
quantities like wave packets, a crucial intermediate stage of the analysis concerns
the regularity of the distribution of spectral data.

More precisely, one needs to understand how the regularity properties of the
stochastic process defining the random potential, or more precisely of its distribution



measure, translate into regularity of the distribution of various spectral quantities.
Particular aspects of the random potential of alloy-type having effect on regularity
of spectral data are the following:

Sign change of the single-site potential and negative correlations

The first Wegner estimates and localization proofs for alloy-type potentials concerned
non-negative single-site potentials. This implies that the quadratic form associated
with the random Hamiltonian and thus the eigenvalues are monotone functions of
the coupling constants. This facilitates rather explicit averaging estimates. Later
on Wegner estimates were developed for sign-changing single-site potentials as well,
see the discussion in Section 1. The problem of non-monotonicity is not just a
technical effect of the methods of proof. For instance, a random perturbation of
vanishing mean will not induce effective averaging of spectral data on the level
of first order perturbation theory. This is reflected in Theorem 2.3 concerning a
Wegner estimate. The constant C, there captures the vanishing and non-vanishing
of moments associated to the single-site perturbation. To overcome the problems
posed by non-monotonicity we employ averaging over local environments: While in
the monotone situation typically averaging over the random variables associated to
matrix coefficients of a Hamiltonian on a finite volume subsystem is sufficient to
regularize spectral data, we average over the surrounding randomness as well.

Regularity of the single-site marginal distribution

It goes without saying that this feature is crucial for the smoothness of the distribu-
tion of spectral data.

From our results concerning sign-changing single-site potentials we have to require
more regularity than for the analogous statements with semidefinite perturbations.
While this is a restriction it appears naturally in this context, see e.g. [K1095, Ves01,
Ves02, HKO02]. It is quite remarkable that [Kriil2] implements a multiscale analysis
which does not need weak differentiability of the single-site distribution. However, he
obtains a weaker Wegner estimate than ours. The recent preprint [ESS12] can even
treat Holder continuous single-site distributions in the framework of the fractional
moment method, for the strong disorder regime.

Long range correlation

A single-site potential u of non-compact support induces correlations at infinite
distances. While this does not affect the proof of the Wegner estimate itself, it does
its use in the multiscale analysis. A sufficiently fast decay of the single-site potential
ensures that resonant energies in different regions are sufficiently decorrelated, cf.
[KSS98a] and Section 6 here.

Simultaneous long-range and negative correlations

In the literature on alloy-type models sign-changing single-site potentials (resulting
in negative correlations of the stochastic field V,,(x),z € R?) and non-compactly



supported single-site potentials (resulting in long range correlations of the stochastic
field) are treated separately, see however the recent [Kriil2].

In the models we consider, both on the lattice and the continuum, both difficulties
are present, which posed an additional challenge for the understanding of the physical
phenomena leading to averaging of spectral data and ultimately to localization. On
first sight one might ask whether the two difficulties are intertwined at all or can
they simply be treated separately.

It turns out that this is not the case, as our proof shows, reflecting an inher-
ent mechanism of non-monotone averaging. To obtain a Wegner estimate for a
Hamiltonian on a finite box we need to average not only over the random variables
contained in the box, but over a surrounding belt as well, growing with the size of
the box.

This shows that although negative correlations are a-priori a local phenomenon,
they cannot be controlled without taking care of long range correlations of the
potential as well. Furthermore, non-monotonicity of our model results in a weaker
Wegner estimate (the volume term appears with a controllable, but possibly high
power). This is the reason why we can treat only exponentially decaying sign-
changing single-site potentials. An extension of our results to a restricted class of
polynomially decaying potentials is possible, but is very technical.

In other work [TV10a, TV13b, TV13a] two of us have derived complementary
results concerning alloy-type models on the lattice, which shed new light on the
result of this paper. The contributions [T'V10a, TV13b] concern the question to
what extend discrete alloy-type potentials are a good way to model correlated fields
on the lattice. There exist abstract conditions [vDK91, ASFHO1]| on stochastic
fields on Z¢ which ensure that a proof of localization can be carried out following
the multiscale analysis or the fractional moment method. They apply to a class of
Gaussian fields (but not all).

However, for discrete alloy-type potentials the abstract conditions are not
satisfied, as long as the coupling constants and the support of the single-site
potential are bounded. Moreover, discrete alloy-type potentials are used in other
areas of mathematics under the name of multidimensional moving average processes.
So, they can be considered as a class of its own for modeling correlated potentials
of the Anderson model.

In this paper we establish for a class of random Hamiltonians, among others,
exponential localization in a specified energy region, i.e. almost sure exponential
decay of eigenfunctions. In the papers [Kriil2, ESS12] for a closely related class
of models on the lattice dynamical localization was established. In the continuum
setting there is a general paradigm [GKO1] that various forms of localization,
including exponential and dynamical coincide under natural assumptions on the
model. For this reason one denotes the corresponding energy interval as the region
of complete localization.

In the physics community localization is interpreted in terms of decay of correla-
tions (of Green’s and eigenfunctions), in terms of the inverse participation ratio, and
eigenvalue statistics. Thus it is desirable that the region of complete localization
can be characterized in terms of these notions as well.

There have been efforts and (modest) progress in this direction. Specifically,

10



starting with the paper [Mol81] there have been mathematically rigorous results
on Poisson statistics of eigenvalues. While [Mol81] concerns a continuum model
in one dimension, [Min96] established Poisson-statistics in the localized regime
for the Anderson model on Z¢ in arbitrary dimension. Subsequently there was
further progress in this direction, cf. [GV07, BHS07, CGK09, GK13, GK12]. In
a recent paper [TV13a] we showed that the result of Minami can be extended to
a certain class of discrete alloy-type, and Poisson statistics of eigenvalues follows
along [GK13].

While the class of potentials treated in [TV13a] is quite restricted, it is the
first rigorous result, a part from one-dimensional ones, where the random variables
couple to a perturbation which is not of rank one.

4 Positive combinations of translated single-site potentials

In this section we consider (possibly infinite) linear combinations of translates of
the (discrete) single-site potential u. In this section we assume that Assumption
(A) holds, i.e. there are constants C,a > 0 such that

[uk)] < CelIMh, (4)

and that « is distinct from the zero function. Under these hypotheses we identify
a sequence of coefficients such that the resulting linear combination is uniformly
positive on the whole space Z¢ (cf. Proposition 4.1) or some finite subset of Z¢ (cf.
Proposition 4.2).

First we introduce the following multi-index notation: If I = (iy,...,i4) € Z%
and z € C?, we define

I_ i i i
2=tz 2y
and if I € N4, we define
o g~ ot o ,
Di= "5~y Il=ial-dgl gl
021" 0z 024

We also introduce comparison symbols for multi-indices: If I,J € Ng, we write
J < I if we have j, <1, forall r =1,2,...,d, and we write J < [ if J < I and

I|.J||1 < [|Z]|1. For J < I, we use the short hand notation

()= G)- G G)

Finally, 0,1 denote the vectors (0,...,0) and (1,...,1) € C% respectively.

We also recall the following facts from multidimensional complex analysis. Let
D c C? be open. We call a complex valued function f : D — C holomorphic, if
every point w € D has an open neighborhood U, w € U C D, such that f has a
power series expansion around w, which converges to f(z) for all z € U. Osgood’s
lemma tells us that, if f: D — C is continuous and holomorphic in each variable
separately (in the sense of one-dimensional complex analysis), then f is holomorphic,
see [GR09]. Let f, : D — C be a sequence of holomorphic functions. We say that

11



>, fn converges normally in D, if for every w € D there is an open neighborhood
U, we U C D, such that ) ||fullu,c < 0o. Normally convergent sequences of
holomorphic functions can be rearranged arbitrarily, the limit is again holomorphic,
and differentiation can be carried out termwise, which follows from Weierstrass’
theorem, see [Rem84, p. 226] for the one-dimensional case and [Nar95, p. 7] for the
higher dimensional case.

For § € (0,1 —e™®) we consider the to u associated generating function F' :
Ds C Cc?— C,

Dy={z€C%: |z =1 <d,...,[z2a— 1| <3}, F(z)= ) u(-k)
kezd

Notice that the sum Y, ;4 u(—k)z* is normally convergent in Ds by our choice
of § and the exponential decay condition (4). By Weierstrass’ theorem, F' is a
holomorphic function. Since F' is holomorphic and not identically zero, we have
(DLF)(1) # 0 for at least one I € N&. Therefore, there exists a multi-index Iy € N¢
(not necessarily unique), such that we have

cu #£0, ifI=1I,

5
0, if I < Io. 5)

(DIF)(1) = {

Such a Iy can be found by diagonal inspection: Let n > 0 be the largest integer such
that D!F(1) = 0 for all ||I||; < n. Then choose a multi-index Iy € N4, ||Io||y = n
with (Dl F)(1) # 0.

Proposition 4.1. Let u, ¢, and Iy be as in (4) and (5). Let further I € N& with
I < Iy, and define a : Z% — 7 by

a(k) = kL.

Then we have for all x € 7.2

Z a(k)u(z — k) = {0’ FI<h, (6)

nezd cy, if I =1Iy.

Proof. We introduce, again, a bit of notation. For s € C% and k € Z? let
d
e’ =(e’t,...,e*) and (k,s)= Zkrs'r.
r=1

Let I < Iy. Then the chain rule yields (for all s € Cs := {s € C?: e* € Ds})

DI(F(e*)) = 3" ey (DIF)(e*) e
J<I

= (DIF)(") e + 3 " ey (DIF)(e*) e,
J<I

12



with suitable integers ¢; > 1 and, in particular, ¢; = 1. This and Eq. (5) imply that

0, if I < Io,

I _
Dy (F(e ))|s:o - {CIO (DiOF)(l) =cy, ifI=1I. (7)

Next, we use the identity a(k) = k! = Dle(k») ‘320' Note that the series ) -,y u(z—
k)es) converges normally on the domain

E,={scC% —a<Re(s;) <aforall j=1,2,...,d}.

Therefore, we can rearrange arbitrarily, differentiate componentwise, and obtain for
all s € C5 N E,, by substitution v = k — x and the product rule

Zu( k)DI (k,s) DIZ ks)

kezd kezd
= Dg <e<$’5> Z u(—u)e<”’s>) = Di (F(es)e<z’s>)
vezZd
=> < > (D! F(e*)) DI= el
J<I

Finally, evaluating at s = 0 and using (7) yields

> ak)u(z —k) = G) (DIF(e))|,_o (DI ()] _,

kezd J<I
_Jo, I <y, -
Cuys if I = I().

