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Abstract

The reconstruction of a function on the rotation group from mean values along all geo-
desics is an overdetermined problem, i.e., it is sufficient to know the mean values for a three
dimensional subset of all geodesics on the rotation group. In this paper we give a Fourier
slice theorem for the restricted problem. Based on the Fourier slice theorem and fast Fourier
transforms on the rotation group and the sphere we introduce a fast algorithm for the forward
transform. Analyzing the inverse problem we come up with an exact inversion formula for
bandlimited functions on the rotation group. Unfortunately, this inversion formula turns
out to be extremely ill conditioned. Therefore, we introduce an iterative approach which
makes use of regularization and the fast algorithm for the forward transform. Numerical
experiments indicate the applicability of our algorithms.

1 Introduction

The reconstruction of functions from mean values along certain submanifolds is an well studied
problem within several fields of mathematics with numerous applications, most notably, in imag-
ing. In this paper we consider the specific case that the function f: SO(3) — R to be recovered
is defined on the rotation group SO(3) and the submanifolds are the geodesics C' C SO(3) on
the rotation group. The family of all geodesics C' on the rotation group may be parametrized by
two unit vectors £, 1 € S* on the sphere S? = {£ € R3 | [(| =1} as

C&n)={ReSOB) | RE=n}.

Hence, we are interested in the inversion of the Funk transform

My(€,m) = / f(R)dR,

C(&m)
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which assigns to a function f: SO(3) — C its mean values along all geodesics C'(&, 1), §,n €
S2.

One reason why we are interested in this particular manifold is that the inversion of the Funk
transform on the rotation group is essential in quantitative texture analysis of polycrystalline ma-
terials by means of diffraction. There the alignment of a crystal within a polycrystalline material
is described by a rotation that realizes the coordinate transform between a certain specimen fixed
coordinate system and a crystal fixed coordinate system. Assigning a rotation to each crystal
within the polycrystalline material one is interested in the distribution of these rotations. This
distribution is modeled by a density function f: SO(3) — R, the so called orientation density
function. On the other hand diffraction measurements by X-ray, synchrotron or neutron diffrac-
tion results in point evaluations of the Funk transform M f of the ODF, (cf. [5, 21]). Due to
this practical importance there are a lot of papers by engineers and physicists on the inversion
of the Funk transform, see e.g. [4, 28, 26, 29, 35, 11, 6, 25, 32, 20, 9, 34, 31, 40, 21, 1]. There
are also a few mathematical papers on this topic covering quite different inversion methods, i.e.,
splines [37, 3], Fourier expansion [10], Gabor frames [7] and wavelets [2]. However, those pa-
pers mainly focus on complete data, i.e., sampling sets (&,,, M), m,m' = 1,..., M, where
&y M, mym’ = 1,..., M are dense spherical grids.

The Funk transform can be seen in analogy to the X-ray transform where a function f: R3 —
R is associated with its integrals

Xf(x,y)z/Rf(Xth(X—y))dt, x,y € R?,

along straight lines. In both cases the central problem is the reconstruction of f from discrete
samples of M f or X' f, respectively. In computed tomography it is a well known fact that the
reconstruction of f does not require the means along all straight lines, but, it is already sufficient
to know the means along all straight lines that are perpendicular to an arbitrarily fixed direction.
This is due to the fact that the X-ray transform g = X' f of f satisfies Johns equation (cf. [12])

0 0 o

and the set €2 of all straight lines that are perpendicular to a certain direction forms a characteris-
tic set, i.e., the condition g|g = 0 turns the ultrahyperbolic partial equation (1) into a well posed
boundary value problem. It turns out that a similar ultrahyperbolic partial differential equation
is satisfied by the Funk transform of a function on the rotation group [23]. This gives rise to
the recent discovery of three dimensional characteristic sets {2 for the Funk transform M by
Palamodov [24] which consist of all geodesics that intersect an arbitrarily fixed geodesics. In
particular, he showed that the original function f can be inverted from data M f| by inverting
the spherical Funk transform on spherical sections of the rotation group. In his paper the contin-
uous problem was considered, i.e., the inversion based on a discrete sampling set as well as fast
inversion algorithms are still open problems.

In this paper we develop global Fourier based reconstruction algorithms for the Funk trans-
form restricted to characteristic sets, i.e., we assume discrete data M f(&,,,nm), m =1,..., M
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given at nodes (£,,,7,,) € €2, that belong to a characteristic subset 2 C S? x S? and aim at the
recovery of the Fourier coefficients of f. The findings of our paper are as follows. In Theorem 7
we show that the restriction

M: L*(SO(3)) — L*(Q)

of the Funk Transform to a characteristic set €2 is unbounded, while being bounded as an operator
M: C(SO(3)) = C(Q).

For functions with absolutely convergent Fourier series we give in Theorem 8 a decomposition
of the restricted Funk transform into a Fourier transform on the rotation group, a block diagonal
operator with triangular blocks, a rotation operator in Fourier space and a Fourier transform on
the tensor product space S*> ® S!. This decomposition can be seen as an specialization of the
Fourier slice theorem for the Funk transform (cf. [10]) to the restricted case. A discrete version
of this decomposition is given in Theorem 9.

As a direct application of our decomposition result we present a fast, approximate Algo-
rithm 1 for the forward problem which has the numerical complexity O(N*/3) where N is the
problem size, i.e. the number of sampling points as well as the number of Fourier coefficients
used for the representation of the function f is of order O(NN). To this end we utilized the
nonequispaced fast Fourier transform on the sphere [15, 16] and the fast Fourier transform on the
rotation group [18, 27, 17]. Numerical test indicate the accuracy of our approximate algorithm.

