A NOTE ON REGULARITY FOR DISCRETE ALLOY-TYPE
MODELS II

MARTIN TAUTENHAHN AND IVAN VESELIC

ABSTRACT. Alloy-type potentials on the lattice Z¢ give rise to a correlated
random field. Depending on the regularity properties of the conditional distribu-
tions (or conditional densities — if they exist) standard methods developed for
the i.i.d. Anderson model can be applied or not. This refers to Wegner estimates,
fractional moment bounds, Minami estimates, and other estimates obtained
by averaging procedures. In [5] we studied a (quite large) class of alloy-type
potentials on the lattice Z and showed that certain conditional probabilities
exhibit a bad behavior. Consequently, a regularity condition spelled out in [1]
is not satisfied in this case. We revisit in this note the question of regularity
properties of the conditional distribution of the potential values and discuss
certain consequences for the recent preprint [4].
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1. DISCRETE ALLOY TYPE MODEL AND PURPOSE OF [5]

We consider for each k € Z¢ the probability space (2, B, ui.), where Q = R,
B is the Borel sigma algebra on R and ug: B — [0, 1] a probability measure. For
each A C Z? we introduce the product probability space (Q4,.Ax,Ps), where
Qp = Xiper Qs Ax = Qpep Band Pa := Q) k- We will use the abbreviation
Q= QZd, A= .AZd, P.= ]P)Zd, ng = Zd\{m}, QJT;L = QZd\{m} and .ATJ;L = Azd\{m}.

Elements of 2 are multidimensional sequences and will be denoted by w = (wg)zeza-
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The expectation with respect to the probability measure P will be denoted by E.
Projection maps are defined as follows:

WkZQ%Qk, ﬂk(w):wk,

and
7TkLZ Q = Qgza\ 11y, 7T,€L(W) = (Wj)jez;j-

Let u: Z¢ — R be a summable sequence. We consider the random field given by
the discrete alloy-type potential

Vi Z8 =R, Vi(r) = wulz — k). (1)

This function is certainly well defined if there is a compact subset K C R such that
the support of all py, is contained in K. This class of models (and its reformulation
as a correlated random field) has been first considered in [7].

Such random fields V' may be considered as the potential of a random Schroding-
er operator. In the special case u = ¢y it is a field of independent random variables.
If in addition all u; coincide, we are in fact dealing with the potential of the well
known Anderson model. For this type of discrete random Schrédinger operators a
variety of results concerning some form of averaging of spectral quantities have
been derived. Instances of such results are: Wegner estimates, fractional moment
bounds, Minami estimates, and generalizations thereof. A natural question is,
whether these results extend to the case that u is more complicated than dy. This
induces correlations (or at least dependence) between values of the potential V' at
different sites x,y € Z%.

In this note, we consider a field of random variables

Ne: Q= R, x€Z (2)
The collection (n)peze will be denoted by
1= (1)rezs + 2 = Q.

Of particular interest is the case where 7 is given by a linear transformation of
the i.i.d. random field w, i.e.

n(w) = Aw, (3)
where A : 2 —  is a bounded (with respect to the ¢*°-norm) linear operator.
In the case where A := (a;;); jeze has the Toeplitz structure a;; = u(i — j), we
obtain the discrete alloy-type model

Ne: Q=R n(w)= Zwku(:v—k:), x €7 (4)
kezd

It is possible to formulate sufficiently strong regularity assumptions on the con-
ditional distribution of the individual random variables 7, (conditioned on all
other random variables 7,y € Z¢) such that the methods developed for the i.i.d.
model apply to the correlated one as well. Instances of such a condition can be
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found in [3] or [1]. In [5] we have identified a (quite large class) of discrete alloy
type potentials for which the regularity conditions of [1] do not apply. In fact, we
conjecture, that for no potential (1) with compactly supported v and uniformly
bounded random variables 7,: Q — R, x € Z¢, the regularity conditions of [1] will
hold.