In Proposition 4.1 we identified a sequence of coefficients such that the associated
linear combination of translated single-site potentials is positive on the whole of
7%, However, the sequence cannot be used for Theorem 5.1 and 5.1 directly. This
problem can be resolved if we take into consideration that the positivity assumption
in Theorem 5.1 and 5.2 concerns lattice sites in A; respectively €; only.

Recall that the constants d,a,C and ¢, are all determined by the choice of
the exponentially decreasing function v : Z¢ — R. Now we choose I = I in
Proposition 4.1. The next proposition tells us, for all integer vectors x in the box
¢;, how far we have to exhaust Z¢ in the sum (6), in order to guarantee that the
result is > ¢, /2 (assuming for a moment that ¢, > 0). The exhaustion is described
by the integer indices in another box €g, and the proposition describes the relation
between the sizes [ and R. For large enough [, this relation is linear.

Proposition 4.2. Let u, ¢, and Iy be as in (4) and (5). Let further I > 0 and
define

R = 21 In
l max{ + |cu|(1—e a/2) o2
Then we have for all x € &

2
— Z kou(z — k) > 1.

C
u kECRl
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Proof. We know from Proposition 4.1 that

1
— Z kou(z — k) =1,
c

Y pezd

for all z € Z%. Thus we need to prove, for z € ¢ = Z% N [—1,1]%, that

’ S klou(a:—k:)‘§|C2u|. (9)

kGZd\QRl

Using the triangle inequality ||z — kloc + [|Z|lcc > ||k]loo, [1k]loe < [|E|l1, and that u
is exponentially decreasing, we obtain

3 klou(x_k)‘gcea”x”oo 3 Ikl gmelkle

k’EZd\Q:RZ k‘EZd\Q:Rl
[o¢]
< Ce! Z (2r 4 1) pllolly g=ar
r=[R,]
(o]
< 030t Z radtidollLg—ar
r=[Ry]

Here [z] = min{k € Z: k > x}. Using Lemma 4.3 below and r > R; > [8(d +
1Zo]11)%] /e, we conclude that rd*lHollt < e7/2 wwhich implies that

Z Elo ( _ k‘) < C3d al i —ar/2 _ C3d al e ol ful/2
u(x < e e = e ol
k‘EZd\Qle ’I”:[Rl]

Finally, using [R;] > 21 + (2/a)1n(2 - 3¢C/(|cy|(1 — e=*/?)), we conclude Ineq. (9)
which ends the proof. O

Lemma 4.3. Let M,a > 0. Then

8 2
n > = M <em/2

a2
Proof. If n > 8M?/a? then
a’n?
< —".
"= 8
Since
sy an +a2n2+ >a2n2
e — - P -
2M  8M? 8M?2’
we conclude that n < /M) o equivalently, n™ < eon/2, ]
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5 Abstract Wegner estimates; proof of Theorem 2.2 and 2.3

Recall that the space of functions of finite total variation BV(R) is the set of
integrable functions f : R — R whose distributional derivatives are signed measures
with finite variation, i.e.

BVR):={f:R—=R| f e LYR), Df is a signed measure, |Df|(R) < co}.

To say that a distributional derivative Df of a function f € L] (R) is a signed

measure means that there exists a regular signed Borel measure v on R such that

/R pdv = — /R fé'da

for all ¢ € C°(R). A norm on BV(R) is defined by || fl|gv(®) := [ fllz1®) + | fllvar,

where

£ [var == [DFI(R) = sup{/Rfv/dx: veCER), o] <1},

Note that if f € WH(R) then f € BV(R). In particular, one has the equalities
[ fllwriw) = IfllBver) and [[fl|1®) = [|f|lvar provided the norms are well defined.

In [KV06] an abstract Wegner estimate for the continuous model was established,
which we will be able to use in our situation. Let us first fix some notation. For
an open set A C R%, A is the set of lattice sites j € Z% such that the characteristic
function of the cube A;/5(j) does not vanish identically on A. For j € 7% we denote
by x; the characteristic function of the cube A; /().

Theorem 5.1 ([KV06]). Let Assumption (B) be satisfied and assume there is
lo > 0 such that for arbitrary | > ly and every j € Ay there is a compactly supported
sequence t;; € (*(Z%R) such that

Z tin(B)U(x — k) > xj(x) forall €Ay
kezd
Let further I := [E1, Es] be an arbitrary interval. Then for any 1 >l
Er{Tr Pr(H;,)} < Ce"||plvarl 11 [Itjller ze),
=y
where C' is a constant independent of | and I and I' = Ujef\l suppt;.

In [KV06] this theorem was stated for compactly supported U : R* — R and
with the partial average Ep(...) replaced by the total average E(...). That the
theorem holds in the slightly stronger form stated here can be seen by following the
proof of Theorem 5.2 treating the discrete case.

Theorem 5.2 (Discrete analogue of [KV06]). Let Assumption (B) be satisfied and
assume there is lg > 0 such that for arbitrary | > ly and every j € € there is a
compactly supported sequence t;; € o (Zd) such that

D tialkyu(z —k) = 65(z)  for all w €&,
kezd
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Let further I := [Eq, Es] be an arbitrary interval. Then for any | > ly we have

1
Ep{Tr P(h},)} < §”PHVar\I\ > ltgllerzay,
JEG

where T’ = Ujecl suppt;.

For the proof of Theorem 5.2 we will use an estimate on averages of spectral
projections of certain self-adjoint operators. More precisely, let H be a Hilbert space
and consider the following operators on H. Let H be self-adjoint, W symmetric and
H-bounded, J bounded and non-negative with J2 < W, H(¢) = H + (W for ¢ € R,
and Pr(H({)) the corresponding spectral projection onto an Interval I C R. Then,
for any g € L>®°(R) N LY(R), v € H with ||| = 1 and bounded interval I C R,

[ TPH©)0)0(0)AC < el (10)

For a proof of Ineq. (10) we refer to [CH94] where compactly supported g is
considered. The non-compactly supported case was first treated in [FHLM97], see
also [Ves08, Lemma 5.3.2] for a detailed proof.

Proof of Theorem 5.2. In order to estimate the terms of the sum in the expectation
Er{Tr Pr(hl,)} = Y ;ce, BEr{llP1(h},)d;|*} we fix I > Iy and j € €;, and set & =
supptj; C Z% and t = tj;. Recall that

hfu = 7e,hote, + Z wru(- — k) + Z‘*‘Nf“( - k)
keZN\x keX

We pick some o € ¥ with t(0) # 0 and denote by M the finite dimensional linear
(and invertible) transformation (nx)krex — (Wik)kex = M (ng)rex defined as follows:
wo = t(0)n, and wi, = t(k)n, + t(o)n for k € X\ {o}. Note that M is invertible
and |det M| = [t(0)|®l. With this transformation there holds for arbitrary fixed

(Wk)kezd\E

/Rm 1P (R)351* TT pleon) e —/ 1Pr ()35 ]| (),

)
kes RIZI

where 7 = (M)kes, A0 = [1ex; A1k

k(n) = [t(0)|Pp(to)no) ] pt(k)no + (o)),

kex\{o}

and

hiw = mg, hote, + Z wru(- — k) +t(o) Z mu(- — k) + 1o Z t(k)u(- — k).

kezZa\% kex\{o} kex
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We denote by P; : ¢2(Z%) — (2(Z%) the orthogonal projection given by Pj¢ =
#(j)0; and apply Ineq. (10) with the choice H = hiw — Mo Y _pex tk)u(- — k),
W =3 e t(k)u(- — k), ¢ =no and J = P;. This gives by Lebesgue’s theorem

/leHPI(hiJ)fstQ H p(wy)dwy, < |1 sup |k(n)| H dnr.  (11)

>|-1
kes RIZIZ1 no€R kex\{o}

If p € WHL(R), we use sup,, crlk(n)] < 3 Jzl@ok|dn,. By the product rule we obtain
for the partial derivative (while substituting back into original coordinates)

0
Mo

k() = [t Ytk wi) [T plw))-

kes FeX\{k}

Hence, the right hand side of Ineq. (11) is bounded by %|I|||p’||L1(R) Y rest(k)].
Since all the steps were independent of j € €;, we in turn obtain the statement of
the theorem in the case p € W1 (R). We use the fact that for p of bounded total
variation and compact support there is sequence p;, € C°(R), k € N, such that
okl @) =1 for all k € N, limg o0l ok || var = [|pl[var and limg o0 [l — pll L1 &) = 0,
see e.g. [Zie89] or Lemma 5.3 below. Since ||px|[var = [0} /l21®) for pr € C(R),
the same consideration as above gives

[ P35 T] et < Sl S0 (12)

€Y keX

for all k£ € N. By a limiting argument, see [KV06] for details, one obtains Ineq. (12)
with pg replaced by p. This proves the theorem. O

Lemma 5.3. Letu: R — R(; be a function of finite variation and bounded support.
Assume additionally |[ul|p1ry = 1. Then there exists a sequence uy € C°, k € N,
such that |Jug|[p1wy = 1 for all k €N,

lim ”ukHVar = ||u||\/ar (13)
k—o00
and
lim [ug — ull g1 (w) = 0. (14)
k—o0

Proof. Let ¢ € CX(R) be non-negative with supp¢ C [~1,1] and |[¢[[z1®) = 1.
For e > 0 set ¢ : R = R, ¢-(x) = e 1p(z/¢). The function ¢, belongs to C(R)
and fulfills [|¢c || z1(r) = 1. Now consider u. : R — RS,

ue(z) = /R be(z — y)u(y)dy.

Obviously, ue € C°(R) and by Fubini’s theorem [Juc||z1(g) = 1. The proof of the
relation (14) is due to Theorem 1.6.1 in [Zie89]. For the proof of the relation (13),

17



first note
||| var = |Du|(R) = sup{/ w'dz: v € CP(R), |v]| < 1}
R

= sup{lim/ uv'dz: v e CP(R), |v| < 1}
R

e\

< liminf| Due|(R) = limninf e v

since u. converges to u in L!(R) and v is bounded. Let now ¢ € C°(R) with
|t <1 and set ¢. = ¢ * 1. Then we have by Fubini’s theorem

l|lw|lvar > ’/Ruwgda:‘ = ’/Ru(w*gﬁs)'dx’ = ’/Rw'(u*gzbs)dx) = ‘/Rugw'dx’.

Taking supremum over all such 1 gives ||u||var > ||te||var- This proves the lemma.
O
Assume Assumption (A), i.e. that there are C,«a € (0,00) such that |u(z)| <
Ce=ll=ll for all z € Z% Let Iy and ¢, # 0 be as in Eq. (5). In Section 4 we
constructed for each [ > 0 a number R; > 0 such that
2
= Y EPu(z—k)>1 forallz e, (15)
Cu k‘E@Rl
This fact is proven in Proposition 4.2 and we apply it for the continuous model if U
is a generalized step-function with a exponential decaying convolution vector and
for the discrete model with exponential decaying single-site potential to verify the
hypothesis of Theorem 5.1 and 5.2.