Considering the inverse problem in Section 3.4 we present in Theorem 10 an exact discrete
inversion formula for the restricted Radon transform of bandlimited function. Unfortunately, this
inversion formula turns out to be unstable as it is illustrated in Table 1. Therefore, we utilize
the forward Algorithm 1 as well as the corresponding algorithm for the adjoined problem to
implement an iterative solver for the normal equation. Following this approach we may apply
regularization to our problem either in the form of oversampling or as Tychonov regularization.
The numerical results presented in Figure 2 indicate that our algorithm may be suitable for prac-
tical applications.

2 Harmonic Analysis on the Rotation Group and the Sphere

2.1 Spherical harmonics

Let us denote by e; = (1,0,0)7, e; = (0,1,0)7, e3 = (0,0, 1)” the canonical basis in R?* and
by S* = {& € R? | |¢| = 1} the unit sphere. Then any vector uy, € S* can be represented by
its polar coordinates (6, p) € [0, 7] x [0, 27),

Uy, = cosfe; +sinf (sinpe; + cospesy). (2)

In terms of polar coordinate the spherical surface measure o is given by

27 s
S2]‘(€)c10(£)=/0 /Of(ug,p)sinededp
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for any integrable function f: S* — C. As usual we denote by L*(S?) the Hilbert space of
square integrable functions on the sphere. An orthonormal basis in L?(S?) is formed by the well
known spherical harmonics

Vi(ug,) =1/ %4—'_ 177|k|((:os 0)e* 1 eNg, k=—L,...,¢, (3)

with associated Legendre functions le defined in terms of the Legendre polynomials

1 d

Pu(t) = 2‘5_6!@(75 - 1),

te[-1,1],

by

_ 1/2
P = () -

Note, that we use associated Legendre functions normalized such that

1
/ Pr(E-m)?dE = 27r/ Pr(t)*dt = Am n e S (4)
S2 1

20+ 1’

and such that the Addition theorem [22] takes the form

¢
S VHEVEm) = 2 pie ).

4
k=—¢

In particular, we have by the Cauchy—Schwarz inequality the following upper bound on the
spherical harmonics

2 2£+1 2 (2e+) 20+ 1

< IVEIIZ 1Pelly = = —

D}f(f)’ 47

/Pg MYk () do(n)

The harmonic spaces Harm,(S?) = span{), £ ... VY, € € Ny, provide a complete system
of rotational invariant, irreducible subspaces of LZ(SQ), 1.e.,

2(S?) = @Harmg(SQ).
¢=0

Let L € Ny. Then any function f € I1(S?) = @}, Harm,(S?) is called spherical polynomial
of degree L. For a given function f € L*(S?) we define its Fourier sequence f € (*(I),

I={(,k)eZ® | LeNy, k=—(,... [},

as the sequence of coefficients with respect to the basis yf, (¢, k)€, ie.,

fek) = Szf(ﬁ)yf( )do(§), (LK) el
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Moreover, we define the index set
Ip={(k)€Z* | t=0,.... L, k=—{,.... 0},

of the Fourier coefficients of the space of spherical polynomials of degree L. € Ny which has the
cardinality
o] = (L+1)%

Definition 1. The continuous Fourier transform Fg: is the operator

Fo: (1) —» LX(S), [ Y fLR)YE. (5)

(ek)el

For a finite list of nodes &,, € S?, m = 0,..., M — 1 and a spherical polynomial f of degree L
the discrete Fourier transform Fp, ¢: C't — CM is the operator defined by

Freflm= > fUR)YV[(En), m=0,... . M—1, (6)

(Lk)El,
where f € C'z, f,, = f((, k), (¢, k) € I, denotes the vector of Fourier coefficients of .

By Parseval’s theorem the operators Fg2 and }—8—21 are well defined isometries between L?(S?)
and (?(I) and we have for any function f € L*(S?)

Fa'f=T1.
Unlike the Fourier transform on the torus the adjoined discrete Fourier transform on the sphere
Ff ¢ 18 in general not the inverse of F, ¢. In order to recover Fourier coefficients f (¢, k), (¢, k) €

I, we consider quadrature nodes &, € S%,, m = 1,..., M and corresponding quadrature weights
Wy, such that

=3 wnf(En)VEER),  (LF) € 1L

This sum may also written as an adjoined discrete spherical Fourier transform
r H
f=F WI,

where £ = (f(&1),..., f(&n))T and W € RM*M ig the diagonal matrix with entries W, ,, =
Wi -

As an example of a spherical quadrature formula we consider for a maximum polynomial
degree L € N Clenshaw — Curtis quadrature nodes &,,,, = u,,,9,, m = 0,...,2L + 1, n =

0,...,2L with
mT ni

m — 9 QTL:_ 7

P =T 2L 7

and the corresponding weights

4 L o\
meZl I nlm
n — -n — s 8
Wn = Wal ( LL +2) ;541—462 L) ®)
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where

27

. J3 ifn=0o0rn=0L,
]1, ifo<n<L.

These weights can be computed efficiently by a DCT or a FFT (see e.g. [39]) and allow for the
exact reconstruction of polynomials up to degree L.

2.2 Wigner-D functions

In this section we briefly recapitulate harmonic analysis on the rotation group. By the rota-
tion group SO(3) we denote the set of all orthogonal, three by three matrices with determi-
nant one. Any such matrix R € SO(3) can be interpreted as a rotation in the three dimen-
sional Euclidean space about a certain axis of rotation £ € S? and a certain rotational angle
w = w(R) = arccos (TrR — 1), where Tr R denotes the trace of R. Conversely, we denote
for every unit vector 5 € S? and every angle w € [0, 27) the matrix that acts as a rotation about
¢ with angle w by Re¢,, € SO(3).

