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Abstract. Considering a general vector optimization problem, we attach to
it two new vector duals by means of perturbation theory. These vector duals
are constructed with the help of the recent Wolfe and Mond-Weir scalar duals
for general optimization problems proposed by R.I. Bot and S.-M. Grad, by
exploiting an idea due to W. Breckner and I. Kolumban. Constrained and un-
constrained vector optimization problems are seen as special cases of the initial
primal vector optimization problem and from the general case we obtain vector
dual problems of Wolfe type and Mond-Weir type for them by using different
vector perturbation functions.
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1 Introduction and preliminaries

Originally considered for scalar constrained optimization problems (see [12,
14]), the Wolfe and Mond-Weir duality approaches were quickly generalized
for vector optimization problems, too. Usually this was done in a direct way,
by retaining the objective functions of the primal problem into the objective
function of the vector duals to it (cf. [13], for instance). This approach was
recently extended for general vector optimization problems in [2], following
the ideas from [3], where Wolfe and Mond-Weir type duals were introduced
for general scalar optimization problems. However, in vector optimization it
is possible to exploit the scalar duals from [3] in a different manner, too, by
introducing new Wolfe and Mond-Weir type vector duals to a general vector
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optimization problem constructed following an idea considered in [8,9,11] for
Fenchel and respectively Langrange type vector duals. For Wolfe or Mond-Weir
type duality this way of constructing vector duals was considered mainly for
fractional programming problems. To the best of our knowledge, the only paper
where this approach was employed to construct a Mond-Weir type vector dual
for a constrained vector minimization problem was [10], where the involved
functions were considered quasidifferentiable.

The main scope of this paper is to introduce new Wolfe and Mond-Weir type
vector duals achieved via the approach from [8,9,11] to a general vector mini-
mization problem. They consist of vector maximizing a vector subject to some
constraints which contain the generalized Wolfe and respectively Mond-Weir
scalar duals of the scalarized problem attached to the primal vector optimiza-
tion problem. We compare these new vector duals with the vector duals from [2]
and we deliver weak and strong duality statements for them. Then we partic-
ularize the general problem to be constrained and unconstrained, respectively.
For different vector perturbation functions we obtain new Wolfe and Mond-
Weir type vector duals to these vector problems, extending thus the classes of
problems for which these duality approaches can be applied to. We compare the
image sets of the different vector duals attached to the same vector optimization
problem, delivering either inclusion relations between them, or counterexamples
that prove that in general neither of them is a subset of the other. We close the
paper with a conclusive section, where some directions to continue the research
began in [2,3] and this paper are suggested.

Consider two separated locally convex spaces X and Y and their topological
dual spaces X* and Y™, respectively, endowed with the corresponding weak*
topologies and denote by (z*,z) = z*(x) the value at x € X of the linear
continuous functional * € X*. A cone K C X is a nonempty set which
fulfills A\K C K for all A > 0. A convex cone is a cone which is a convex set.
A cone K C X is called nontrivial if K # {0} and K # X and pointed if
Kn(—-K) = {0}.

On Y we consider the partial ordering “<¢” induced by the convex cone
C CY, defined by z ¢y < y— 2z € C when z,y € Y. The notation z <¢ y
is used to write more compactly that z <S¢ y and z # y, where z,y € Y. The
dual cone of C'is C* = {y* € Y* : (y*,y) > 0Vy € C}. A greatest element
with respect to “<¢” which does not belong to Y denoted by ococ is attached
to Y, and let Y* = Y U {ococ}. Then for any y € Y*® one has y <¢ ooc and
we consider on Y*® the operations y + coc = cog + y = oco¢ for all y € Y and
t - 0o = oco¢ for all t > 0. Moreover, consider by convention (v*,coc) = +00
for all v* € C*.

For a subset U of X, by cl(U), lin(U), ri(U), dim(U), éy and sqri(U) we
denote its closure, linear hull, relative interior, dimension, indicator function
and strong quast relative interior, respectively. In vector optimization it is used
also the quasi interior of the dual cone of K, K* = {z* €¢ K* : (z*,z) >
0 for all z € K\ {0}}. We consider the projection function Prx : X xY — X
defined by Prx(z,y) = z for all (z,y) € X x Y, too.

For the function f : X — R we use the classical notations for domain



dom f = {x € X : f(x) < 400}, epigraph epi f = {(z,r) € X xR : f(z) < r}
and conjugate function f*: X* = R, f*(z*) = sup,ex {(z*,z) — f(z)}. We call
f proper if f(z) > —oo for all x € X and dom f # (). If f(z) € R the (convez)
subdifferential of f at xis 0f (x) = {z* € X* : f(y)—f(x) > (z*,y—z) Yy € X},
while if f(z) € R we take by convention df(x) = (. For U C X we have for
all x € U that 0dy(x) = Ny(x), where Ny (z) is the normal cone of U at
z. Between a function and its conjugate there is the Young-Fenchel inequality
A (x*)+ f(z) > (z*,z) for all z € X and 2* € X*. This inequality is fulfilled
as an equality if and only if z* € 0f(z). For a linear continuous mapping
A: X —Y we have its adjoint A* : Y* — X* given by (A*y*, z) = (y*, Az) for
any (z,y*) € X x Y.