Proof of Theorem 2.3. Let ly > 0 be arbitrary. By Ineq. (15) (respectively Propo-
sition 4.2), the hypothesis of Theorem 5.2 is satisfied with the choice ¢;; € ¢}(Z%)
given by

2kl /e, if k€ €p,
(k) = {0 else l

for | > lp and j € €. It follows for all [ >y and j € € that I' = €, and
2

2 I
S tjaller zay < W( L+ 1)? Y kD) < W(21 +1)42R, + 1)4R)l,
J€C v kECp, v

Recall that by Proposition 4.2, R; = max{2l + D, D’} < 21+ D + D’ with D and
D’ depending only on the single-site potential u. Hence there is a constant Cy > 0
depending only on the single-site potential u such that

S litjalle ey < Cw(21 + 1)l
VIS

By Theorem 5.2, this completes the proof. O
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Proof of Theorem 2.2. Recall that U is a generalized step function and that w >
KX[-1/2,1/2)¢ has compact support. Also recall, that for an open set A C R?, A is the

set of lattice sites j € Z¢ such that the characteristic function of the cube A /2(7)
does not vanish identically on A. Recall 7 = sup{||z||oc : w(z) # 0}. Let Iy > 0 be
arbitrary and t;; € ¢! (Z%) given by

2k10/(cyr) if k€ €, ,
Lialk) = {0 else N

for I > 1y and j € Al. It follows for all [ > [y and j € Al that I' = Ujefxl supptj; =

Cr,.,- By Ineq. (15) (respectively Proposition 4.2) we have for all [ > Iy, j € A
and z € A;

St U@ —k) =Y wx—1i) Y tjulk)uli — k)

kezd i€Z4 kezd
1 . . )
> p Z w(x —1) + Z w(z —1) Z tii(k)u(i — k)
1€€ 4y iEZd\QH_T kezd
1 ,
= Z w(x — 1) > xj(z).
i€€l+r

Here we have used that w(xz —i) = 0 for z € A; and i ¢ €;1,. Hence the assumption
of Theorem 5.1 is satisfied. Analogous to the proof of Theorem 2.3 there is a
constant Cyy depending only on the single-site potential U such that

> Ml ey < Cw(2l + 1)>H Mol
JeA;

This completes the proof by using Theorem 5.1. O

6 Uniform control of resonances

In order to carry out a proof of localization via multiscale analysis there is a need for
an upper bound on the probability that there are resonances of two box Hamiltonians.
Since the single-site potential may have unbounded support one needs a so-called
uniform version of this estimate as proposed in [KSS98a]. Moreover, the uniform
control of resonances can be used to verify the initial lentgh scale estimate in the
large disorder regime.

If Assumptions (A) and (B) are satisfied, the Wegner estimate from Theorem 2.3
tells us for all £ € R, [ > 0 and ¢ > 0 that

sup Ecp, (T P[E—E,E+€}(hi;)) < Cwllpllvar2e (21 + 1)2@ ol
wiER, kGZd\QRl

where R is given in Eq. (8). A similar estimate holds for our alloy-type model in
L*(R%), cf. Theorem 2.2.
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In order to formulate the uniform control of resonances let ,y € Z% and l1, 15 > 0
be such that the cubes

¢ =0 (x), Qﬁf =Cy, (), C:=¢€,(y) and Qﬁ;‘ = Cy, (y)

satisfy €7 N €] = (. We define the map Ilg : Q — Q¢ by (Hew); = w; for j € €.
For w € Q we set w; = IIg+w, i € {1,2}, and define the uniform distance by

d(o(hS), o (h%2)) = wfeignziwd(a(h(@;w%)),a(h(@jw%))). (16)
wj‘e QZd\;;r

We will use an analogue notation for the continuous operator in L2. For € > 0 we
define the event

A(€y, € ) = {w €Q:d(o(h), o(h%2)) < g} . (17)
In analogy we define for the continuum setting for € > 0 and J C R the event

Ay(Ar, A e) = {w €0 d(os(HMY, 00(HM)) < 5} .

Here A; and As are cubes with centers z,y € R? and side lengths {1 and Iy, with the
property that A} = Ay, (z) and A = Ay, (y) are disjoint. The notation o7 (H/)
is for J C R defined by

oy(HY)=o(HA)Y N, ie{1,2).

For the discrete model we have:

Proposition 6.1. Let Assumptions (A) and (B) be satisfied. Then there are
constants C; = C1(u, p) > 0, Cy = Cao(u, p) and lp = ly(u), such that if lo > Iy we
have for all € > 0 the bound

P (A(C1,Cs,¢)) < C1(2max{ly, lo} + 1)l [ 4 Cpe=3min{lilzte/2]
For the proof we need some preparatory estimate.

Lemma 6.2. Let Assumption (A) be satisfied. Then there exists a constant C =

C(C,a,d) such that for all ;1" > 0 and all x € € there holds

> u(z— k)| < Cem/2,
(| E] oo >1-+1/

Proof. Since ||z — k||oo > I/ for all k with ||k|ec >+ ', we have the estimate

Si= Y Jua-kl< Y fua-kl= 3 ).

[[Elloo>141" llz—FKlloo >V lIll oo >V
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We use the exponential decay condition on w, ||k|j1 > ||k||cc, and obtain

S<C Y ek < gemet2 N el

[IE[[oo >V l|&lloo >
< Ceol'/2 Z o—llklloo /2
kezd

The sum itself assumes a finite value C, 4 > 0, depending only on « and d, so we
have for all [, > 0 that S < CC,, ge=V'/2. O

Proof of Proposition 6.1. Let i € {1,2} and w,w’ € Q with Il ;4w = II+w’. By
Lemma 6.2 we have for all x € €; that

[vw () — v ()] < Z lu(z — k)|Jwp — wh| < Cype 32 = 5;. (18)
kges

Here Cy,, is a constant depending only on the single-site potential u and the density
p. From this fact there follows that the eigenvalues of A% move at most by d; if the
configuration changes from w to w'.

It will be convenient to take a special choice of w’, namely one where all coupling
constants outside a finite box are set equal to zero. More precisely, set

hl = hS', where &y, = wilet (k)
h2 = hgz, where @y, = wqu(kz).
Hence,
d(o(hg), o(hi?))) <&,
= d(o(hl),0(h})) < e+ b1+ 02,
= 3JEco(hl):d(E,o(h?)) <e+0 + 6. (19)
The set of w € Q2 where (19) holds will be denoted by B. Thus
P(A(Q:l, Q:Q, 8)) < P(B) = E[EQ; (13)] .

Next we provide a uniform upper bound on the random variable Eq (1p). Using
the pointwise estimate

l{weQ:EiEEU(hi):d(E (h2))<€+51+52}(w)
hl)l {we Q: d(E, a(h2))<5+51+52}( w)

o (
and Chebychev’s inequality we obtain

Ee+ (1) < . %I)Eq (1{w €0 d(E,o(h2)) < e+ 61 + 62})
€o

< > B (TrR(2)),

Eeo(hl)
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where [ = [E — ¢ — 01 — 02, E + € + 61 + J2). Here we used that the set o(hl) is
independent of the random variables wg, k € €5. If €5 D Cp,, ie.,

2 231C 8(d+ HI()H1)2
4l > Ry, = 2l + —1
2= max{ 2T " leu|(1 — e=2/2)’ a? ’

we can apply Theorem 2.3 and obtain
Egs (15) < (20 + 1)Cwlpllvar2(e + 61 + 62) (22 + 1)>+ 1ol
uniformly in wy, k € Z4\ €5. Thus
E[Eg: (15)] < (20 + 120w ||pllvar2(e + 61 + 62) (2l 4 1)+ Hollx O

An analogue of Proposition 6.1 holds true for the continuous alloy-type model
with a single-site potential of generalized step function form.

Proposition 6.3. Assume that U is a generalized step function and that Assump-
tions (A) and (B) are satisfied. Let further J C R be a bounded interval. Then
there are constants C3 = Cy(d) > 0, Cy = Cy(U, p), C5 = C5(U, p), I§ = 15(U) and
I} =13(U), such that if la > 1§ and ly,ly > 1T we have for all € > 0 the bound

P(A;(A, Ag,€)) < Cs(max{sup J, —C5} + C5)¥/2elsww /|
x (2max{ly, la} + 1)3d+H[0H1 [5 + Cy(2max{ly,la} + l)de_gmin{ll’ZQ}o‘/Q].

Proof. Let i € {1,2} and w,w’ € Q with IT+w = IIy+w’. Then we have for z € A;
that Z Z

Vo (@) = Vir (@) < Y U (& = k)llwr, — i

kget
<Cp Y lwla =)l Y |u( k)l
jezd keet

with some constant C, depending only on the probability density p. Recall that
r = sup{||z||e: w(x) # 0}. Since x € A; we have w(x — j) =0 for j & €. If we
assume that l; > r/3 =:[5(U), ¢ € {1,2}, then using Lemma 6.2 with [ = [; + r and
" = 3l; — r we have

|Vw($) — Vw/(x)‘ S Cp Z ’w(w _j)|ée—06(3li—r)/2'

jecli+r
For the moment we assume w € L>(R?). Then we have
V() = Vir (2)| € Clyp(20; + 1) e300/ = 5

with some constant Cy, depending on the single-site potential U and the density
p. From this fact there follows that the eigenvalues of H2 move at most by d; if
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the configuration changes from w to w’. For general w as in Definition 2.1 the same
fact holds by using Proposition 2.1 in [KM82].

It will be convenient to take a special choice of w’, namely one where all coupling
constants outside a finite box are set equal to zero. More precisely, set

. A 5
H! = H_', where @ = wqu(k),

w ?

H2 := H)? where &), = Wi ler (k).
Hence,

d(os(H) oy (HL?))) <e,

= d(GJ(HL}J),GJ(HEJ ) < e+ 61+ 0o,
= 3Eco;(H):d(E,0;(H2)) < e+ 6, + . (20)

The set of w € Q where (20) holds will be denoted by B. Thus
P(Aj(A1,Ag,e)) <P(B) = E[E¢2+(1B)].