Since, SO(3) is a compact topological group it possesses a unique Haar measure A such that
A(SO(3)) = 1. Accordingly, we define the Hilbert space L?(SO(3)) as the space of square
integrable functions on the rotation group endowed with the inner product

i, f) = / ARBRIAAR), i, f2 € L*(SO(3)),
SO(3)

and the corresponding norm || f||, = \/(f, f). Setting
J={(kK)eZ? | 0eNy, kK =—0,... .0},

we consider a system of harmonic functions on SO(3), called Wigner-D functions (cf. [38]),

DI (R)= | VERTEV€)do(). (Lk.K) €] ReSOE). ©)

The Wigner-D functions are normalized such that | Df*'||* = S +1 and form an orthogonal basis
in L*(SO(3)). In particular, every function f € L?(SO(3)) has a unique series expansion in
terms of Wigner—D functions

= A ke, (10)

872
0k k" )ET

with Fourier coefficients f (0, k, k"), (¢,k, k") € J, given by the integrals

20+ 1
=/ R)D* (R) .
F0 kK o / (R)dA(R)
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Let ¢ € Ny. Then the harmonic space Harm,(SO(3)) of degree / is defined as

Harm,(SO(3)) = spany, —_,

.....

For reasons of analogy we call any function f € I1,(SO(3)) = @LO Harm,(SO(3)) a polyno-
mial on SO(3) of degree L € Ny and correspondingly define the truncated index set

Jo={kK)YeZ? | (=0,...,L, kK =—(,... 0}
The dimension of the space of these polynomials is given by

T = %(L +1)(2L + 1)(2L + 3).

Similar to the spherical case we introduce the Fourier transform in L?(SO(3)).

Definition 2. The continuous Fourier transform on SO(3) is the operator

20 +1 /
Fsow: (J) = LAS0@), fro > LRk, KD (i1)

82
(LkK)eT
For a finite list of rotations R,,, € SO(3), m =0,..., M — 1 and a polynomial f € II;(SO(3))

of degree L the discrete Fourier transform F g : C’t — CM is the operator

. 20+ 1 :
[Frrf]m = Z t+ — (kKD (R,), m=0,... M~-1 (12)

72
(Lk,k)eET],

where f € C/z, f&k,k/ = f (0, k, k), ({,k, k") € Jr, denotes the vector of Fourier coefficients of f.

By Parseval’s theorem the operators Fgo(s), Fgol(g) are well defined isometries between
L?(SO(3)) and ¢*(J) and we have for any function f € L?(SO(3))

]:§<)1(3)f =f

3 The Funk Transform on the Rotation Group

3.1 Basic properties

Let £, m € S? be two unit vectors, let Ry € SO(3) be an arbitrary rotation with Ro& = 1 and
remember that R, ,, denotes a rotation with rotational axis 7 and angle w € [0, 27). Then the set

C(&n) ={ReSOB) [ RE=n}={Ry.Ro [ we[0,27)}

of all rotations R € SO(3) that map £ onto 7 is a geodesics in SO(3). Furthermore, C(§, 1) =
C(—¢&,—n), €, m € S? is a parametrization of all geodesics in SO(3).
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Definition 3. The Funk transform on the rotation group is the operator
M: L*(SO(3)) — L*(S* x §?),

1 1 2m
Miem =5 [ maR= [ R,

that assign to a function f: SO(3) — R its means along all geodesics.
For f being a Wigner-D function its Funk transform is known explicitly (cf. [37]).
Lemma 4. The Funk transform of the Wigner—D functions DF¥, (¢, k, k') € J is given by

SV ©VEm), &mes?

As a consequence the range of the Funk transform can be characterized as a closed subspace
of the Sobolev space H 1 (S? x §?) of functions

=Y > kR GRYEEYE ()

(LR)ED (2k)el

MD¥ (&,n) =

with Fourier coefficients satisfying

Z Z (1+ 02+

(ER)EI (4,k)el

More precisely, one can find in [37] the following result.
Theorem 5. The Funk transform M: L?(SO(3)) — H1/2(S* xS?) defines an injective, open and
bounded operator. Its range is characterized by the ultrahyperbolic partial differential equation

(Dg = D) Mf(Em) =0, €neS? (13)

where ¢ and A\, are the spherical Laplace Beltrami operators with respect to the first and the
second variable, respectively.

3.2 The restricted Funk transform

Assume © C S? x S? to be a three dimensional subset such that the boundary value problem

(De—Dy)g(€,m) =0, gla=0

has a unique solution g. Then we call €2 a characteristic set for the partial differential equation
(13) and according to Theorem 5 the restriction M |, of the Funk transform to €2 is invertible.
Characteristic sets for the Funk transform on the rotation group where found recently by Palam-
odov [24]. Let C'(&y,m0) C SO(3), &o, mo € S? be a geodesics in SO(3). Then the subset

Qo ={(&m) €S* xS* | C(&o,mo) NC(€,m) #D} CS* x S

which consists of all geodesics intersecting C' (&g, 710) is a characteristic subset. For the remainder
of this paper we restrict ourselves to the set {2, o, as any other set {2¢, ,,, is just a rotated version
of it. More precisely, we have the following lemma.
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Lemma 6. Let &y, 19 € S% Then

Qegmo ={ (&M €S*xS* | €& =n-1n0}. (14)

Let, furthermore, L, R € SO(3) such that Les = &, and Res = 1g. Then (§,1) € Qe, e, if and
only if (L&, Rn) € Q¢, n,. With the translation operator

Tir: L*(SO(3)) — L*(SO(3)), TiLwrf(A)= f(LAR™"), A €S0(3)

we have

M TL,Rf<£7 77) = Mf(R£7 Ln)a (€7 77) € Q93,63'

Proof. Let &y, 19, &, m € S2. Then the geodesics C'(&y, mo) and C(€, 1) have a common rotation
if there is a rotation R € SO(3) with R&y = np and R€ = n, i.e.,ifand only if & - & = 7m0 - 1.
This proves (14).