A vector function F': X — Y* is said to be proper if its domain dom F =
{r € X : F(z) € Y} is nonempty. It is C—convez if F(tz + (1 — t)y) <¢
tF(z)+(1—t)F(y) forall z,y € X and all t € [0, 1]. The vector function F' is said
to be C'—epi-closed if C is closed and its C'—epigraph epip F = {(z,y) € X XY :
y € F(x) 4+ C} is closed, and it is called C'—semicontinuous if for every z € X,
each neighborhood W of zero in Y and for any b € Y satisfying b <¢ F(x),
there exists a neighborhood U of x in X such that F(U) C b+ W +Y U{4ococ}.

For v* € C* the function (v*F) : X — R is defined by (v*F)(z) = (v*, F(z)),
x € X. If Fis C—lower semicontinuous then (v*F') is lower semicontinuous
whenever v* € C*\ {0} and if C is closed, then every C'— lower semicontinuous
vector function is also C'—epi-closed, but, not all C'—epi-closed vector functions
are C'—lower semicontinuous. An example proving this can be found in [5].

In this paper the vector optimization problems consist of vector minimiz-
ing or vector maximizing a vector function with respect to the partial ordering
induced in its image space by a pointed convex cone. For these vector opti-
mization problems we use the classical notions of efficient and properly efficient
solutions, the latter considered with respect to the linear scalarization.

2 New general Wolfe type and Mond-Weir type vec-
tor duals

Let X,Y and V be separated locally convex vector spaces, with V' partially
ordered by the nonempty pointed convex cone K C V. Let F': X — V*® be a
proper and K — convex function and consider the general vector optimization
problem

PVG Min F'(x).
(PVG) Min F(z)

For this vector optimization problem we consider the following solution con-
cepts.

Definition 1 (i) An element T € X is called efficient solution to the vector
optimization problem (PV @) if ¥ € dom F and for all z € dom F from F(z) <k
F(z) follows F(z) = F(T).

(ii) An element T € X is called properly efficient solution to the vector



optimization problem (PV Q) if there exists v* € K*? such that (v*F)(Z) <
(v*F)(x) for all z € X.

Remark 1 Every properly efficient solution to (PVG) belongs to dom F' and
it is also an efficient solution to the same vector optimization problem.

Using the K-convex vector perturbation function ® : X x Y — V*® which
fulfills 0 € Pry(dom ®) and ®(x,0) = F(x) for all x € X, the primal vector
optimization problem introduced above can be reformulated as

P Min ¢ .
(PVG) Mip @(,0)

To (PV G) we attach two vector dual problems. To construct them, we used
the scalar Wolfe type and Mond-Weir type duals introduced in [3], exploiting
moreover the vector duality approach from [8,9,11].

The Wolfe type vector dual to (PVG) we consider is

(DVGWY) Max Y (v*, y*, v, u, )
(v*,y*,v,u,y)GBg/ ¢
where
BY = {(v*y*v,u,y) e KOXY*xV x X xY:(0,y*) € 0(v*®)(u,y),
(v, v) < =(v*®)*(0,y")}
and

h‘g(v*?y*vva u,y) =,

while the Mond-Weir type vector dual one is

DVGM Max hM (v*, y*, v, u
( ) (v*,y* wu)eBY G( Y )
where
BY = {(v*,y",v,u) € K* x Y* xV x X : (0,y*) € d(v*®)(u,0),
(v*,v) < (v*, ®(u,0))}
and

hg(v*,y*,v,u) =w.

We study the connections between the properly efficient solutions for the
vector optimization problem (PVG) and the efficient solutions for these vector
dual problems. The definition of the efficient solutions to the vector dual prob-
lem (DVGY) is below and the one corresponding to the vector dual (DVG™)
follows similarly.

Definition 2 An element (v*,7*,7,4,y) € Bg/ is called efficient solution to
the vector optimization problem (DVGWY) if (v*,7%,9,u,y) € BY and for
all (v*,y*,v,u,y) € Bgf from hé"(@*,y*,@,ﬂ,y) <k hg/(v*,y*,v,u, y) follows
h& (0%, 0,0, 5) = h{ (v, y*, v, u,y). The set containing all the values h{y (v*,
7, 0,7,7), when (0*,7*,7,,7) is an efficient solution to (DVGWY), is said to
be the mazimal set of (DVGW).



Lemma 1 One has hM (BY) C nl¥ (BY).

Proof. Whenever (v*,y*,v,u) € BY, it is easy to notice that (v*,y*,v,u,0) €
B‘gf and héf[(v*,y*,v,u) = hgf(v*,y*,v,u,O). Therefore all the values taken
by the objective function of (DVGM) over its feasible set can be found also in
R (BY). .

Remark 2 The sets hM (BY) and h{¥ (BY) do not coincide in general. A
situation like this will be given later in Example 1.