Next we provide a uniform upper bound on the random variable EQ; (1p). Using
the pointwise estimate

L € Q:3E € oy(HY) : d(E,0(H2)) < & + 61 + 5.}
<

. ' : (w)
Z Q: d(E H 5 5
Beoy(Hy) twe (E,05(H;)) <&+ 01+ 02}

and Chebychev’s inequality we obtain

E;(1s) < ), Eg (1{w € Q: d(E,0y(H2) <&+ 6 + 52})
Eco;(HY)
< Y Ey (Tr P,(Hf,)),

Eco;(HY)

where [ = [E — & — 01 — 62, E + € + 61 + 2]. Here we used that the set o;(H}) is
independent of the random variables wy, k € €. If ¢ D CR,.,, L. 4l > Rjyqp o1
lo > [§(U) with an appropriate chosen [§(U), we can apply Theorem 2.2 and obtain

Eet(15) < > e Cy|pllvar2(e + 01 + 62) (21 + 1) Dl
EGUJ(HL}))

uniformly in wg, k& € Z%\ €. Recall that the number of eigenvalues |o;(H})|
satisfies the bound |o;(H})| < C|A| for all w € Q. Here C depends on the space
dimension d, sup J, the single-site potential U and the measure p. This bound can
be obtained by using the perturbation bound (1), see e.g. Proposition 2.1 of [KM82],
and the well known Weyl bound for the number of eigenvalues of the Dirichlet
Laplacian less then A, see e.g. [RS80]. Since the right hand side is now independent
of w we obtain the statement of the proposition. O

23



7 Localization via multiscale analysis (discrete model)

7.1 Basic notation

For ¢ C Z% we denote by 0'¢ = {k € €: #{j € €: ||k — j|l1 = 1} < 2d} the interior
boundary of € and by §°C = 9'¢° the exterior boundary of €. Here ¢¢ = Z%\ ¢
denotes the complement of €. Moreover, we define the bond-boundary 9°¢ of € as

e = {(u,u’) ezix7:uec, v ez\ ¢ and |ju—||; = 1} )
For € C Z¢, u,w € € and E € C\ o(h%) we denote the Green’s function by
Go (B u,w) = (0u, (b, — E) ™).
For the following definitions let u € Z¢ and [ > 0.

Definition 7.1. Let m > 0 and E € R. A cube €;(u) is called (m, E)-reqular (for
fixed w € Q), if E & o(h&™) and

sup |G (B u,w)| < e
wed ¢ (u)

Otherwise the cube €;(u) is called (m, E)-singular.

Definition 7.2. Let Gi(u,m, F) = {w € Q| €(u) is (m, E)-regular}. A cube €;(u)
is called uniformly (m, E)-regular (for fixed w € Q), if " € G;(u, m, E) for all &’
with H¢4l(u)w’ = H¢4l(u)w.

Definition 7.3. Let w € 2, ( > 0 and E € R. We call a cube €;(u) non-resonant
for w at energy F, E-NR for short, if
=<

)

a(B,0(hg™)) =

N | —

or equivalently
IGS(B)|| < 2.

It is convenient to introduce in accordance with (16) also the following uniform
distance
7 ¢ (u) o . ¢ (u)
A(B,o(rg™) == inf  d(Ee(n(",)),

I
Wi € Qydr g, (u)

where wy = g, ()w.

Definition 7.4. Let w € Q, ¢ > 0 and F € R. We call a cube €;(u) uniformly
non-resonant for w € 2 at energy F, uniformly E-NR for short, if

J(E,a(h§l<“>)> > %z—é".
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7.2 Induction step of the multiscale analysis

In this section we will carry out the induction step of the multiscale analysis. We
rely on the ideas and presentation from [vDK89] and [KSS98a]. For an interval
ICR, m>0,leNand 2,2 € Z% we define the event

Bi(z1,22,m,I) :={w € Q:
JE € I:€(z) and €;(z2) are not uniformly (m, E)-regular}.

Note that the event Bj(z1,22,m,I) is independent of the coordinates wy, k €
Z3\ (€4(21) U Cy(22)). Therefore, By(zy, z2,m, I) is a €4(21) U €4 (22) cylinder set.
With this in mind, we obtain the independence of the events

Bl(217227m7-[) and Bl(Zg,Z4,7TL,I) (21)

provided (€4(z1) U€y(22)) N (€4(23) UCy(z4)) = 0. Let now additionally £ > 0 be
given. We say that the estimate G(I,1,m,¢) is satisfied, if for all 21, zp € Z¢ with
|21 — 22||cc > 81 there holds

P(By(z1, z2,m, 1)) > 1 —17%,

Note that, if G(I,1,m, §) is satisfied, then P(B;(z,y, m,I)) < 172 for all z,y € Z¢
with ||z — y||eo > 8.

Theorem 7.5. Let Assumptions (A) and (B) be satisfied, fix £ > 2d, k € (1,2¢/(£+
2d) and B € (2 — k,1). Then there exists I* = 1*(d, &, k, B,u,p) > 1 such that the
following implication holds:

If for 1 > I* and m > 1571 the estimate G(I,1,m,&) is satisfied, then also
G(I,L,myp,§) is true where L = 1% and mp, > 0 satisfies

m>my > m(1— LA/ - =0=0)/% 5 151, (22)
Proof. We define for z € Z¢ the event

Qc(z) :={w € Q: VE € I there are no 4 cubes &;(z1),...,¢€(z1) C Cr(z)
with d(z;,z;) > 8l for i # j and
@;(zi) is not uniformly (m, E)-regular, for i =1,...,4}.
For w ¢ Qg(z) there is some E € I for which 4 bad (= not uniformly (m, F)-

regular) cubes €;(z;) with distance between their centers bigger than 8/ exist. With
S:={(z1,...,24) € QifUJ(Z) s d(2i,2;) > 81, for i# j} we can write

Q%(Z‘) C U (Bl(Zl,ZQ,m,I)mBl(Zg,Z4,m,I))-
(21,...,24)65

Since Bj(z1,22,m,I) and Bj(zs,z4,m,I) are independent by (21), we get with
#S < (2L)*

4d
]P)( C (Z)) < (2L) — 24dL4(df%)‘
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Since 4(d — %) < —2¢ we can find [} =1j(d, &, k) such that for [ > I}
c 1 —2¢

Note that the event Qg (z) merely means that there are at most 3 bad cubes (with
sidelength 2|[|) with sufficiently separated midpoints but, indeed, there might be
many more bad cubes with midpoints in their neighborhoods. For a reason we will
see later, we want to cover all bad cubes by bigger cubes, so called “containers”,
such that all sites outside these containers (but their centers still in the big cube
¢1(z)) are midpoints of uniformly (m, E')-regular cubes of sidelength 2|1]. We use
Ct; as notation for the ith container with sidelength 2|l;]. The later application
requires that the containers do not touch. We say that two cubes €, €’ touch if they
intersect or, in the case that they are disjoint, Jw € €,w’ € ¢ with |jw — w'|; = 1.

Note that the event Qg(z) ensures that we can find 21, 22,23 € €p(2) with
d(zi,z;) > 8l and

3
{ue Cry(2): G(u) is bad} C U Cgr(2i).
j=1

If none of the above 8i-cubes touch, the €g;(z;) are already our containers. If two of
the 8l-cubes touch, we replace them by one €411 (w) cube containing both of them.
If €16141(w) does not touch the remaining 8/-cube, we choose these two cubes as our
containers. Otherwise we choose only one container €oy;19(u) containing all three
original 8[-cubes. By the construction we obtain N < 3 containers €t;, i =1,..., N
which do not touch and whose sidelengths 2|l; |, with ; € £ := {81,161 + 1,24l + 2},
satisfy the relation

N
481 +3 <) (20 +1) <481+ 5. (23)
=1

Now we turn to the control of probabilities of resonances using the Wegner
estimate. For fixed 2,y € Z¢ with ||z — y|lc > 8L and ¢ = x(5d + || Io||1 + 2¢) + 1,
we define

Qw(x,y) = {w €Q:3¢, (2') C QL(:U),Qly(y') C €1 (y) with
o1y € £U{L} and d(o(h%), o(hg*"")) < min{l,,1,}¢}. (24)

We want to get an upper bound for the probability of Qw(z,y). By subadditivity
we have

P(Qw(z,y) < Y P(A(C, (), €,(y),minfl, 1,} 7)),

lz7ly7x/7yl

where the sum runs over I,l,, 2" and y' satisfying & (2') C €r(x), &, (y") C
Cr(y) with l;,1, € £U{L}. Recall that the event A(&, (2),&;,(y),¢) is defined in
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Eq. (17). Since €y, (2") N €y, (y') = 0, Proposition 6.1 provides an upper bound on
the probability of A(€, (2'), €, (y'), min{l,, 1,}7¢). This gives

< Y Ci(2max{ly, Iy} + 1PN [mini,,1,}7¢ 4 Cpe#minilelier/2]
Lz by, 2’y

There is an I = [5(k) such that 241 +2 < L for [ > ;. Recall that | = LY/%. For
I >15 and l,,l, € LU{L} we have 8] <,,l, < L as well as

P(Qw(z,y)) < 16(2L + 1)2d01(2L + 1)3d+H10H1 [l—c + C2e—12la]
< 16C, (2L + 1)>¢+ ol [L—C/H + 026—121(1}
< 1601 (2L + 1)P4HIolli=¢/m 1160, Oy (2L 4 1)38H 1ol =12 (95

Since ¢ = k(5d + || Io||1 + 2¢) + 1 we find 15 = I5(&, k, d, u, p), such that for [ >[5 we
have 1
]P)(QW(U]_,UQ)) < gL_%.

For all z,y € Z% with ||z — ¥l > 8L we get due to subadditivity of the measure
P(Qg(x) UQG(y) U Qw(e,y)) < L7*

and thus
P(Q () N Qa(y) N Ky (w,9)) > 1 - L%,

The probability of this event becomes bigger with growing L.

If we Qf(x,y) and £ € R, we show that for one of the cubes €1 (x) or €1 (y),
denoted by €1(z), all contained cubes €;_(z') C €r(z) with I, € £U {L} are
uniformly E-NR. If all such cubes both in €7 (x) and €1 (y) are uniformly E-NR
there is nothing to prove. Otherwise choose [ € £ U {L} maximal such that there
exists €;(Z) in €z (x) or €1 (y) with

i(B.o(hS7)) < 3

Without loss of generality let Z € € (y). By definition all cubes &, (2') C €L ()
with I, > [ are uniformly E-NR. Now choose € (2') C €1 (z) with I, <. Since
w e Qy(z,y)

J(E,a(hil”(xl))) > J(a(hgf@)),a(hgzz(x'))) B d( Ejg(hgﬂa)))
1
2

i.e. €, (2) is uniformly E-NR.