One clarification is in order. While the regularity condition of [1] is formulated
in terms of conditional distributions we have studied in [5] certain conditional
probabilities. Our results in [5] show intuitively that the regularity condition
of [1] are not satisfied. Nevertheless, we revisit here the same topic, calculate
for a certain class of random fields n : 2 — € the quantity appearing in the
regularity condition of [1] and thereby show that regularity assumptions and thus
the fractional moment results of [1] do not apply to this class.

The same class of examples shows that several statements in Section 3 of [4]
are not correct.

2. CONDITIONAL DISTRIBUTIONS AND MODULUS OF CONTINUITY

Let m € Z%. We introduce the random variable

T (. A) = (U, A7), (W) = T (0(w)) = (906(W)) k-

We denote by P,1 : A — [0,1] the push-forward measure of P, i.e. P, (B) :=
P{w € Q: nt(w) € B}). Forme Z% a € R and € > 0 let

Yri’a = ]P)(nm € [a? a + 5] ‘ nrJr_z) = E(ﬂnme[a,a—l-s] ’ 777J7_1)

A conditional expectation Y5 = E(1y,, claate} | 7m) 1S a random variable
Yo*: Q0 — [0, 1] with the property that

(i) Y2 is F-measurable, where F = o(n;.), and that
(ii) for all A € F we have E(1y,;,. claatreyla) = E(Y014) .

There may exist several functions Y,5* which satisfy conditions (i) and (ii). They
are called versions of E(1,, cjaatrer | 7m). Two such versions Y,5* and yeo
coincide P-almost everywhere. For convenience, for each a € R and € > 0 we fix
one version Y7 of the conditional expectation. Since Y * is F-measurable, the
factorization lemma tells us that (for each a, €) there is a measurable function
g5 (AL ALY — (R, B(R)) such that Y5 = gonk i.e. for all w €  we have

Vit (w) = g (nm(w))- (5)

We introduce several quantities used in the literature to describe the regularity
of (the conditional distribution) of the random fields wj and n, k € Z2. For
k € Z* we denote by Si: [0,00) — [0, 1],

S(e) := iléﬂguk([a,a +¢]) = ilglﬂg[["({w € Q: mp(w) € [a,a+¢€l})
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the global modulus of continuity or the concentration function of the measure .
For A C Z% and ¢ > 0 we define

Sa(e) := sup sup esssup g (1y,).
meA a€R pl el

Here, the essential supremum refers to the measure I, ., that is,

esssup g5 (n%) = inf{b eR: P ({n, € Ut g5 () > b}) = O}.

rAsers

Denote by S, the conditional global modulus of continuity or the conditional
concentration function of the distribution of 7,,, i.e.

Se Q= [0,1], S5 =supY:

a€R

Since we are taking here a supremum over a uncountable family of intervals,
it is not clear whether the resulting function is still measurable. In fact, this
depends on how we chose the versions of the conditional expectation (for each
of the uncountable many a € R). We show in Appendix A that a choice of
versions, which ensures that gfn is F-measurable, exists. In this case we denote
by ¢5, : Qf — (R,B(R)) the measurable function which comes up with the
factorization lemma and satisfies S¢, = g2, o 7>, and define

Sy (e) := sup esssup g-,,
MEA (M) kzm

where the essential supremum again refers to the measure P, . .

3. FIRST EXAMPLE: A STATIONARY FIELD

In this first example we consider a random field 7 = (7 )kez given by Eq. (4),
where d = 1, and suppu = {0,1} with «(0) = 1 and u(1) = t for some |t| < 1.
Moreover, we assume that 1, equals the uniform distribution on [0, 1] for all k € Z.
Thus we have

Ne =Ty +tMp1, € VA
First we cite a special case of [5, Lemma 3.1].
Lemma 3.1 ([5]). Let t € (0,1]. Then we have for all € > 0
Plpoe[1+t—e, 1+t [n,me[l+t—et/2,1+1]) =1 (6)
Let t € [-1,0). Then we have for all e > 0
P € [t,t+¢] | na,m € [1 —elt]/2,1]) = 1.