Now we investigate the connections between the duals to (PV G) considered
here and other Wolfe and Mond-Weir type vector duals introduced in [2] to it,
which are

(DVGw) Max h%(v*,y*,u,yjr)
(v*,y*,u,y,r)GB‘%
where
BS = {(vy'u,y,r) e KOXxY* x X xY x (K\{0}):
(0,y7) € O(v™®)(u, )}
and .
B0 0 ) = @) —
and, respectively,
DvVG Max  hS, (v*,y*, u
( M) B (0 y )
where
BS, = {(v',y*,u) € KO x Y* x X : (0,y*) € 9(v*®)(u,0)}
and

K (0", y* u) = ®(u,0).

Unlike these vector duals, the ones we introduced above do not have the
objective function of (PV @) as objective functions. The newly introduced
vector duals inherit all the constraints of the vector duals from [2], having an
additional one which involves the vector that acts as an objective function and
the corresponding dual problem of the scalarized primal. Moreover, the image
sets of the vector duals introduced in this paper are larger than the ones of
their counterparts of [2], as one can see below, and this can prove to be useful
in practice.

Theorem 2 One has h§,(BS,) C b (BY) and h§,(BS;) € hM (BM).

Proof. Whenever (v*,y*,u,y,r) € BS,, one has (0,y*) € 9(v*®)(u,y), which
yields (v*®)(u,y) + (v*®)*(0,y*) = (y*, y), ®(u,y) € V and

(07 G0 ) = ) = (= ) = ),
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thus (v*, Aff, (v*, 5", u, y, 7)) = (0%, @(u,y)) — (y*,y) = —(v*®)*(0,y*). Then, it
follows that (v*, y*, h%(v*, Yy u,y, ), u,y) € Bg/ and hg/(v*,y*, hgv(v*, y*,u,y,
), u,y) = b, (v*, y*, u,y,7), therefore h§,(BSG,) C W (BY).

The inclusion h§,(BS;) C h (BM) can be proven analogously. [

Remark 3 The inclusions proven in Theorem 2 are in general strict, as the
situation depicted in Example 4 shows.

Remark 4 If Bé\f # (), then there exists some element (v*,y*,v,u) of this
set. Then (v*,y*, ®(u,0),u) € BY, too. Moreover, it follows immediately
that (v*,y*,u) € B, and by [2, Proposition 2.11], (v*,y*,u) is efficient to
(DVGyr) and w properly efficient to (PVG). Consequently, (v*,y*, ®(u,0),u)
turns out to be efficient to (DVGM) and in this way it follows that the maxi-
mal set of (DV G ) is a subset of the mazimal set of (DVGM). Nevertheless,
(v*,y*,u,0,7) € BS, for allr € K\ {0} is an efficient solution to (DVGw) and
(v*,y*, ®(u,0),u,0) € BY is one to (DVGW).

For the newly introduced dual problems there is weak duality.

Theorem 3 There are no x € X and (v*,y*,v,u,y) € BY such that F(z) <g
hgl(v*7 y*7 v, U, y)

Proof. Assume the contrary, namely that there are some T € X and (7%, 7", 7,
u,7y) € BY fulfilling F(Z) <x h{ (v*,7*,7,4,7). ThenZ € dom F and it follows
(v*,U — ®(z,0)) > 0. On the other hand, from the feasibility of (v*,7*,v,u,7)
to (DVGY), it follows (7*,7) < —(o*®)*(0,7*) and since —(v*®)*(0,7*) <
(v*®)(z,0), one gets (v*,7—P(x,0)) < 0, which contradicts the strict inequality
obtained above. |

Using Lemma 1 and the previous theorem, one can easily prove the following
weak duality statement.

Theorem 4 There are no x € X and (v*,y*,v,u) € BY such that F(z) <
A (v*, y*, v, u).

Strong duality statements concerning the vector optimization problem (PV G)
and its two newly introduced vector dual problems will follow. In order to give
them, consider the following regularity conditions (cf. [1,2,7]). We begin with
a classical one involving continuity

(RCV') | 32’ € X such that (2,0) € dom ® and ®(2/,-) is continuous at 0;

followed by one that works when X and Y are Frechét spaces

(RCV?) X and Y are Fréchet spaces, ® is K— lower semicontinuous and
0 € sqri(Pry (dom ®));

then in finite dimensional case



(RCV?) | dim(lin(Pry (dom ®))) < +oc and 0 € ri(Pry (dom ®));

and the closedness type regularity condition

(ROV*) | @ is K—lower semicontinuous and Pry«yg(epi(v*®)*) is closed in
the topology w(X*, X) x R for all v* € K*0.

Theorem 5 Assume that one of (ROV?Y), i € {1,2,3,4}, is fulfilled. If T € X
is a properly efficient solution to (PV G), then there are the efficient solutions
@, 7%, 0,u,7) to (DVGWY) and (v*,7*,0,%) to (DVGM) such that F(T) =
he (04,7%,0,4,7) = hef (75,57, 7, 7).
Proof. Since T € X is properly efficient to (PV (), there exists 7* € K*¥ such
that

(T*, F(z)) < (v°, F(x)), for all x € X.

Let us consider the problem inf,ecx (7*F)(z) and its Wolfe type dual (cf. [3])
sup{—(T*®)*(0,y*) : ve X, yeVY, y* €Y* (0,y%) € (0" ®)(u,y)}. From
the above inequality and the hypotheses we obtain via [3, Theorem 2] that there
exists §* € Y* such that
—(@*®)*(0,7*) = sup {—(T*®)*(0,y")} = inf (v*, F(z)) = (v*, F(T)),
yrEY* reX

and (0,7*) € 0(v*®)(%,0). Letting v = F(T), one sees that (v*,7*,7,7,0) €
BY.