For ||z — y||co > 8L and w € Qa(x) N Qg (y) N Q5 (x,y), the two L-cubes € (z)
and €7 (y) have both no four bad [-cubes with distance among them bigger than 8]
and for at least one of the L-cubes all bad cubes are uniformly E — NR.
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From now on we fix z,y € Z¢ with ||z — y[oc > 8L and w € Q¢ (z) N Qa(y) N
Oy (z,y). Without loss of generality we assume that the L-cube €1 (2), z € {z,y}
with the uniformly E — NR cubes is equal to €7 (x). In the next step we show that
Cr(z) is itself a uniformly (mpr, F)-regular cube, with my, satisfying (22) in the
theorem. To do so, we need a sufficiently good estimate on ]GSL () (E;x,v)| for all
v € 0¢L(x).

Let us first recall the geometric resolvent identity. For all u € € C € (z), v €
Cr(z) \ €, the following identity holds:

GEL(x)(E;U,U) — Z GS(E;U,w)GgL(x)(E;w’7’I))'
(w,w")edPE

Here we use the convention that GL(E;z,y) = 0if x ¢ T € Z% or y ¢ T. With
wp € (0°€) N € (x) such that

G (Bywo,0)l = sup |G (B w)],
w'€(8°¢)Ne ()
we obtain
CHOEu) < | Y G E )| [GEO B ). (20)

(w,w’)edbe

Now we set ug := x and fix v € 9'€r(x). Using (26) we recursively introduce
a sequence uj,ug, -+ € €r(x) by distinguishing two cases at each step. Given
ug € € (), we construct ugy1 according to the following two cases:

(a) € (ug) is a uniformly (m, E)-regular cube and v ¢ €;(ux). Using (26) with
¢ = €(ux) N€r(x), and setting ugiq := wp, we obtain

GEE@) (B ug,v)| < 24d(1 + 1) e ™| GEEO (B ugyq, ).
Note that ||ugt1 — uk|leo <1+ 1. In this case we set
Z(k) = exp[—ml+In(2%d(l + 1)~ 1)].
There is an I = I;(d, 8) such that Z(k) < 1 for all [ > [}.

(b) €;(ug) is not uniformly (m, F)-regular. This means that uj € €t; for some 7,
and we assume that v € €t;. Then, using (26) with € = €t; N €1 (x), we obtain

G (B g, v)| < 2571 d (1 + 1) G (8w, )],

with €;(wp) a uniformly (m, E)-regular cube. If we assume further that v &
¢ (wp), we can apply (26) again with € = &;(wp) N €1 (z), and obtain finally

|G (B up, )| < Z(k)|GEHD (B g, )],

with
Z(k) = 22 @2 [(1; + 1)1+ D] M be ™,
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Note that here ||ugi1 — uglloo < 214+ 1+ 3. A straightforward calculation shows
that Z(k) < 1 is satisfied if

InC((,d Inl
> ngg)+(2d—2+g)?,
with a constant C'(¢,d) > 0 only depending on ¢ and d. The assumption
m > 191 of the theorem guarantees (27) for [ > I with a suitably chosen

l5 = 15(d, 8,¢).

If none of the above two cases applies for a given uy, we cannot construct ug41. We
assume now that it is possible to perform n steps of the recursion with associated

m

(27)

sites ug, ug, ..., u, € €(x). Applying the non-resonance of € (z), we obtain
n—1 n—1
1GEL @) (B; 2, v)| < (H Z(k)) |GEL@) (B uy,v)| < <H Z(k)) 2LS.  (28)
k=0 k=0

If it is possible to perform arbitrarily many steps of the iteration without leaving
¢r(z), it follows from (28) for L > I}, [ that |GSL<$) (E;z,v)| = 0. Otherwise, the
iteration terminates after finitely many steps, i.e., for some k € N the site uy € € ()
is so close to the boundary of € (z) such that the assumption of neither (a) nor (b)
are satisfied.

In this latter case, we can give a lower bound on the number n; of case (a) steps
performed before the recursion ends. Using the estimates for ||ug41 — ug||oo and
Eq. (23), we obtain

L—1-SN 2L+1+3) _L-63
[+1 Tol+1

ny >

Using (28) and disregarding the case (b) steps we have

L — 63l
[+1

1GEL @) (B; 2, v)| < exp [( ) (—mz + In(24d(1 + 1)6“)) + 1n(2LC)}

L L
< exp [—mL + mT + 63ml + 7 In(24d(l 4+ 1)%) + ln(2L<)]

S;exp[_anL]a
with

In(2L°)
L Y

my, = m(l 9L — 63L%—1> — 2L In(44dLY) —

where we used [® = L.
Now we choose v € ((1 — 3)/k,1 —1/k). This is possible because of 2 — k < 3.
Since 1 — 1/k < 1/k, we have

mr >m(l—L77)—L77,
for all L= > 1 > I with appropriate I§ = I5(d, k,(,7). Using m > 1! we conclude

1-8 N 1=B _
mL>L % —L % — L7,
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Since f > 1 —~yk we can find I3 = I3(3, 7, k) such that for LVE>1> [% we have
mr > A1

The theorem follows with [* := max(l],...,[%). O

7.3 Localization; proof of Theorem 2.6

In Section 7.2 we carried out the induction step of the multiscale analysis, i.e. that if
G(1,1l1,m1,&) holds for some l; > 0, then G(I, 13, mg2, &) holds on some larger scale
la > 1. Once an induction anchor is given, one obtains the estimate G(I,l, mg, &)
for an increasing sequence of length scales [i. It is crucial for concluding localization
that the sequence my is bounded from below by some positive m. The induction
anchor is provided by the so-called initial scale estimate formulated in the following
assumption.

Before we define the initial scale estimate let us define a new length scale
1 =1(B,kK,q,m0) €N, depending on 3,q € (0,1), x € (1,2) and mg > 0, namely

o - —k/(1=5)
=15 gom) = (oo ) (29)

Definition 7.6. Let I C R. We say that the initial scale estimate holds in I C R,
if
G(I,lp,m0,¢)

is satisfied for some
(i) € >2d, k€ (1,2§/(£+2d)), B € (2—k,1), and
(ii) ¢ € (0,1), mg > 0 and Iy > 1 satisfying Iy > max{l*,1} and mg > lgil.

Here I* = 1*(d, &, k, B,u, p) is given by Theorem 7.5 and [ = (8, K, q,mg) is as in
Eq. (29).

Note that [ depends on mg. Hence, if one has verified G(I, Iy, mqg, &) for some
lo > I* and mgy > lg ~! one still has to check whether lo > 1. However, if one has
verified G(I, 1y, mg, &) for some mg > 0 and all [y > 1, then one just has to choose
lp sufficiently large to verify the initial scale estimate.

Theorem 7.7. Let Assumptions (A) and (B) be satisfied, I C R, and assume that
the initial scale estimate holds in I. Set mo, = qgmg. Then

G(I, Ik, Moo, §)
holds for all k € Ny. Here the sequence l, k € Ny, is defined by
lk1 =15, k&N,

and lg, mg, q, k and & are given through the initial scale estimate.
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Proof. By assumption of our theorem, the hypothesis of Theorem 7.5 is satisfied
with [ = [y and m = mg. By an inductive application of Theorem 7.5 we obtain the
estimate G(I, [, m, &) with a decreasing sequence my, k € Ny, satisfying

micer 2 mi (1= G0 — i

Our theorem now follows if

oo

ka —mpy1 <My — Moo = (1 — q)myp. (30)
k=0

Indeed, we can estimate

Sy —mpr = Y mply O ST < g 1) Y0 GO
k=0 k=0 k=0 k=0

Since this is a geometric series we obtain

i lo—(l—ﬁ)/H
my — mpg1 < (mo + 1)_—1_,{-
— 1— ZO( B)/

By assumption we have lg > [, and by definition of [ we obtain Ineq. (30) and hence
the statement of the theorem. O

Next we cite [vDK89, Theorem 2.3]. More precisely, we will state a slight
generalization, since [vDK89, Theorem 2.3] was stated for the case u = §p only. In
particular, the proof applies directly to the case of general single-site potentials u
and the measure y. Even more, this result holds true for arbitrary potentials, as
long as the resulting family is a family of self-adjoint operators. To be more precise,
consider the family of self-adjoint operators

Ay, 224 = 22, weq,

where the index w is an element of some probability space (Q, F, IFD) We assume
that the map w ~ (¢, (A, — 2)714) is measurable for all ¥, ¢ € ¢%(Z%) and
all z € C\ R. As supplied before we use similar notation for the restricted
operators A% : (2(€) — (2(¢) and, with some abuse of notation, the symbol
GE(E,u,w) = (0,(AS — E)~14,) for the corresponding Green function. Moreover,
the definition of (m, E)-regular and singular from Definition 7.1 holds for A% in an
analogue way.

Theorem 7.8. Consider the family of operators (AW)wEQ’ letaeN,ceNyg, ICR
be an interval, £ > d, lo > 1, k € (1,2¢/d) and m > 0. Let moreover I, k € Ny, be
a sequence of integers such that for all k € Ny

lk+1 . lg
Suppose that for any k € Ng and any x,y € Z¢ with ||z — y||so > al + ¢
If”({w €Q:3IEcI: ¢, (x) and &, (y) is (m, E)-singular}) < l,:%.

Then, for almost all w € €, oc(Aw) NI =0 and the eigenfunctions corresponding to
the eigenvalues of A, in I decay exponentially.
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Proof. Let b be a positive integer to be chosen later on. For 2y € Z¢ and k € Ny let
Ak—i—l(xO) = Q:b(alk+1+c) (-’EO) \ Q:alk—l—c(xO)-
Define the event

Ei(z0) = {w € Q: €, (x0) and €, (z) are (m, F)-singular
for some E € I and some = € Ajy1(x0)}.

By construction we have for each x € Ag41(zo) that ||z — z¢||ec > ali + ¢. Hence,
we obtain by our hypothesis

~ _ 2(balj1 + be) + 1)¢
k

:BEAk+1 (:Eo)

(2ba + 2belyt + 15 1)
l2£—f{d
k

IN

for all k € Ny. Since kd < 2§ we have ) 2, I@gEk(ﬂ])) < oo. It follows from Borel

Cantelli Lemma that for each 2o € Z? we have P{ Ey(z0) occurs infinitely often} = 0.
Since a countable union of sets of measure zero has measure zero, we obtain

I~P’({w € Q: 3zg € Z%: Ey(x0) occurs for infinitely many k € N}) =0.
If we let
Qo = {w € Q: for all 2y € Z¢, Ey(x0) occurs only finitely many times},

we have I@(Qo) — 1. In particular, for each w € Qy and zy € Z% there is k; =
k1(w,xo) € N such that if k& > kq then Ej(xg) does not occur.