As for the action of the translation operator 7§, g, simple calculations yield

1 _ 1 o
Myf(€m) =5 [ fLART A= o | f(A)aA = My(RE Ly

O

The characteristic subset (e, o, is a differentiable submanifold of S* x S? except for the
singular point (e3, e3). The induced measure with respect to the polar coordinates (6, p, p’) —
(ug,p, ug ) € Qey ey, cf. (2), is given by

T 2 21
/Q f(&m)d(&n) = / / / f(ug,,,ug,)sin?@dpdp’ d6
e3,e3 0 0 0

and allows us to introduce the space L?(Qe, e,) Of square integrable functions on this specific
domain.

As a consequence from the fact that (), ¢, is not a differential submanifold we can not con-
clude that the trace operator

Ta: Hip2(S* X 8?) = L (Qeyes)s TG = 9loy e,

is bounded. More precisely, we show that the restricted Funk transform is actually unbounded in
the L? setting.

Theorem 7. The restriction of the Funk transform on the rotation group to (e, e,
M0y ey 1 L*(SO(3)) = L*(Qey e0)
is an unbounded operator, while being bounded as the operator

Mla.. .. C(SO(3)) = C(Qey.es)-

e3,e3
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Proof. For n > () we consider the function

N

f(R) = F(R83 . e3) = (1 — Re3 . 83)%_ .

Using the Euler angle parameterization R = Re, 4, Re, #Re, .4, We obtain for the L?>-norm

2 s 21
/ f(R)*dR = / / / F(Re; ¢, Rey 0 Re;.6,€3 - €3)7 sin @ dpy dP dgpy
SO(3) o Jo Jo
= 471'2/ (1—cos®)n 'sin®dd = 2" x2n. (15)
0

For (§,1) € Qe, e, and € - €3 = 1 - €3 = cos 0 the Funk transform of f computes to

1 2m
Mf(&n) = 5/0 F(cos® 0 + sin? 0 cos w) dw.

Substituting t = cos? § + sin? # cos w and observing that

sinfw=1— (t—00529)2 _ (1 —1t)(t — cos20)

sin? 6 sin* 6

and

dt = —sin?fsinwdw = —+/(1 — t)(t — cos 26) dw

we obtain

1 1_1 1
(1—t)n 1 / - L
M , :/ dt > - 1—t)»dt = (1 — 20) = n.

f(£ n) cos 20 \/1 - t\/t — cos 20 2 COSQG( ) ( cos ) "

Consequently,

/ ]Mf(é’,n)\2 d(¢,m) = 4r*n? /W(l — cos 29)% sin? 0 dg > Cn?. (16)
Q 0

€3,e3

By comparing (15) and (16) for n — oo we conclude that the restricted Funk transform is
unbounded.

The fact that the restricted Funk transform is bounded with respect to maximum norm follows
from the estimate

i ) ,
MiEmI< g [ SRR e 1FR)] & mes

~ ReSO(3)
O]

For the unrestricted Funk transform a Fourier slice theorem based on Lemma 4 is known
(cf. [10]) and is effectively used for its inversion. Our next goal is to derive a similar result for
the restricted Funk transform M|q,, ... The corner stone for our approach is the fact that the
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product of two spherical polynomials of degree L is again a spherical polynomial of degree 2L.
The Fourier coefficients of the product are related to the Fourier coefficients of the factors by
the so called connection coefficients or Clebsch — Gordan coefficients (j; my jo mo | J M) (cf.
[36]). More precisely, we have

L

/ 20+1 1 /
VOYE© =" 3 o (00012000 (kLK |20k +R) Y (E),
A= k+k’|—‘
(17)

where [x] denotes the smallest integer that is larger or equal to x. With

20+ 1
47

the above equality can be restated for products of associated Legendre functions as

VEi(ug,) = " Pl (cos @) and Cs = (LOLO [ AOY (kLK | XK+ k)

y4
PH(cos0) P (cos0) = S (€000 2X0) (L kLK | 2X k + k) Py (cos )

+k’|“

= Z C’gz,?k,PMk |(cos 6)

|k+k’ “

and, hence, we have for arbitrary vectors ug ,, 19,y € S? with the same distance § € [0, 7] to e3
the expansion

l
/ — 2 +1
v <ue,pm’“<ue,pf>=% S R P (cos )RR, (18)

[

Let f € L2(SO(3)) with Fourier coefficients f(¢, k, k'), (¢, k, k') € J, cf. (10). According to
Lemma 4 its Funk transforms M f(uy ,, ug /) can be written as a series of products of spherical
harmonics. Applying the polynomial transform (18) we obtain

I —
Mfugp )= %—Hf(f,k;,k;)Yf(u97p)Ye’f(u9,p/)
(L k)eT
l
20+ 1 X
= 2y fﬁ Z f(fkk)cz,ik/P"“*‘“‘<cos9> (Wo-ke) - (19)
T
Lk EET

The idea is to interchange the sums in (19). To this end we define the index set
J={0C\NkK)E2NgXZXZ | |k+F|<2\}

and the following operators which eventually will give the decomposition of the restricted Funk
transform.
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1. An unbounded block diagonal operator C: 2(J) — 2(J),

\/2€+1
- Vi VAT

with domain of definition D(C) = { f € (2(J) | Cf € 2(J) }.

CFN kK = C2FU kK, Nk ) e J,

2. A rotation operator in Fourier space P: (2(.J) — ¢2(I x Z),

il()\, kJr;-k‘f? k‘Jr;k}f)’ ()\ k‘+;—l€7 k+ )E J

0, otherwise

PiL(A7k+’k—) = { ) (/\7 k—i—) < I7 k- € Z7

(20)
3. The tensor product Fourier transform ]-"Sz @Fgi: (2(I x Z) — L*(S? x SY),

For®Fsj(€,u,) V- Z D aO kL k)Y (€)e

el k_€Z
where we have used the abbreviation u, = (cos p,sin p)” to denote vectors u, € S'.