Moreover, (7*,7*,7,7,0) is an efficient solution to (DVGY). Indeed, if
(v*,7*,v,T,0) were not an efficient solution to problem (DVGY) there would
exist an element (v*,y*,v,u,y) € BYY such that hly (v*,y*,v,u,y) = v > U =
F(7). But this contradicts the weak duality statement Theorem 3.

In order to deal with problem (DVGM) we consider the Mond-Weir type
dual to inf e x (7*®)(z, 0) given by sup{(v*, ®(x,0)) : ue X, y* € Y*, (0,y*) €
O(T*®)(u,0)}. In the same manner as for problem (DVG") we obtain that
(v*,5*,v,7) is an efficient solution to problem (DVGM). |

Remark 5 For the strong duality statement we can also use the reqularity con-
dition mentioned in [7, Remark 4.3.2], namely that for all v € K*° the problem
inf e x (v*, F(x)) is stable.

Remark 6 In case V. =R and K = Ry, identifying V* with R U {4+00} and
oor, with +o0, for the function F' : X — R U {400} proper and conver, we
rediscover the Wolfe and Mond-Weir type scalar duality scheme from [7], as the
problem (PV G) becomes the general scalar optimization problem (PG) and the
vector duals (DVGW) and (DVGM) turn out to coincide with the scalar Wolfe
and Mond-Weir type duals to (PG) introduced in that paper, i.e. (DGw) and
(DG)y), respectively.

In the next sections we consider some special instances of the vector opti-
mization problem (PVG), more exactly, constrained and unconstrained vector
optimization problems. To these problems we attach vector duals which are
special cases of the vector duals (DVGY) and (DVGM), obtained by using
different perturbation vector functions.



3 New Wolfe type and Mond-Weir type duals for
particular classes of problems

3.1 Constrained vector optimization problems

We begin with vector duality of Wolfe type and Mond-Weir type via linear
scalarization for constrained vector optimization problems obtained by using
different vector perturbation functions. We use the same framework as in the
previous section, with Y partially ordered by the nonempty convex cone C' C Y,
and we consider the nonempty convex set S C X, the proper K — convex func-
tion f : X — V* and the proper C'— convex function g : X — Y* fulfilling
dom fNSNg=1(C) # 0. The primal vector optimization problem with geomet-
ric and cone constraints we work with is

P Mi
(PVo) Min f (z)
where

A={zeS:g(x)e-C}.
To it we attach different pairs of vector duals obtained by making use of some
perturbation functions.

Consider the Lagrange vector perturbation function CI%L X XY > Ve
given by

flx), ze€ S g(x)ey—C,
(I)gb (@) = { O((JK), otherwi(se).

By construction, it is K-convex. Using it, (PV) can be seen as a special
case of (PV@). Let us see what happens with the vector duals attached to it
in Section 2.

Let v* € K y* € Y*, v e V,ue X andy € Y. We have (0,y*) €
a(v*q)gL)(u,y) if and only if (v*@gL)*(O,y*) + (U*QgL)(u,y) = (y*,y), ie.
(0" f) = (y"9) +65)"(0) +bc= (=y*) + (v* f) () + 65 (u) +-c(g(u) —y) = (¥, y).
Using that 0%, = ¢+, we can rewrite the last relation as ((v*f) — (y*g) +
55" (0)+ (0 ) (5" 9)+65) W)+ o(—y*) +5_0g() —y)—(—y* () —) = 0.
Using the Young-Fenchel inequality and the characterization of the subdiffer-
ential by its equality case, it follows that (0,y*) € G(U*CI%L)(U, y) is equivalent
with 0 € ((v*f) = (y*g) + 0s)(u), y* € =C* and _c(g(u) —y) = (=y", g(u) —
y) = 0. On the other hand (v*,v) < —(U*@EL)*(O,y*) can be rewritten as
(w* vy < —((v*f) + (y*g) + d5)*(0,y*) and y* € —C*, which is equivalent,
by using the definition of the conjugate, with (v*,v — f(u)) < —(y*g)(u) and
y* € —C*. Thus from (DVGY) we obtain the Wolfe vector dual of Lagrange
type

(DVY) Max b (v%,y%,0,u,9)
(U* 7y* ,’U,U,y) EB(%VL
where
BE = {(v"y"vuy) € K0 x (=C*) x V x S x ¥ : (v*,0— f(u)) <

—(y"g)(uw),0 € A((v* f) — (y*g) + d5)(u),
d—c(g(u) —y) —(y*,9(u) —y) = 0}



and _
hlé"/L (/U*7 y*? U’ u’ y) = /U7

which can be equivalently rewritten as (cf. [2,3])

DV} M Y (v*, y*, v,
(DVe,) (v*,y*,vi}){eBgVL & (5, y* v, u)
where
BCWL = {(*y*,v,u) € KV xC* xV x8: (v*,0— f(u)) < (y*g)(u),
0€0((v"f) + (y*g) + 0s)(u)

and
hIéVL (v*,y*,v,u) = v.