The first part of the lemma can be illustrated as follows. The variables n; take
values up to 1+¢. So if we condition on the event that n_; and 7, are close to 1+t,
then w_1, wp, wy and ws have to be close to 1. As a consequence, 1y = wg + twy is
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close to 1+ ¢t. The second part of the lemma follows a similar reasoning. We will
apply formula (6) in the multiplied form

P(no € [14+t—e,14t],n-1,m € [14+t—ct/2,1+1]) = P(n_1,m € [1+t—ct/2,1+t])
for the proof of
Theorem 3.2. Let € > 0 and

{1+t—5 ift >0,
a =

t if t < 0.
Then
esssup g;* = 1.
Ny €Qa
Proof. Assume the converse, i.e. b := ess Sup,, L gy" < 1. By definition of the

conditional expectation we have for all B € o(ny) that

E(Ls1{eaarey) = E(16Y5): (7)
We choose
CJ{weQipym e[l +t—et/2,1 41} ift>0,
C{weQin,m el —elt]/2,1]} if t <0,
which is o (7 )-measurable. For the left hand side of Eq. (7) we have by Lemma 3.1

P(BN{n € [a,a+¢]}) =1-P(B). For the right hand side of Eq. (7) we use the
factorized version (5) of Y;** and obtain by substitution

E(1pYy") = /Q Ly (ng) g5 (ng )APy (),

0

where
B {ng € ny,mell—t—et/2,1+1]} ift>0,
{nd € QF:n_1,m €[1-4t/2,1]} if t <O0.
Since b < 1 by our assumption we obtain E(15Yy ) < bP, . (B') = bP(B) < P(B).
This is a contradiction to Eq. (7). [

Corollary 3.3. For any A C Z and any € > 0 we have

Sa(e) = sup supesssup g (1) = 1.
meA a€R ng-€Qg

Proof. Follows from translation invariance and Theorem 3.2. [ |

Corollary 3.4. Assume that S%, = SUP,cgr Yo" is measurable. Then, for any
AN CZ and any € > 0 we have

Sa(e) := sup esssup g5, (ng) = 1.

meA n(J)—GQ(J)—
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Proof. Pointwise we have g (ng-) > g5 (ny). If we take first the essential supremum
with respect to 7~ and then supremum with respect to a on both sides, we obtain
using Theorem 3.2

esssup g5(ng) > 1.

ny €QF

The result now follows by translation invariance. [

Remark 3.5. As mentioned before Lemma 3.1 is a special case of [5, Lemma 3.1].
The latter lemma applies to discrete alloy type potentials with d = 1, suppu =
{0,...,n — 1}, and bounded random i.i.d. random variables wy, k € Z¢. Hence,
the conclusions of Theorem 3.2, Corollary 3.3 and Corollary 3.4 can be extended
to such models as well.

Remark 3.6 (Invertibility properties). If || < 1 then the Neumann series shows
that the matrix A = (a; ;)i jez With a; ; = u(i — j), in matrix representation

S~ =

is invertible with bounded inverse. Also, the Fourier transform «: [0, 27 [— C,
a(f) == Y 4cqu(k)e ™ does not vanish on [0,27). Such conditions have been
sucessfully used, e.g., in [7, 6].

Remark 3.7 (Implications for [4]). Corollary 3.4 exhibits an example of a discrete
alloy type potential satisfying conditions (S), (H), (R), (D), and (I) of [4], but not
condition (R). Thus the final sentence of §3.1 in [4] is not correct. In particular,
Corollary 3.4 provides a counter-example to Lemma 3.1 of [4].

4. SECOND EXAMPLE: A NON-STATIONARY FIELD

Here we consider an even simple example where all relevant calculations deduce
to simple two-dimensional integrals. The induced sequence of random variables
is not stationary but the relevant phenomenon is seen clearly in this case. It
provides a simple counterexample to Lemma 3.1 in [4].