Theorem 8. Let f € L*(SO(3)) such that its Fourier coefficients f € (1(.J) are absolutely
summable. Then for a point (g ,, g ) € Qe, e, Of the characteristic subset and a correspond-
ing vector (W, pipy U, ) € S? x St the restriction Mq, ., of the Funk transform to the
P2 2
characteristic set (e, o, allows for the decomposition
Mf(ug,,ug,) = (fgz@]:gl PC]-"S}}(?))f) (u&%p/, up,Tp/). 201

Proof. Since we assumed the Fourier coefficients of f to be absolutely summable. The Fourier
series of its Funk transform is absolutely convergent and we have by (19),

20 + 1 » o
Mf(ugp )= Y 4 = Z f(mk’)Cekk,P'“’“'(cose)e(kp k'),

(Lk,k"eT

Substituting

pr=5p+0), po=350—0),
we define a function g: S? x St — C by

g(ug,_,u, ) =Mf(ug,, —» g, 1p )

26 +1 ., ¢
= > i gy S OB P (cos )6l
(L,k,E")ed "|k+k’|—‘

= Y [k k) Z Y e S S s LU
0k kET |k+k’ A+l V2m




3 THE FUNK TRANSFORM ON THE ROTATION GROUP 13

Since ¢ is bounded and periodic with respect to p, and p_ it permits for a series expansion with
respect to spherical harmonics and exponentials

1
g(g, s u,,) = Z Z Tk k_ (uep )_QWGZILM

(rki)el k_€Z

with Fourier coefficients §(7, ki, k_) € ¢*(I x Z) given by

G(1, ky K / / / g(ag,_,u,,) )VE (uep )\/_e k=p+ sin@ dpdp’ db.

Plugging in the definition of g and making use of the orthogonality relations of the exponentials
and the spherical harmonics we observe that all integrals vanish except for those with k, = k+F&/,
k_ =k — kand 7 = 2\ and we have

G(r ke k) = {erm 2L f(0,k, K)Clyy T € 2N,

otherwise.

Decomposing this relation into

. = [20+1 . .
Ak K) =3 /5 Sk KR, (A K) € J

=\ ax+1
and 7 ki+k ky—k
9(7, ks ko) = {g(ﬂ o Ztlfef\i’se,
we finally obtain f = 755 f, h = Cf, § = Phand g = Fe@Fa . O

3.3 The forward problem

In this section we are going to give a discrete version of Theorem 8 and utilize it for a fast algo-
rithm for the forward problem. To this end we restrict ourselves to sampling sets u,,, 4,1, , 0, €

S? with equispaced angles p,,, = 2]’\7”, Py = Z m,m’ = 0,...,M — 1, since this ensures
that the set of all sums p, = £222f=" and difference angles p_ = v m;p =’ modulo 27 has the

cardinality 2M — 1. A
We start by defining bandlimited analogues to the continuous operators C and P. Let f € C/*
be the vector of Fourier coefficients of a polynomial f € II.(SO(3)) and

Jr={ 2\ kK) € 2Ny x Z x Z | |k|,|K| < Land |k+k|<2X<2L}

the restriction of the index set J to bandlimited function. Then we define the matrix C I €
C/r*JL as the restriction of the operator C to C’~, i.e., by

V2041

\/T Ek,‘k’fékk/ (2)\,k7k;/) 6 jL.

ﬁ:CLfa h2)\kk’ —Z
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Since, the matrix Cj, is blockdiagonal with upper triangle blocks and non zero diagonal elements
the matrix Cy, is invertible. Its inverse C; " is given by f= C; 'h,

/A7 1 1 L
fé,k,k’ — (Cekk/)i (%AQEIC]C Z \/Z; ‘rkk/f‘l‘kk/
=/+1 +1

Furthermore, we define the rotation matrix P, € CEM-1**xM* by & — Pg,

), 0k K) e Jp. (22)

- gm++m, m4—m_ , if m+ + m_ iS cven
gm+ m_ — 2 ’ 2

0, if my +m_isodd

my =0,....2M —1,m_=1—-M,...,M — 1, and for A = 0, ..., L the rotation matrices
PL,A c C(2L71)(2)\+1)><(2L71)2 by g/\ — PL,)\h)\,

AT (23)

R h otk ky—k_, 1f ki 4+ k_ is even,
Bk k- = . .
0, if by + k_ is odd,

where k, = —\,...,Aand k. = —L,..., L. With these definitions we have the following
discrete decomposition result.

Theorem 9. Let f € 11,(SO(3)) be a polynomial of degree L € N with Fourier coefficients
fecC and let (0, 0., Wy ,0,) P = 22, 0, =2, m,m' =0,....,M—1,n=0,...,N, be
a regular sampling set for the characterlstlc mamfold Qes,es Then the evaluation g € CM*MxN
of the Funk transform gy, .,y = M f(,,, 6., W, ,0,) at this sampling set can be factorized as

2L
g= Iy ®Py)"(Fg2o; ® Fg1 1) @ P;.,C.f,
A=0
where FgQ’QL is the discrete spherical Fourier transform at nodes u,,,o,, m = 0,..., M — 1,

n=20,...,N.
In particular, the factorization allows for an implementation as shown in Algorithm 1 which
has for O(M) = O(N) = O(L) the numerical complexity O(L*).