Now let w € Qp, E € I be a generalized eigenvalue of A,, with the correspond-
ing non-zero polynomially bounded generalized eigenfunction ¢, i.e. A, ¥ = E,
[¥(x)| < C(1+]z|))? for some positive constant C' and positive integer t. We choose
zo € Z% such that ¥(zo) # 0. If €, (20) is (m, E)-regular, then

E¢ a(Afjk (”0))

and therefore we can recover ¢ from its boundary values, i.e.

|9 (wo)| = (31)

Z Gﬁzk(fco)(E; 0, 1) Z ¥(y)
i€91¢;, (20) YyE(€y, (20))°:
[li—ylly=1

< ) e ™R2dO2+ I + |laol))
iEaiQZk(wo)

Since ¥(x) # 0, it follows that there exists ko = ka(w, F, x9) € N such that &;, (x0)
is (m, E)-singular for all k > ky. Let ks = k3(w, E, z9) = max{ky, kao}. If k > k3 we
conclude that €;, (z) is (m, E)-regular for all z € Ay (z0).
Let p € (0,1) be given. We pick b > (1 + p)/(1 — p) and define
Ay 1(20) = Coats 1 +0)/40) (£0) \ €(atyte)/(1—p) (T0)-

Then we have
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(i) A;C_,'_l(l’o) C Ak+1(x0) for k € Np,
(ii) if x € A} (wo) then dist(z,0°Agy1(70)) > pllz — zol|oo, and
(iil) if = & Ca19+e)/(p—1)(x0) then z € Aj | for some k € No.

Here dist(m, A) = infrea||m — k| for k € Z% and A C Z%. Claim (i) and
(iii) are obvious. To see (ii) we estimate the distance of x € Aj (o) to both
boundaries of the annulus A1 (zg). For the “inner” boundary we use ||z — 2p|oo <
lalg + ¢| + dist(z, €4y, 1c(20)) and ||z — 2¢||eo > |alk + ¢]/(1 — p) to conclude

dist (2, 0"ty ol(0)) = 12— olloo — (1 = Pl — 2ollo.
For the “outer” boundary we use the triangle inequality
diSt(‘T}O? 6O€b(alk+1+0) (3}0)) < H.’I) - xOHOO + diSt({B, 80¢b(alk+1+0) (l’o)),

|z — zolloc < blalks1 + ¢)/(1 + p) and dist(zo, O°Cy(qyy, ., +¢)(T0)) = blalg+1 + ¢) to
conclude

diSt((L‘, aoczb(alk_H—i-c) (l’o)) > diSt(.’Bo, 8OQ:b(alk._,_l—ﬁ—c) (.’L‘())) - Hx - mOHOO

> plle = zo]loo-

Hence the claim (ii) follows.
Now let k > k3, so that &, (y) is (m, E)-regular for any y € Agy1(zo). Let
x € Ay (z0) C Apg1(wo). Again by Eq. (31),

()] < (2 + 1) %™ 2d|4(uy))|
for some u; € 0°C;, y1(x). If u1 € Apy1(x0) we obtain

()] < [(2 + 1) ™ 2d]? |4 (us))|

for some uy € 0°¢;, (u1). By claim (ii) we can repeat this procedure at least
|pllz — zolloo/ (I + 1)| times, use the polynomial bound on ¢ and obtain for all
k > k3 and all z € Aj (o) the inequality

|¢(ZE)| < [(2lk+1)defmlk2d] LP”ﬂJ—zOHoo/(lk—l-l)JC(1+ Hx0||oo+b(alk+1 _’_c))t.

We can rewrite the above inequality as

[Y(z)] < exp{— {WJ pmlk}exp{ {WJ [dln(%k +1)

+1In(2d) — (1 — p)mlk} +tIn (C(1 + ||zollco + b(alps1 + c))}

Since (alr 4+ ¢)/(1 = p) < ||z — 20loo < b(alf +¢)/(1 4 p), the second exponential
function gets smaller than one if k is larger than some suitable k4. Let p' € (0,1)
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and choose p such that p > 1/(1+ a — p'a). We obtain that the first exponential
function is bounded from above by

plla — 2ol l
expy — lkT —1 P
2 Lk
< expq pmly ¢ expq —p mllz — wol!oolk 1

— l
< eXp{pmlk[ (=)o =7 | (&P ~P Pz = Zolles =

Again, using the lower bound on ||z — x|l and the relation between p and p,
we see that the first exponential function gets smaller than one if k > k5 with
appropriate k5. Hence, if we pick p” € (0,1) we find k¢ € N such that for all k > kg
and all x € A} (wo) we have

()] < exp{ —p2o'mllz - zolocp }- (32)

Set k7 = max{ky,...,k¢}. By claim (iii) we conclude that for all z € Z¢\
€ (aly, +¢)/(1—p) (T0) we have Ineq. (32).

We have shown for all w € € that every generalized eigenvalue is an eigenvalue
with an exponentially decaying eigenfunction. To end the proof we use the fact
that for any w € €, almost every energy E (with respect to a spectral measure) is a
generalized eigenvalue [Ber68, Sim82], see also [Kir08, Proposition 7.4].

Fix w € Q, let My C I be the set of all generalized eigenvalues in I and M; be
the set of all eigenvalues in I. It follows that I\ My has p,-measure zero, and since
My C My we conclude that I\ M; has p,-measure zero. Since ¢?(Z%) is separable
Mj is a countable set, and therefore the measure p,, restricted to I is a pure point
measure. Hence, o.(A4,) NI = . O

Proof of Theorem 2.6. Note that each cube that is uniformly (m, E')-regular for w
is also (m, E)-regular for w. Hence, as a corollary of Theorem 7.7 and 7.8 we obtain
exponential localization for the discrete alloy-type model h,, in any energy region
where the initial length scale estimate holds. This proves Theorem 2.6. O

7.4 Initial scale estimate; proof of Theorem 2.7 and 2.8

In this subsection we prove the initial scale estimate in certain disorder/energy
regimes, formulated precisely in Lemma 7.9 and Proposition 7.13. Together with
Theorem 2.6 we obtain localization as stated in Theorem 2.7 and 2.8. The proofs of
Theorem 2.7 and 2.8 are given at the end of this subsection.

In the large disorder regime the initial scale estimate can be deduced from
the uniform control of resonances, see e.g. Theorem 11.1 in [Kir08] or Lemma 14
in [VeslOal. Since we provide uniform control of resonances for our model in
Proposition 6.1, we obtain the following lemma by following [Kir08, Ves10a].
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Lemma 7.9 (Initial scale estimate, large disorder). Let Assumptions (A) and (B)

be satisfied and ||p||var sufficiently small. Then the initial scale estimate is satisfied
in R.

Proof. Let ly > 0, z,y € Z% with ||z — y|| > 8ly, E € R and mg > 0. Then

P(Biy(x, y,mo, E)) < P (3E: J(E,a(hffo(z))) <emh, 2 ¢ {z,y})

< B (A(o (RS0 (1)) < 2.

We use Proposition 6.1 to estimate this probability and obtain
P(Bl() (.CL', y,m, E)) < Cl(2l0 + 1)3d+||10||1 [2emlo + 026—3l0a/2]. (33)

From the proof of Proposition 6.1 we infer that C; = ||p||varC1 with some constant
Cy depending only on the single-site potential u. We fix ¢ € (0,1), £ > 2d,
k€ (1,2£/(£+2d)) and B € (2 — k,1). Finally, we choose | p||var (small enough)
and [p > 1 (large enough) in such a way that

P(By,(z,y, mp, E)) < 16257 lp > max{l*,]} and loﬁ_1 < my.

Here I* = 1*(d,&, K, B,u,p) is given by Theorem 7.5 and | = I(,k,q,mg) is as
in Eq. (29). This choice of ||p||var and lp is always possible as we explain now.
Recall that I* depends on ||p||var and note that [* decreases as ||p||var decreases, see
Eq. (25). Now fix for the moment p with ||p||var = 1 and choose [y large enough
such that Iy > max{l*,[} and lg_l < my. If we choose p with ||p||var < 1 these two
conditions will still be satisfied since [* decreases if ||p||var decreases. In a last step
we choose ||p||var < 1 small enough such that P(By,(x,y, mo, E)) < lo_%: which is
by Ineq. (33) satisfied if

-2
Iy % -

< — .
Ipllvar < C1 (2l + 1)3d+||10||1 [2€mlo + Cge_?’lOO‘/Q]

In the case of weak disorder, i.e. arbitrary A > 0 and energies near the band
edges, far less is known if the single-site-potential may change its sign. A version
of an initial scale estimate has been proven in [CE12] for exponential decaying
sign-changing single-site potentials in the case d = 3. However, the initial scale
estimate of [CE12] is not suitable to conclude localization via multiscale analysis
in the long-range case, since they prove a non-uniform version only. With a non-
uniform version the multiscale analysis requires independence at distance, i.e. supp u
compact, see e.g. [GK03, Theorem 2.4].

In the following we derive a uniform initial scale estimate as formulated in
Definition 7.6 for non-compactly supported single-site potentials with a small
negative part. The proof is in the manner of [Sim85] where the Anderson model
was considered and [Ves01, Ves02] where an initial scale estimate is shown in the
case of compactly supported single-site potentials with a small negative part.
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For the proof we need to introduce the Neumann Laplacian. The Neumann
Laplacian on € C Z¢ is the operator on £?(¢) defined by

hg’N = mehote — 2d + ng
where ng : 2(€) — (2(€) is diagonal with
ne(i) = {j € €: |lj — il = 1}].
We denote by RSN = hg’N + wev,te the corresponding Neumann Hamiltonian.

Proposition 7.10. Let Assumption (A) be satisfied and w = ), ;4 u(k) > 0.
There exists 1 < Py and I3 < oo depending only on w, such that if we pick | > I3
and B > Bo, and assume that Assumption (C) is satisfied for § =172/(8Bw, ), then
we have the implication

13 e

-2
Al(hgl’N)<l_2/ﬁ = ‘{ké@:l:wk<4[}'> o 2

B

Proof. Recall that the eigenvector corresponding to the lowest eigenvalue Aq (hgl’N) =
0 is ¢ € £2(¢;) with (k) = 1/+/]€;| for all k € &;. Moreover, the second eigenvalue
satisfies the estimate

A2 (RgN) = AL (BgN) = Ao (AGN) = 2 — 2 cos(n /1) > 4172, (34)

see e.g. [Sim85]. For w € Q we set & = min(wy, 8172/(B|ull1)). Then we have for
allwe Qand z € ¢
l_2

vp(x) — vy(x) = Z (wp — @p) (Ou—(z — k) —ug(z — k) < dwy = 5
kezd

This gives A (h5"Y) > )q(hgl’N) —172/(883). We want to apply Temple’s inequality,
see e.g. [RS80], to the operator hgl’N with the vector ¢ and some constant £ with
(1, hg”N1/1> <¢< /\Q(hg”N), in order to estimate Al(hgl’N) from below. We set

-2

l
€ = Na(hg"N) — 55 and Po=065/32+8ul1/u.