The specific random variables 7, :  — R, k € Z?, we want to study in this
second example are given by

Ne, = Mo + ey, M = 7, for all k € Z4\ {e1},

where e; = (1,0,...,0)T € Z? denotes the unit vector with respect to the first

coordinate. Thus they are defined as in Eq. (3) with a suitable linear operator
A:Q—= Q.
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4.1. Preliminary estimates. Let [a,b] and [c, d] denote two compact intervals.
Since the random variables 7, k € Z¢, are independent we have

P(my € [a,8], 70, € [c.d]) = / o(dz) [ pala)

[a,b]

and

P(ny € [a,b],ne, € [c,d]) =P(mg € [a,b], 7, € [c— mo,d— 7))
= / pio(dz) / e, (dy).
[a,b] [c—z,d—2x]

Thus certain probabilities in the infinite product space reduce to two-dimensional
integrals. If pp and p,., are the uniform distribution on [0, 1], we have for all
e €0,1]

P(no € [0,¢],m, € [0,€]) / d:z:/ Loy(y)dy = [ dx dy

For the global modulus of continuity of the measure py we have
So:[0,00) = [0,1], Sp(e) = min(e, 1).

For any € € [0,1] the set B :=n_'([0,¢]) = {w € Q | 1, (w) € [0,¢]} is measurable,
and we have by definition of the conditional expectation and Eq. (8)

E(15P(n € [0,¢] | n3)) = E(LpY5 ") = E(LpL{nepey) = E(Ls (Ljog 0 n0))

=P(ne, €10,¢l,m € [0,¢]) = 252' (9)

2
For k >0, ¢ € [0,1/k] and B = 1_'(0, ] we have
E(15 So(ke)) = ke P(B) = ke P(n,, € [0,¢])
= ke P(my € [0, €], e, € [—m0,& — ™))
= K€ / dx /E ' 0,1](
By the calculation of (8) we obtain
E(1p So(ke)) = ke - %52 = %/@53. (10)

By (10) we have also shown that P(B) = £?/2 and thus B has positive measure
for all € € (0, 1].
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4.2. Main inequality. We fix k € (0,00) and € € (0,1/k), and compare the two
functions

Sp: [0,00) = [0,1] and S5: Q — [0, 1].

We have already shown that for ¢ € (0,1) the set B has positive measure. By
Eq. (9) and (10) we have

Q g,a € 1
]E(ILBSS) = ]E(ILB Sup%’ ) Z ]E(EB%’O) = 552

a€R

1
> 5/%3 = E(1p So(ke)).

Thus we have shown that the two above mentioned functions do not coincide (not
even almost surely).

APPENDIX A. MEASURABILITY OF THE CONCENTRATION FUNCTION

We will use here results on the regular version of the condition a distribution
of a random variable with respect to a sub-g-algebra. These can be found, e.g.,
in §44 of [2].

Let (2, A,P) be a probability space and C C A a sub-sigma-algebra. Let
X: Q — R be arandom variable. Let @: Q2 x B(R) — [0, 1] be a regular version
of the conditional distribution of X with respect to C.

Then for each ¢ > 0 and a € R

Q35w Qw,|a,a+¢))
is C-measurable. Consequently, for each £ > 0

sup  Q(w, [b, b+ d])
b,0€Q,5€(0,¢]

is C-measurable as well. We will show now the following claim:

sup Q(w, [a,a +¢e]) = sup  Q(w,[b,b+ ).
a€R b,6€Q,5€(0,]

Proof. Fix ¢ € R. Since () is a regular version of the conditional distribution we
have for all w € Q2

Qw, e, +2]) = sip Qe [b,b+ ).
b,0€Q,b>c,6>0,b+6<c+e

(For an arbitrary version of the conditional distribution we would have this
statement only for almost all w, with the exceptional set depending on ¢.) The
last quantity equals

sup Q(w,[b,b+ 0])

b,0€Q,b>¢,6>0,b+6<c+e,0<e
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and is bounded from above by

[1]

sup Q(w,[b,b+0]) < sup  Qw,[b,b+9])

b,6€Q,b>c,6>0,6<e b,6€Q,6>0,6<¢
< sup Q(w, [b, b+ ¢]) < sup Q(w, [b,b +¢]). u
beQ beR
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