Proof. The validity of the decomposition follows directly from the proof of Theorem 8. For the
numerical complexity we note that direct evaluation of the matrix vector product Cj, f involves
O(L*) operations. The multiplication with the permutation matrices Py, A = 1,..., L, \, has
the numerical complexity O(L?). For the Fourier transforms on S' we have to compute ||
times an FFT which gives the numerical complexity O(L?In(L)) where we have assumed that
O(M) = O(L). For the spherical Fourier transform we utilize the nonequispaced fast spherical
Fourier transform (NFSFT) as described in [14] and implemented in [15]. The corresponding nu-
merical complexity is O(L? In*(L)) given that O(M) = O(N) = O(L). The final permutation
has the numerical complexity O(N M?). O

The numerical complexity O(L*) of algorithm 1 compares favorable to the numerical com-
plexity O(L") of a direct implementation.
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Algorithm 1: Fast Funk transform

input : p,, =3 m=0,...,M—1
Py =E o =0,..., M —1

Op=5,n=0,...,N

FO KK, =0, Lk K = —0,... 0
output: g(n,m,m") = Mf(u,, 6., 1, ,0,)

Step 1: polynomial transform - complexity O(L*)
for \ =0to L do for k, k' = —L to L do

L
N 2 1 A
h()‘7k7 k,) A %Cgﬁk’f<&kak/)

—_

=X

end
Step 2: rotation of the Fourier coefficients - complexity O(L?)
for \ =0to L do

for ky = -2 to2\do for k. = —2L + |k, | to 2L — |k, | do

G2k ko) = RN, Bk Rtk

end

end

Step 3: FFTs with respect to k_ - complexity O(L*(M + Llog L))
for \=0to Ldo fork, = —2)\to2)\do

form;, =0to2M — 2 do
2L

~ 1 komy
g2\, k., — — g2\, ko, k_ 2mi—gar
g( + m+) \/% k_;QLg( + )e

end
end

Step 4: NFSFTs with respect to (), k) - complexity O(M(MN + L?log® L))
for m; =0to2M — 2 do
forn=0to Ndo form_=1—MtoM —1do
g(nam—um-i-) — Z g()‘7k+7m+)y§+(u0 27"&)
(Mky )€l v
end
end

Step 5: rotation of the function values - complexity O(M?N)
forn =0to Ndo form,m'=0to M — 1do

gn,m,m’) < g(n,m +m',m —m')
end
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Numerical Experiments. Next we want to perform some numerical experiments to illustrate
the performance of algorithm 1 with respect to accuracy. All test have been run on a Intel™ 17-
970 computer with 24 GB main memory, SuSe-Linux (64 bit), using double precision arithmetic.
The algorithms were implemented in MATLAB using the MEX interface of NFFT 3.0.2, cf.
[13, 15], libraries together with the FFTW 3.3.3, cf. [8]. Whenever involved we used the NFFT
with oversampling factor p = 2, precomputed Kaiser-Bessel functions and NFFT-intern cut-off
parameter m = 10. A critical part of the presented algorithm is the computation of the Wigner—3j
symbols which are needed for the Clebsch Gordon coefficients. In our experiments we used the
MATLAB toolbox SHTOOLS [41] which implements two algorithms described in [19, 33] for
the computation of the Wigner—3j symbols. It should be noted that the Wigner-3j symbols are not
computed exactly up die machine precision, but contain errors up to 10~*. With the following
test we try to illustrate the impact of these errors to the accuracy of our forward algorithm.
For our tests we start with a polynomial of degree L given by its Fourier expansion

FR)= > ft.kK)W20+1D"(R)

(k") ETL,

with random Fourier coefficients ‘ f (0, k, K )‘ < 1. In practical applications we would apply the
adjoined NFSOFT, cf. [27], and a quadrature rule to determine the Fourier coefficients from a
certain sampling of the function f.

In order to estimate the accuracy of our algorithm we fix a sampling set of nodes (ug, ,,,, Uy, ,) €
Qegessn=0,...,N,m,m'=0,..., M — 1 and compute

Gt = D J(E I H) W%( onon) Vi (U6,.5,,) (24)

(L,k,k")eJT,

by directly evaluating the sum (24) and ¢ n=20..,Nmm =0,...,.M —1, by

n,m,m/’?

applying Algorithm 1. As a measure for the accuracy we consider the relative maximum error

fast exact

MaXy, . m/

E =
exact

maxn’m m

Figure 1 displays the relative maximum error ¢ in dependency of the bandwidth L. We observe
that the relative error increases moderately with the bandwidth.

3.4 The inverse problem

In this section we are concerned with the inversion of the function f from its Funk transform M f
sampled at the three dimensional submanifold €2, ., C S* x S?. More precisely, we consider a
sampling set of nodes (&, 1, M/ n) € Qegess m,m =0,...,M —1,n=0,...,N, that allows
for a quadrature rule for polynomials on S? x S! up to degree 2L and aim at the recovery of the
Fourier coefficients f (¢, k, k'), (¢, k, k') € Jy, of a bandlimited function

FR)= > ft.kK)W20+1D"(R) (25)

(kK" ETL



3 THE FUNK TRANSFORM ON THE ROTATION GROUP 17

10_7 F

1078 |

1079 |
w ?

10710}

10_11 ‘;

10—12 L | | | | | | | | | | | |

10 20 30 40 50 60 70 80 90 100 110 120
L
Figure 1: The accuracy of the forward Algorithm 1 in dependency of the bandwidth.

given function values g € CNFUXMxM g = Mf(Emms M), mym! = 0,..., M — 1,

n =20,..., M, of the Funk transform of f.
We have the following exact reconstruction formula for bandlimited functions.