As seen above, for v* € K*0 y* € Y*, v € V and v € X we have that
(0,y%) € (‘9(1}*@&)@7 0) means actually 0 € 9((v* f) — (y*g) +0s)(u), y* € —C*,
g(u) € —C and —(y*¢)(u) > 0. On the other hand, (v*,v) < (v*,(I)gL(u,O»
means (v*,v) < (v*f)(u), v € S and g(u) € —C.

Consequently, the vector dual problem (DVGM) turns into

DVM Max hM (v*,y*, v, u
( CL) (v*,y*,v,u)EBg/IL CL( Y )
where
BCML = {5 y*v,u) € KO xC*xV xS (y*g)(u) >0,9(u) € —C,
(v*,v) < (v f)(w),0 € O((v*f) + (y*g) + 0s)(u)}
and

h]\C/[L(v*,y*,v,u) = .

Note that in the constraints of this dual one can replace (y*g)(u) > 0 by
(y*g)(u) = 0 without altering anything since g(u) € —C and y* € C*. Like
in [2,3,7], from (DVéVif ) we remove the constraint g(u) € —C, obtaining a new
vector dual to (PV¢), further referred to as the Mond-Weir vector dual of La-
grange type

MW MW (. % , %
(‘DVC’L ) (v*,y*}})/{:i?‘)}éBgLW hC’L ('l) 'Y 7”7“‘)
where
B%LW = {(*y*v,u) € KO xC*xV x8: (yg)(u) >0,
(v*,0) < (v f)(u),0 € I((v"f) + (y*g) + d5)(u)
and

h%LW(v*,y*,v,u) = .

Remark 7 Denote Axs = {(z,z,x) : © € X}. If one of the following condi-
tions (see [7])

(i) f and g are continuous at a point in dom f N domgN S;

(74) dom f Nint(S) Ndomg # 0 and f or g is continuous at a point in
dom f Ndom g;



(1it) X is a Fréchet space, S is closed, f is K—lower semicontinuous, g is
C—lower semicontinuous and 0 € sqri(dom f x S x dom g — Axs);

(tv) dim(lin(dom f x S x domg — Axs)) < 400 and ri(dom f) Nri(S) N
ri(dom g) # 0; is satisfied, then, for all v* € K*O and all y* € C*, it holds

(v f) + (y*g) + 3s)(x) = D" f)() + Oy"g) () + Ns(a) for all z € X.

Consequently, when one of these situations occurs the constraint involving the
subdifferential in (DVgg), (DVC{VLI) and (DVC]\/L[W) can be modified correspond-

ingly.

Remark 8 A vector dual similar to (DVCE/‘L/ ), but with respect to weakly efficient
solutions, was introduced in [10], under quasidifferentiability hypotheses for the
functions involved. Later, it was mentioned also in [13], where the functions
were taken differentiable.

Let us compare now the image sets of these vector duals.

Proposition 6 One has hjc‘ffL (BCML) - h]\C/[LW(BCAf[LW) C hCWL(BCWL)

Proof. The first inclusion is a consequence of the way (DVC]VL[ W) is constructed,
while the second one follows since (v*,v — (v*f)(u)) < 0 < (y*g)(u) yields

(v = (V" f)(w) < (y*g)(u). u

Remark 9 The inclusions in Proposition 6 are in general strict, as the follow-
ing examples show.

Example 1 Let X = R, Y =R, V =R} C = Ry, K = R%, § = Ry,
f:R—=R? f(z) = (z,2)" and g: X — RU {+o0},

—x, ifz>0
glx) =14 1, ife=0
400, ifx<O0.

Then g(x) # 0 for all € R and to obtain (y*g)(u) = 0 for some feasible
u > 0 it is binding to have y* = 0. Since when u > 0 and v* = (v}, v})T the
subdifferential of the function (v*f + 0g + d5)(-) = (v] + v3)(-) + g, (-) is the
set {vf + v3}, the only eligible element for BCML would be u =0, as g(u) = 400
when v < 0. But g(0) =1 ¢ —C, thus BCML = 0.

On the other hand, for v* = (1/2,1/2)T we have 0 € 9((v*f) + (y*g) +
95)(0) = (—o0,1], (y*g)(u) = 0 and for v = (0,—1) we obtain that (v*,v) —
(v*f)(u) = =1/2 < 0. Thus ((1/2,1/2)",0,(0,-1),0) € BYW and ((1/2,1/2)7,
0,(0,—1),0) € BE . Therefore (0,—1) € hyW (BEW) N hf (BE).

Consequently, hg/L (BCWL) # h]\C/[L(BCML) and h%LW(BCMLW) # h%L (BCML)

Example2LetX:R,Y:R2,V:RQ,C:Ri,K:Ri,S:R+,
f:R— (R?)*,

T, ifx
fm:{(l,l) . iz <o,

O0R? 5 otherwise,

10



and g: R = R? g(z) = (v — 1, —2)T.

Like in [3, Example 2| one can show that B(]}i W = . On the other hand,
for v* = (1/2,1/2)T, y* = (0,0), u = 0 and v = (0,0)” the conditions involving
them in BCWL are satisfied, therefore ((1/2,1/2)T,(0,0),(0,0)T,0) € BCWL and
(0,0)" € hf (BE).