That & is larger than (1, hgl’N@M follows from Ineq. (34), 8 > 65/32, and the upper
bound

)
(KN = (o meate )< g1 2 2 dulk =) < - (35)

ked; iczd

That ¢ is smaller or equal to )\Q(hgl’N) follows from the lower bound

. 12
vp(z) > —%Z:d Opdu_(z — k) > -5 Ao (hSN) > Ag(hg™)

l72

@.
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Here we have used that § = 172 /(88w, ), Ox < ws and |lu_|j; < 1. By Ineq. (34),
Ineq. (35) and the choice of By we have

172 32||ufl
B [

¢ — (4, hSN ) S [45 o 8] (36)

For the expectation of the square of hgl’N we calculate that
1 8172
<¢7 (hghN) > |Q:’ B Z Z wjlu(k = j)|
ket jezd

Choose R = R(u) € N such that

- 16 u 1
lulle ™ 4lullf ]~ 8

where C' = C (u) is the constant from Lemma 6.2. Later it will be convenient that
1> 15 =15(u) := 2R. We split the second sum in j € €1 and j € € and obtain
by Lemma 6.2 that

1 8172 —2
¥, (BN < o | u +e Cemofi/2 ) 37
(v (%) < o5 || uljg &+ el g (37)

Here C = C (C,a,d) is the constant from Lemma 6.2. We also need a lower bound
for <1/),hgl’N1/J>. We have

(1, RGN ’Z< > ulk—i)+ Y cfjm(k—i))

ke¢; \ieC ;4 r i€ R
|¢|( S oY Fante- 43 Y gt ).
¢ €€y r  1€C LR kZe ke ’L'QQ:H_R

For the third summand we have by Lemma 6.2

8172 .
Z Z wiu(k —1i) > | l‘ Z Z wilu(k IIquﬁce R/2

kG@l € R ke i¢C R

For the second sum we have using (a version with u(k — ) instead of u(x — k) of)
Lemma 6.2 that for [ > I3

Sk —iy= Y > wuk—i)+ Y. Y wu(k—

i€€[+Rl€¢¢l iEQ:l Rk%Q:l iEQtH»R\Gl ng@;
-2 8 —
<|¢- R! Ce B2 4 ——|C g \ C_pllulh
5|| h Bllufly "
<le y - Ce’O‘R/Q+£4dR(l+R)d*1
e ﬂl! I 3
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If [ is sufficiently large, i.e. [ > [}, for some [}, = [7( (R, d) = [§y(u), we have

-2 I~
Y St < g oot
‘ ’ 1€C 1 r kg IBH H 8/8
Putting everything together we arrive at
8l_ 12
,hENy, @i Ce R/2 ___ 38
N 2 g Ym 25 55 (58)

z€¢

We apply Temple’s inequality and obtain by Ineq. (38), Ineq. (37) and Ineq. (36)
that

(, (hEN)w) g2

A (RSN > 2 (hSN) — L > (g, hSNy) — -
1 1 8B < > &._ <'¢,hgl7N7,Z)> 8/8
3 17 appe[ 16 U
2 Tl 2 % 5 [Hu\|1+4||ull%]'

JEC 4R
Set I§ = max{l§,],}. By our choice of R we finally obtain for [ > [§ that

3w 3072
MAGN) > 2 > @y o —.
W)= Hlg) 2 Y178

JEC 4R
Assume that the statement of the proposition is wrong. Then

4172 11¢|
kec > ——.
Helwk ﬁu}’>122

Since wy > 4172 /(Bu) implies @, > 4172 /(Bu) we have

[~2 3 u 31
— > aBEN =D o>
B > A 4!@3 “i- 8B — B

JEC R

This is a contradiction. O

Proposition 7.11. Let Assumption (A) be satisfied, @ = Y, zau(k) >0, ¢ €
(0,2), £ >0, By as in Proposition 7.10 and assume that there is g > 0 with

]P’((.U(] < 80) < E
Then there exists and lj; = 17 (u, 1, Bo,(,§) < 00, such that if we pick | > I,

satisfying 21 +1)
+

[20-¢/28, 2 41

€2N+1, (39)

and assume that Assumption (C) is satisfied for § = 1572/(8w, ), then we have

P(A(hl) <172%¢) <17t
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Remark 7.12. The set

[ >0: L2l+11J2 c2N +1
[20-¢/2852 4 1)

is an unbounded set. This follows readily from the following fact: If (a,) and (b,) are
sequences of natural numbers satisfying a, < ant1 < an,+1and b, < bpg1 < b, +1
for all n and a,/b, — oo, then every natural number larger than a;/b; can be
realized by a quotient ay, /by,.

Proof of Proposition 7.11. We set | := l1*€/260_1/2 and assume that [ is large
enough, say | > ljy = l75(u, Bo, (), such that [ > I3 with I from Proposition 7.10.
By construction we have n := |2] +1|/|2] + 1] € 2N + 1. Hence we can divide the
cube €; into smaller disjoint cubes €7 = €;(z;) with appropriate centers z;, j from
one to n?, and the property that ¢; = U;€7. Following [Ves01], see also [Kir08] for
the discrete setting, we arrive at

P(M(hL) < 17279) ZIP’ A (hEN) < 55172, (40)

. . . . . . N —17—
By translation invariance it remains to estimate P := P(Al(hq ) < BytiT).

Since [ > I and Assumption (C) is satisfied for & = [=2/(88yw;) we can apply
Proposition 7.10 and obtain

< ~ R -
P P(‘{ke@: wg < Boti }’>12 7

13 412
( 2104505 W) p+<24—p>>, p'_P<wk€[0’Bou))'

lkc

If 1 > If5 = li5(1, Bo, ¢, u) then p < 1/12. Hence 13/24—p is positive and Bernstein’s
inequality gives

2
P<e” 2|¢|(24 p) <e_‘€|(%) ) (41)
From Eq. (40) and Ineq. (41) we infer

P()\l(hfd) < l—2+C) < n e -l¢; |(?13) < L2l+ 1Jde—(l*6/250*1/2)d.

The result follows by choosing [ sufficiently large, depending only on w, u, By, ¢ and
£ O

Proposition 7.13. Let Assumption (A) be satisfied, uw > 0 and assume that there
1s €9 > 0, such that

P(wo < 60) < E
Let further &, k, 8, ¢ and mq be as required in Definition 7.6, ¢ € (2—2(1—)/k,2),
and let By be as in Proposition 7.10.
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Then there exists d > 0 and €, > 0, both depending only on u, p, Bo, ¢, &, K, B
and q, such that if Assumption (C) is satisfied for &, then the initial scale estimate
holds in in the interval [—ey, /2,1, /2].

The length ¢, of the localization interval [—e;,/2,¢;,/2] can be determined
following formulas (42), (43), and (44). Similarly, § equals lé_Q /(8wy) for g as in
(44).

Proof. Note that we know from Remark 7.12 that for each constant K there is
an | > K which satisfies condition (39). For all I > I}, satisfying condition (39)
and assuming that Assumption (C) is satisfied for 6 = I172/(8wy ), we have by
Proposition 7.11

P(A(RL) > 1721 > 1 - 1%,

Let Qp = {w € Q: A\j(hl)) > 172*¢}. From Ineq. (18) we infer that the set
OF == {weQ: M) > 1724 — Oy, e300/

for all W’ € Q with Il¢,,w’ = I, w}.

satisfies Qf D Qr, hence P(Q}) > 1 —[7¢. We assume that [ > I3, = I5,(¢, u,wy)
such that

g =124 — C’uw+e_3lo‘/2 > 0. (42)
Let w € Qf and
gl €
Ecl=|—,—]|. 43
cn=|-2.9 (13)

Then d(E,o(h.,)) > ¢,/2 for all ' € Q with [I¢, " = ¢,w, or with our shorthand
notation, d(E,o(hl))) > &;/2. The Combes-Thomas estimate, see e.g. [Klo02], gives
that there is a universal constant C' such that for all n,m € €; and all ' € Q with
I, w" = Ilg,w that

¢ C \? —oBlm-nijc
G E,n,m)| < <> e~ PE)|Im=n
G5Bl < (0
where

p(E) = inf{ d(E,o(hL)), 1/4}.

Hence, for each € € (0,1) we find lj5 = {5(¢, u, i1, ¢) such that for all | > [j5 we have

sup |Gt (B; 0,w)| < e~ (=2
’wEaiQ:l

for all W' € Q with Ilg,,w" = Ilg,w. Hence, we have for all € € (0,1) and all [ >
max{l{;, ]y, li5} satisfying Eq. (39) (assuming for the moment that Assumption (C)
is satisfied for an appropriate §)

P(VE € I; the cube €; is uniformly ((1 — £)I¢/?>!, E)-regular) > 1 — ¢,
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Let 21,22 € Z% with |21 — 22]lec > 81 and set P := P(B(z1, 22,4, I;)) where
m; = (1 —€)I¢/?~1. We use translation invariance and the independence of two
“disjoint” cylindersets and obtain

P< ]P’({HE € I;: €(21) is not uniformly (my, E')-regular}
N{3E € I;: €(z2) is not uniformly (m;, E)—regular})
2
= ]P’({EIE € I;: € is not uniformly (my, E)—regular}) <%

Since ¢ > 20, which follows from our assumption { > 2 — 2(1 — 3)/k, there is
l3s = li6(C, B, €) such that for [ > I55 we have m; > 1°~1 as required in Definition 7.6.

If we pick
2
3 semem
lo >max{<(1_q)(1_€)> 5115 Y145 Y155 16?l } (44)

satisfying Eq. (39), set mg = my,, and assume that Assumption (C) is satisfied
for 6 = lgfz/(&mr), then the initial scale estimate is satisfied in [j,. Since ¢ >

2 — 2(8 — 1)/k, the first condition in (44) ensures that lp > [ as required in
Definition 7.6. U

Proof of Theorem 2.7. The statement follows from Lemma 7.9 and Theorem 2.6 [

Proof of Theorem 2.8. The statement follows from Proposition 7.13 and Theo-
rem 2.6. O

8 Localization via multiscale analysis (continuous model)

In Section 7 we apply the multiscale analysis a la [KSS98a] to the discrete alloy-type
model with exponentially decaying single-site potential. Beyond doubt, on the basis
of the Wegner estimate from Theorem 2.2 one could do the same for the (continuous)
alloy-type model with exponentially decaying convolution vector.

However, to keep things short, we just note that Proposition 6.3 replaces
[KSS98a, Lemma 3.4], which is sufficient for the induction step of the multiscale
analysis. Hence, once an appropriate initial length scale estimate is satisfied one
obtains localization. More precisely, Proposition 6.3 and the multiscale analysis a
la [KSS98a] imply the following theorem.