Theorem 10. Let nodes 0,, € [—1,1]| and weights w,, € R, n =0, ..., N, be a quadrature rule

n [—1, 1] which is exact for polynomials up to degree 4L + 1. Let, furthermore, p,, = 2”7’”,
m=0,...,M —1, M > L+ 1, be equispaced quadrature nodes on the circle S* which allow
the for the exact integration of polynomials up to degree 4L + 1. Then any bandlimited function
f € IL(SO(3)) can be uniquely reconstructed from its Funk transform M f sampled at nodes

(U, s U6r,p, 1) € ey esr -€., from values
/
Emm'm = Mf(W,, 0,,0, ,0,), n=0...,N, mm =0,....M—1

The vector of Fourier coefficients feCVlis given by

L
f=c;' @ P\ (Fiy, @ Fglyp) (Iy © Py )We,

A=0
where ¥, ., is the adjoined discrete spherical Fourier transform at nodes u,,, o,, m = 0,..., M—
Ln=0,....,N, B4 s1 o7, I8 the adjoined one dimensional discrete Fourier transform ana’ W €

CWN+DM2x (N H)M * is the diagonal matrix that multiplies with the quadrature weights, i.e, has

diagonal entries Woin mm/n = Wn.
More explicitly, the Fourier coefficients of | are given by

A VAl + 27'+ 1 A
fU k) = (Cekk/) <W (20, k. k) Z Nz kk’f(Ta k, K')
=l+1
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with coefficients iL(Q)x, kKN, A=0,...,L k,k' = —L,..., L, satisfying
L 4L—-2  2L-1

Wn iﬂkimjL k
2)\ k k Z Z Z WMf(qu++m,,9n7upm+77rL,79n)e L yQ;\L (u% 0 )

wn
n=0m4+=0m_=-2L+1

Proof. By Theorem 9 we have

4 1 /
Mf(u,p,uyp) = Z \/ )é+ (2X, ke, K )elFP= k”)P‘Hk (cos )

2\ k) ETL

with Fourier coefficients

h(2A, K, k') S ERED, 2Nk E) € Jp,
vt \/m @kk f( ) ( ) L
satisfying
4)\ 1 ’ /
h2X b, K) = / / / Mf(u,g,uy0)1/ 8+2 k') Pl (o5 ) sin§ df dp dy'.
Given that the quadrature nodes #,, with quadrature weights w,, n = 0,..., N are exact up to

degree 4L + 1 with respect to the weight cos f we can replace the integral for all (2, k, k') € Ju
by the sum

7 AIN+1 . / /
h(2A k, k') = Z Z —=Mf(ug, 4,0, ) 87:_2 el(kpmﬁn*kpm’”)P;iJrk|(cosen)

m,m’=0 n=0

4)\ 1 m! m /!
- Z ZManmm \/ 8—2 it k P“Hk‘(cosen)'
Y5

m,m’=0 n=0

Substituting

my=m+m', m_=m-m', k.=K+k k. =k-k,

ie., kym_ —k_m, = 2k'm — 2km/ and defining § € CWN+)*xEM=1)x2M-1) 1y

gn,m+m’,m—m’ = In,m,m’, n:Ow"aNa m7m :07'-'7M_17

we arrive for all (2, k) € Iop and k- = —2L...2L at
N 2M-2 M- .

Wy - AN+T1 g kamo—homy
2)\ ]{3 k’ Z Z Z Wgn,wur,mf We 2 2M PQ‘)\H(COSen)

n= 0m+—0m =1-M
2M—1

} : 2 : 2 : Wn 1 onk=re TRy
= — —€ 2M u 2rm_ ).
M?2 Grmym-— \/% 2A ( On, =577 )

n=0 m4=0m_=1-M

]

Although Theorem 10 suggests a promising Algorithm 2 for the inversion of the restricted
Radon transform it is not applicable in practice. This is due to the extremely ill conditioned
matrix Cy, Its condition increases exponentially with L, c.f. Table 1.
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Algorithm 2: Quadrature based inversion

input : g(n,m,m’), n=0,...,N,mm' =0,... M—1
output: f(¢, k, k), ((,kK)eJ,
Step 1: rotation of the function values - complexity O(M?N)

forn =0to Ndo form,m =0to M —1do
gm+m';m—m',n) < g(n,m,m’)

end
Step 2: FFTs with respect to m_. - complexity O(M N (M + Llog L))
forn=0to Ndo form_=—-M+1toM —1do
for .- = —2L to 2L do
| 2M N
(ko mon) ¢ —— S Glmy.m, n)n
g( ) \/% mgog( + )
end
end
Step 3: adjoined NFSFTs with respect to (n, m_) - complexity O(M(MN + L?1og® L))
for k. = —Lto Ldo for (2)\ ki) € Iy, do
Wp 2 k
g kg ko) Z Z mg(”am—vk—)y2,\+(u9m?g]\m4—)
n=0m_=—M+1
end

Step 4: rotation of the Fourier coefficients - complexity O(L?)
for /= LtoOdo for k, k' = —(to ( do

W kK < g0k + K k—F)
end

Step 5: inverse polynomial transform - complexity O(L*)
for ! = Lto0Odo for k. k' = —(to {do

. [40+1. [2A + 1
kK (CH )~ ( ﬁiqhﬁkk }: %+1QWM Akkﬂ

A=(+1
end
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L cond(Cyp)

8 10*
16 10°
32 10%0
64 1033
128 105

Table 1: The approximate condition of the matrix C, in dependency of the bandwidth L.

3.5 Iterative Reconstruction

Since the quadrature based approach failed gloriously in the last section we focus now on iterative
reconstruction by means of the least squares problem

N M-1
2 2 .
an Z ‘Mf(uempmﬁ uempm/) - gn7m7m/ + A ||Af||2 — mln’ (26)
n=0 m,m’=0
where (gnmm’ > Wo, o> W,p,,)s mym’ = 1,..., M, N = 1,... N, is a sampling as defined

in Theorem 10 and A | Af||3 is some regularization term. In contrast to the quadrature based
approach we are now more free to set the weights w,,. More precisely, we do not have to set
them as the quadrature weights with respect to the weighting function sin 6, i.e., for the manifold
S? x S' but we can choose them as quadrature weights with respect to the manifold Qe, o, C
S? x S2. A further advantage of this approach is that we can effectively apply oversampling as
regularization.