Consequently, hyy (BY ) ¢ hW (BHW).

In order to achieve strong duality for the vector duals of Lagrange type we
attached to (PV¢), we need the fulfillment of some sufficient conditions. Par-
ticularizing (RCV?), i € {1,2,3,4} one gets the following regularity conditions

(RCV4,) | 32’ € dom f NS such that g(z') € —int(C);

(RC’VC2L) X and Y are Fréchet spaces, S is closed, f is K— lower
semicontinuous, ¢ is C'—epi closed and
0 € sqri(g(dom f NS Ndomyg) + C);

(RCchL) dim (lin(g(domf NSNdomg) + C’)) < 400 and
0 € 1i(g(dom f NS Ndomg) + C);

and

(RCVC4L) S is closed, f is K —lower semicontinuous, g is C'—epi closed and
U epi((v*f) + (y*g) + ds)* is closed in the topology
y*GC*
w(X*, X) x R for all v* € K*.
Particularizing the results from the general case, we obtain the following
duality statements.

Theorem 7 (weak and strong duality for (PVe) and (DVCYZ))

)(a) There are no x € A and (v*,y*,v,u) € BCWL such that f(x) <k hIéVL (v*, y*,
v,u).

(b) If T € A is a properly efficient solution to (PV¢) and one of the regularity
conditions (RCVéL), i €{1,2,3,4} is fulfilled, then there exists (v*,y*,v,u) €
BCWL efficient solution to (DVCL/IL/) such that f(Z) = h(VJVL (v*,y*,v,u).

Theorem 8 (weak and strong duality for (PVe) and (DVC]‘f))

(a) There are nox € A and (v*,y*,v,u) € BCML such that f(x) <g h]\C/lL(v*,y*,
v,u).

(b) If T € A is a properly efficient solution to (PV¢) and one of the reqularity
conditions (RCV&L), i €{1,2,3,4} is fulfilled, then there exists (v*,y*,v,u) €
B%L efficient solution to (DVCA{) such that f(T) = h%L (v*, 7%, 0,1).

Analogously one can prove similar duality assertions for (DVC]{ W) too.

11



Theorem 9 (weak and strong duality for (PVe) and (DVCJ{W))

(a) There are no x € A and (v*,y*,v,u) € Bé‘fiw such that f(z) <g
hé/[LW(v*,y*,v,u).

(b) If T € A is a properly efficient solution to (PV¢) and one of the regularity
conditions (RCV(SL), i €{1,2,3,4} is fulfilled, then there exists (v*,7*,v,u) €
Bg/[LW efficient solution to (DVCJ‘fW) such that f(x) = h%LW(E*,g*,W, ).

Remark 10 The regularity condition in Theorems 7(b), 8(b) and 9(b) can be
replaced by any condition which guarantees the stability of the optimization
problem inf,c 4(T* f)(x) with respect to its Lagrange dual.

Remark 11 If V = R and K = Ry, then the duals (DVCL/IL/), (DV(%) and
(DVC{VL[W) are nothing else than the scalar Wolfe and Mond-Weir dual prob-
lems of Lagrange type corresponding to (PVg) considered in [3], respectively.
They extend the classical Wolfe and Mond-Weir scalar dual problems from the
literature (see [3, Remark 4]).

Another vector perturbation function we consider is the Fenchel-Lagrange
type vector perturbation function <I>¥ . X X X XY — V® given by

(m,t,y):{ flx+t), z€8S,g(x)ey—-C

q)V
0K, otherwise.

Crr
By construction, it is K-convex, too. Let v* € K* t* € X* y* € Y*,
veV,ue S CX,te X and y € Y. Following [2], we have (0,t*,y*) €
8(U*<I>KFL)(u,t,y) if and only if w € S, g(u) —y € —=C, y* € =C*, t* €
(v f)(u+t)N(=0(—(y*g)+ds)(w)) and (y*g)(u) = (t*,t). On the other hand,
(v*,v) < —(U*Cbgm)*(o,t*,y*) is equivalent to (v*,v) < (t*,u) — (v*f)*(t*) —
(—y*g)(u) and g(u) —y € —C. Noticing that the variable y € Y can be omitted
and changing the sign of y*, we obtain like in [2,3] from (DVG"Y) the following
Wolfe vector dual of Fenchel-Lagrange type to (PV¢)

DVW Ma. hW U*7t*7 *7U,u7t
( CF‘L) (v*7t*7y*7v7u§)63g/FL CFL( y )
where
BY = {5ty v ut) € KOX X* x C* x V x §x X : (v*,0) < (t*,u)
W) () + (g (W), € D" F)(u+1) 1 (—0((y7g) + ds)(w)}
and
hg/FL(U*7t*7y*7/U7u;t) = .