Theorem 8.1 (localization, continuous model). Assume that U is a generalized
step function and assume that Assumptions (B) and (A) are satisfied. Denote by
a the infimum of the almost sure spectrum of H,, and assume further that for any
€ >0 and By € (0,2) there is an I* = 1*(&, Bo) such that

P(d(a,a(ﬂg)) < zﬂo—Q) <€ (45)

Then, for almost every w € , the spectrum of H,, is only of pure point type in a
neighborhood of a with exponentially decaying eigenfunctions.
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Here, the uniform distance d from Ineq. (45) is defined by

J(a,o(Hi,)) = inf d<E’J(Héw1,wf-)))

1
wy c QZd\Q‘4l

where w; € Qg,, is defined by wi = Ilg,,w.

Remark 8.2. Let us finally discuss the validity of an initial scale estimate as
formulated in Ineq. (45). If the single-site potential U is non-negative and satisfies
|U(x)| < C||z||~™ for m large, Ineq. (45) is a well known fact, see e.g. [KSS98b,
KSS98a]| for the case where U is compactly supported. If the single-site potential
changes its sign and has unbounded support, far less is known. However, similarly
to Lemma 7.11 of Section 7.4 one can prove Ineq. (45) for the alloy-type model
on L?(R%) if the single-site potential U is a generalized step function with an
exponentially decaying convolution vector of a small negative part. In the case that
the single-site potential is even compactly supported this has been done in Section 5
of [Ves01].

References

[ASFHO1] M. Aizenman, J. H. Schenker, R. M. Friedrich, and D. Hundertmark.
Finite-volume fractional-moment criteria for Anderson localization. Com-
mun. Math. Phys., 224(1):219-253, 2001.

[Ber68| J. M. Berezanskii. Fzpansion in eigenfunctions of self-adjoint operators,
volume 17 of Transl. Math. Monographs. American Mathematical Society,
1968.

[BHSO07] J. V. Bellissard, P. D. Hislop, and G. Stolz. Correlations estimates in
the lattice Anderson model. J. Stat. Phys., 129(4):649-662, 2007.

[Bou09]  J. Bourgain. An approach to Wegner’s estimate using subharmonicity.
J. Stat. Phys., 134(5-6):969-978, 2009.

[CE12] Z. Cao and A. Elgart. The weak localization for the alloy-type Anderson
model on a cubic lattice. J. Stat. Phys., 148(6):1006-1039, 2012.

[CGK09] J.-M. Combes, F. Germinet, and A. Klein. Generalized eigenvalue-
counting estimates for the Anderson model. J. Stat. Phys, 135(2):201—
216, 20009.

[CH94] J.-M. Combes and P. D. Hislop. Localization for some continuous,
random Hamiltonians in d-dimensions. J. Funct. Anal., 124(1):149-180,
1994.

[ESS12]  A. Elgart, M. Shamis, and S. Sodin. Localisation for non-monotone
Schrodinger operators. arXiv:1201.2211v4 [math-ph/, 2012.

[ETV10] A. Elgart, M. Tautenhahn, and I. Veseli¢. Localization via fractional
moments for models on Z with single-site potentials of finite support. J.
Phys. A: Math. Theor., 43(47):474021, 2010.

42



[ETV11]

[FHLMY7]

[GKO1]

[GKO3]

[GK12]

[GK13]

[GRO9]

[GV07]

[HK02]

[Kir96]

[Kir08]

[K1095]

[K1o02]

A. Elgart, M. Tautenhahn, and I. Veseli¢. Anderson localization for a
class of models with a sign-indefinite single-site potential via fractional
moment method. Ann. Henri Poincaré, 12(8):1571-1599, 2011.

W. Fischer, T. Hupfer, H. Leschke, and P. Miiller. Existence of the
density of states for multi-dimensional continuum Schrédinger operators
with Gaussian random potentials. Commun. Math. Phys., 190(1):133—
141, 1997.

F. Germinet and A. Klein. Bootstrap multiscale analysis and localization
in random media. Commun. Math. Phys., 222(2):415-448, 2001.

F. Germinet and A. Klein. Explicit finite volume criteria for localization
in continuous random media and applications. Geom. Funct. Anal.,
13(6):1201-1238, 2003.

F. Germinet and F. Klopp. Spectral statistics for random Schrodinger
operators in the localized regime. to appear in J. Fur. Math. Soc.,
arXiv:1011.1832v3 [math.SP], 2012.

F. Germinet and F. Klopp. Enhanced Wegner and Minami estimates
and eigenvalue statistics of random Anderson models at spectral edges.
Ann. Henri Poincaré, 14(5):1263-1285, 2013.

R. C. Gunning and H. Rossi. Analytic functions of several complex
variables. AMS Chelsea Publishing, Providence, RI, 2009. Reprint of
the 1965 original.

G. M. Graf and A. Vaghi. A remark on the estimate of a determinant
by Minami. Lett. Math. Phys., 79(1):17-22, 2007.

P. D. Hislop and F. Klopp. The integrated density of states for some
random operators with nonsign definite potentials. J. Funct. Anal.,
195(1):12-47, 2002.

W. Kirsch. Wegner estimates and Anderson localization for alloy-type
potentials. Math. Z., 221:507-512, 1996.

W. Kirsch. An invitation to random Schrédinger operators. In Random
Schrodinger operators, volume 25 of Panoramas et synthéses, pages
1-119. Société Mathématique de France, 2008. with an appendix by
Frédéric Klopp.

F. Klopp. Localization for some continuous random Schrodinger opera-
tors. Commun. Math. Phys., 167(3):553-569, 1995.

F. Klopp. Weak disorder localization and Lifshitz tails. Commun. Math.
Phys., 232(1):125-155, 2002.

43



[KM82]

[KNO09]

[Kriil2]

[KSS98a

[KSS98b)]

[KV06]

[Min96]

[Mol81]

[Nar95]

[PTV11]

[Rem84]
[RS80]

[Sim82]

[Sim85]

W. Kirsch and F. Martinelli. On the density of states of Schrodinger
operators with a random potential. J. Phys. A: Math. Gen., 15(7):2139—
2156, 1982.

F. Klopp and S. Nakamura. Spectral extrema and Lifshitz tails for
non-monotonous alloy type models. Commun. Math. Phys., 287(3):1133—
1143, 2009.

H. Kriiger. Localization for random operators with non-monotone
potentials with exponentially decaying correlations. Ann. Henri Poincaré,
13(3):543-598, 2012.

W. Kirsch, P. Stollmann, and G. Stolz. Anderson localization for random
Schrodinger operators with long range interactions. Commun. Math.
Phys., 195(3):495-507, 1998.

W. Kirsch, P. Stollmann, and G. Stolz. Localization for random per-
turbations of periodic Schrodinger operators. Random Oper. and Stoch.
Equ., 6(3):241-268, 1998.

V. Kostrykin and I. Veseli¢. On the Lipschitz continuity of the integrated
density of states for sign-indefinite potentials. Math. Z., 252(2):367-392,
2006.

N. Minami. Local fluctuation of the spectrum of a multidimensional
Anderson tight binding model. Commun. Math. Phys., 177(3):709-725,
1996.

S. Molchanov. The local structure of the spectrum of the one-dimensional
Schrodinger operator. Commun. Math. Phys., 78(3):429-446, 1981.

R. Narasimhan. Several complex variables. Chicago Lectures in Mathe-
matics. University of Chicago Press, Chicago, IL, 1995. Reprint of the
1971 original.

N. Peyerimhoff, M. Tautenhahn, and I. Veseli¢. Wegner estimate for
alloy-type models with sign-changing and exponentially decaying single-
site potentials. Technische Universitdt Chemnitz, Preprintreihe der
Fakultat fiir Mathematik, Preprint 2011-9, ISSN 1614-8835, 2011.

R. Remmert. Funktionentheorie 1. Springer, Berlin, 1984.

M. Reed and B. Simon. Methods of modern mathematical physics IV:
Analysis of operators. Academic press, San Diego, 1980.

B. Simon. Schrédinger semigroups. Bull. Amer. Math. Soc., 7(3):447-526,
1982.

B. Simon. Lifschitz Tails for the Anderson model. J. Stat. Phys.,
38(1-2):65-76, 1985.

44



[TV10a]

[TV10b]

[TV13a]

[TV13b]

[vDK89]

[vDK91]

[Ves01]

[Ves02]

[Ves08]

[Ves10a]

[Ves10b]

[Weg81]

[Zie89)]

M. Tautenhahn and I. Veseli¢. A note on regularity for discrete alloy-type
models. Technische Universitidt Chemnitz, Preprintreihe der Fakultat
fiir Mathematik, Preprint 2010-6, ISSN 1614-8835, 2010.

M. Tautenhahn and I. Veseli¢. Spectral properties of discrete alloy-
type models. In P. Exner, editor, XVIth International Congress On
Mathematical Physics, pages 551-555. World Scientific, Singapore, 2010.

M. Tautenhahn and I. Veseli¢. Minami’s estimate: beyond rank one
perturbation and monotonicity. Ann. Henri Poincaré, 2013. DOI
10.1007/s00023-013-0263-7.

M. Tautenhahn and I. Veseli¢. A note on regularity for discrete alloy-type
models II. Technische Universitidt Chemnitz, Preprintreihe der Fakultat
fiir Mathematik, Preprint 2013-02, ISSN 1614-8835, 2013.

H. von Dreifus and A. Klein. A new proof of localization in the Anderson
tight binding model. Commun. Math. Phys., 124(2):285-299, 1989.

H. von Dreifus and A. Klein. Localization for random Schrédinger
operators with correlated potentials. Commun. Math. Phys., 140(1):133—
147, 1991.

I. Veseli¢. Indefinite Probleme bei der Anderson-Lokalisierung. PhD
thesis, Ruhr-Universitat-Bochum, 2001.

I. Veseli¢c. Wegner estimate and the density of states of some indefinite
alloy type Schrodinger operators. Lett. Math. Phys., 59(3):199-214,
2002.

I. Veseli¢. Ezistence and Regularity Properties of the Integrated Density
of States of Random Schrodinger Operators, volume 1917 of Lecture
Notes in Mathematics. Springer, 2008.

I. Veselié. Wegner estimate for discrete alloy-type models. Ann. Henri
Poincaré, 11(5):991-1005, 2010.

I. Veseli¢. Wegner estimates for sign-changing single site potentials.
Math. Phys. Anal. Geom., 13(4):299-313, 2010.

F. Wegner. Bounds on the DOS in disordered systems. Z. Phys. B,
44(1-2):9-15, 1981.

W. P. Ziemer. Weakly differentiable functions. Springer, New York,
1989.

45