Let us introduce the matrix M € CM*NxI/t| ¢ f Theorem 9,

2L

M = (Iy ® Par)" (Fgz 0p ® Fsi9r,) @ P;.,Cp,
A=0

the diagonal matrix W € RM*N*M*N containing the weights Wimmmmm = Wimin, M, M =

1;...,M, N =1,...,N and the diagonal matrix U € RI/zxJl, Uitk ey, (e,607) = (€ + 1) repre-

senting the Laplace operator in Fourier space. Then the least squares problem (26) for a vector of

data g € CM*N with entries gy m ~ M f(ug, p,.. W, ) and a polynomial f: SO(3) — C of

degree L represented by its vector f € ClVtl of Fourier coefficients fg,k,k/ = f (¢, k, k") becomes
|WY2(MFf — )3 + M7 UF — min
which is equivalent to the normal equation
(MAWM + AU)f = MYWg. 27)

The normal equation (27) can be effectively solved by the CGNR algorithm, cf. e.g. [30], the
only ingredients of which are fast algorithms for the direct transform W'/2M +\U"/2 and for the
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Figure 2: The relative error £(L) between the reconstructed Fourier coefficients Free(l, K
and the given Fourier coefficients f(¢, k, k") of a polynomial f of order L given a sampling
Gnmm = Mf(ag, ., llgmpm,), m,m' =1,...,256, N =1,...,192.

corresponding adjoined transform. Let us assume O(L) = O(M) = O(N). Then a algorithm
with numerical complexity O(L*) for the direct transform can be derived from Algorithm 1 by
additionally applying the diagonal matrices W2 and Uz. Similarly, a algorithm for the adjoined
transform with the same numerical complexity can be derived from Algorithm 2 by replacing the
multiplication with the inverse of C; with multiplications with its adjoined.

Numercial Experiments. Again we want to perform some numerical experiments to illustrate
the suitability of the iterative approach for the inverse problem.

In a first experiment we assume f to be a polynomial of degree L. = 0, . . . , 64, with randomly
chosen Fourier coefficients. Furthermore, we fix the number of sampling nodes to N = 192
and M = 256. This results in a total of 12582912 sampling nodes while the dimension of
the polynomial space is at maximum 366 145, i.e., we use a large oversampling factor of 30 as
regularization which allows us to discard the regularization term, i.e, we set A = 0. As sampling
nodes we consider Clenshaw Curtis nodes (u,,, 4,,u, ,g,), cf. (7), with weights w? being the
square of the Clenshaw Curtis weights do reflect the geometry of the manifold (2, c,.

Restricting the number of iterations to 128 we compute Fourier coefficients frec(é, kK,
(¢,k, k") € Jp, and the relative error

2

Z([vk’k’)eJL ’f(€7 k’ k,) - frec(& ka k/)

~ 2
Z(z,k,k/)eJL ‘f(f’ kv k/)

e(L)

The relative error with respect to the polynomial degree L is plotted in Figure 2.

-3
[a)
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In a second experiment we simulate a real live experiment by choosing a nonbandlimited
function f € C'(SO(3)) and analyzing the reconstruction error with respect to the polynomial
degree and the number of sampling points. To this end, we consider the Abel-Poisson kernel (cf.

(37D,

2 2

11—k n 1—k
(14 2kt +k2)2 (1 — 2kt + K?)

Ve(R) = = K20+ 1)Ua(t), (28)
=0

where t = L(TrR — 1), & € (0, 1) is a free parameter influencing the sharpness of the Abel-
Poisson kernel and Uy, denotes the Chebyshev polynomial of second type and order 2¢. For
the test function f: SO(3) — R we randomly chose K = 5 rotations R, € SO(3), kernel
parameters ; € (0, 1) and coefficients ¢, € [—1, 1]; and set f to

5
FR) =" et (RRY). (29)
k=1

Since the Funk transform of the Abel Poisson kernel is given by (cf. [37])

11—kt

k\S) - s 30
we can compute the Funk transform M f of f at Clenshaw—Curties nodes (W, ,, Wy, /),
Gnmam = Mf(Wym, W), mym' =0,.... M —1n=0,...,N, 31

exactly. As in practical experiments diffraction data are corrupted by Poisson noise we simulate
Poisson distributed sample values

~ _1 .
Inmm! — & POIS(OngmJn/),

where a controls the standard deviation of the Poisson distribution which can be interpreted as
the amount of detected particles.

In contrast to the first experiment we alter the polynomial degree of the reconstruction and
the number of sampling points simultaneously. More specifically, we choose M = N = 4L.
Performing 4L iterations of the CGNR algorithm we obtain Fourier coefficients frec((, k, k'),
(¢,k, k") € Jp. Utilizing the fast nonequispaced Fourier transform on the rotation group, cf.
[27], we evaluate the reconstructed polynomial

frec = Z %freo(ak? k/)Df’k
(Lk, k) eT L,
at about 1000000 approximately equispaced distributed rotations R; € SO(3) and compare
these values f..(R;) with the corresponding values f(R;) of test function f which can be com-
puted directly by formula (28) and (29). The maximum error between these discrete function
evaluations serves us as an approximation of the maximum error || f.c — f||, between the test
function f and its polynomial reconstruction f... Figure 3 displays this approximation of the
maximum error || fr.. — f||,, With respect to the polynomial degree L. The numerical results
indicate the applicability of the CGNR based algorithm even for noisy data.
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Figure 3: The approximate maximum error || f — fic||. between a nonbandlimited test function
f and its reconstruction f,.. computed by the CGNR based algorithm given a sampling of the
Funk transform of f at (4L)3 sampling points with Poisson noise.
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