Similarly with the Lagrange case, we obtain the vector dual problem that
is a special case of (DVGM), namely

DVM Max hM ’U*’ *7 v, U
( CFL) (U*JJ*Mu)EBg OFL( y )
FL
where
" (u) € =C,

= {(v*y*,v,u) € KV xC* xV x8: (y*g)(u) >0,g
(v*,0) < (v f)(u),0 € O(v* f)(u) + O((y*g) + ds)(u)}
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and
h%FL(v*,y*,v,u) = .
Note that in its constraints one can replace (y*g)(u) > 0 by (y*g)(u) =0
without altering anything since g(u) € —C and y* € C*. Like in the other case,
removing the constraint g(u) € —C, one obtains another vector dual to (PV¢),

further called the Fenchel-Lagrange vector dual of Mond-Weir type

Dy MW Ma. RMW (p* y* v, u
DV, ) (v*,y*,u,u))ézsg;"z Crp, (VY )
where
Bé‘@f = {(v*,y*,v,u) € K0 x C* xV x 8 (y*g)(u) >0,
(v, v) < (v*f)(u),0 € I(v* f)(u) + 0((y*g) + 0s)(u)
and
héw/[FVZ(v*,y*,v,u) = .

Remark 12 Like in Remark 7 we can formulate some conditions for separating
the functions that appear together in the subdifferentials from the constraint sets
of the Fenchel-Lagrange vector duals to (PV¢) (see [7, Section 3.5]).

Using the way these vector duals to (PV¢) are constructed, one gets the
following inclusions, which turn out to be strict for the problems presented in
Example 1 and, respectively, Example 2.

Proposition 10 One has h%FL(B%L) C thVf(BgFVLV) C h‘éVFL (BCVE;L).

In order to guarantee strong duality, one can particularize the regularity
conditions (RCV?), i € {1,2,3,4}. For instance, (RCV!) becomes
(RCV{, ) | 32’ € dom f NS such that f is continuous at 2" and
g(z') € —int(C)
and the others can be analogously obtained (see [2]).

From the general case we obtain the following weak and strong duality
statements.

Theorem 11 (weak and strong duality for (PVe) and (DVC‘@L))

(a) There are no x € A and (v*,t*,y*,v,u,t) € B&L such that f(z) <k
hlé‘;L(v*,t*,y*,v,u, t).

(b) If T € A is a properly efficient solution to (PVg) and one of the
reqularity conditions (RCV¢, ), @ € {1,2,3,4} is fulfilled, then there eists
@, T, 7", 0,7,t) € BEVFL efficient solution to (DVC”;L) such that f(x) = h‘éVFL (™,
Ly, 0,0, t).

Theorem 12 (weak and strong duality for (PVe) and (DVC%L))

(a) There are no x € A and (v*,y*,v,u) € B%L such that f(z) <k
hé/[FL(v*,y*,v,u).

(b) If T € A is a properly efficient solution to (PV¢) and one of the regularity
conditions (RCV¢,, ), i € {1,2,3,4} is fulfilled, then there exists (v*,y*,v,u) €
B%L efficient solution to (DVC%L) such that f(T) = h¥

CFL(@*ay*vﬁa ﬂ)
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Analogously one can prove the following duality statements for (DVC{\]{ EV)

Theorem 13 (weak and strong duality for (PVg) and (DVAW))

CrL
(a) There are no x € A and (v*,y*,v,u) € B%L such that f(z) <g
h]\C/[FVg( Lyt v, u).

(b) If T € A is a properly efficient solution to (PV¢) and one of the regularity
condz’tz’ons (RC’Vé ), 1 € {1,2,3,4} is fulfilled, then there exists (V*,5*,v0,u) €
BM i W efficient solutzon to (DVCMW) such that f(Z) = KXW (v*, 5%, 0, 7).

CrL

Remark 13 The regularity condition in Theorems 11(b), 12(b) and 13(b) can
be replaced by any condition which guarantees the stability of the optimization
problem inf e 4(T* f)(x) with respect to its Fenchel-Lagrange dual.

Remark 14 If V = R and K = Ry, then the duals (DV&ZL), (DV(%L) and
(DVC{VF[EV) are nothing else than the scalar Wolfe and Mond-Weir dual problems
of Fenchel-Lagrange type corresponding to (PV¢) considered in [3], respectively.

3.2 Unconstrained vector optimization problems

Using the same framework as in Section 2, we consider the proper K — convex
vector functions f: X = V®and h:Y — V®and A: X — Y a linear contin-
uous mapping such that dom f N A~'(domh) # (). The primal unconstrained
vector optimization problem

(PVa) Min([f(z) + h(Az)]

is a special case of (PVG) for F = f + ho A and we consider the vector
perturbation function ®Y : X xY — V* defined by ®Y (z,y) = f(z)+h(Az+y),
which is K-convex by construction, too.

Using @Y, we obtain vector duals to (PVy4) which are special cases of
(DVGY) and (DVGM), namely

(DVW) Max hW(v*,y*,v,u,y)
4 (v*,y*,v,u,y)EBZV 4
where
BY = {0y vuy) € KXY xVx X x Y iy € (A) (=00 f)(u))
NO(v*h)*(Au +y) and (v*,v) < —(v*f)"(=A"y") + (v*h)*(y*)}
and

WY (v, " v, u,y) =

and, respectively,

M M, *
(DV,") (v*’%a)u;éB% hiy (v*,v,u)
where
B% = {(w*v,u) € KXV x X :0¢e (A)H(=a(v*f)(u)) — O(v*h)(Au)

<
INA
=
\.*
&,3
—~
[~
S—
_l_
=
o
3
=
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and
R (v*, v, u) = v.
For the primal vector problem (PVy4) and its Wolfe and Mond-Weir vector

duals, namely (DV}V) and (DV}!) the weak and strong duality statements fol-
low from the general case.

Back to (PVg), seeing it as an unconstrained vector optimization prob-
lem, we can attach to it two vector dual problems generated by (DVG") and
(DVGM) by considering the Fenchel type vector perturbation function

% . ° 174 _ f(:L‘ + y)’ T 6 '/4’
O, X XY =V, Op (1,y) = { Ok, otherwise,

which turns out to be K-convex, too. Thus, we get a Wolfe vector dual of
Fenchel type to (PVc)

(DVCV};) (v*,yﬂg/,[u%?j()ezsng hZV'F (0", 9", v, u,y)
where
Bg; = {(U*73/*,U,u,y) EVXxY*xVxXxX: <1)*’fu> < <y*7u>_
(W )*(y*),y* € 0w* f)(u+y) N (=Ng(u))}
and

hen (V% ¥, v, u,y) = v,

and a Mond- Weir vector dual of Fenchel type to it

(DV¢y) (w,%??@% )
where
BY. = {(v,v,u) € K xV x X : (v*,0) < (v*f)(w),
0 € d(v*f)(u) + Na(u)}
and

hé/[F(v*,v,u) = .

Remark 15 In the definition of (DV(%), the condition g(u) € —C' does not
appear explicitly. Thus we will not consider another Mond-Weir vector dual of
Fenchel type to (PVc¢) in this case.

From Lemma 1 one can derive the following statement.
Proposition 14 One has hé?F(Bgé) C h‘éVF (BCVQ;)

From the general case one can quickly obtain the weak and strong duality
theorems.

Remark 16 If V =R and K = Ry, then the duals (DV(E/I;) and (DV(%) are
nothing else than the scalar Wolfe and Mond-Weir dual problems of Fenchel
type corresponding to (PV¢) considered in [3], respectively.
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4 Comparisons between duals

In this section we compare the image sets of some of the Wolfe type and Mond-
Weir type vector duals to (PVg) with respect to the Lagrange, Fenchel and
Fenchel-Lagrange type vector perturbation functions.

Theorem 15 One has h4

Crr

(B(%L) - h]\C/[L (B(J\;/IL) and hM

Crr

(B%FL) C hM (BCF).

Proof. As the objective functions of the three vector maximization dual prob-
lems are the same, being all equal to v, we show that the sets this vector can
be taken from fulfill the desired inclusions.

Let (v*,y*,v,u) be feasible to (DVAI{L). Then 0 € O(v*f)(u) + A((y*g) +
ds)(u) € O((v* f) + (y*g) + ds)(u), (v*,v) < (v*f)(u), ( g)( ) >0 and g(u) €
—C. This yields that (v*,y*,v,u) is feasible to (DV, ) therefore the first
inclusion we have to show works.

Since Uy+ec+0((y*g) + 05)(u) € Na(u), taking into consideration the way
A is defined it also follows that (v*,v,u) is feasible to (DVC{\;[ ). Consequently,
the second desired inclusion holds, too. [

Concerning the “MW?” vector duals, one can easily prove, like above, the
following statement.

Theorem 16 One always has KXWV (BMW) C hY (BCMLW).

Crp \~CFrL

However, the question if similar inclusions are valid also for the Wolfe type
vector duals to (PV() has, like in the scalar case (see [3]), a negative answer,
as the following examples show.

Example 3 Let X = R, Y =R, V = R? C = Ry, K = R%, S = R,

f:R— (R?)°,
f(:c):{ (1,1)Tz, if >0,

ooz , otherwise,
and
-z, if z < 07
9:R=R, g(r) = { 0, otherwise.

Note that for all v* = (vf,v3)” € int(R2) and y* > 0 one has

if u >0,
otherwise.

o) + (1) +9)(w) = 2w 1)) = { {173

Consequently, BCWL = 0.

On the other hand it can be shown that ((1/2,1/2)7,1,1,(0,0)%,0,1) €
BCFL, thus (0,0)7 € hCFL(Bg;L)' Indeed, for v* = (1/2,1/2)T, t* = 1,
y* =1, v = (0,007, uw = 0 and t = 1, the validity of the subdifferential
constraint was proven in [2, Example 4.22], while the inequality constraint
means <U*,'U> - <t*,’U,> + (’U*f)*(t*) + (y*g)(U) - <<1/27 1/2)T7 (O 0) > - <170> +
((1/2,1/2)T£)*(1) 4 (19)(0) = 0, which is true. Consequently, h¢¥ (BZ ) &
he', (BE).
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Example 4 Let X =R?2 Y =R, V =R? C =R, K:Ra_,

< < i =
S:{(ml,mg)T6R2:0§x1§2 3_.21?2_4, lfxl 0 },

" 1<ap<4, ifax € (0,2

(1, )Ty, if 21 <0,
OOR? 5 otherwise,

f:R? > (]R2)°, flxy,29) = {

and g : R? = R, g(x1,72) = 0.

For v* = (1/2,1/2)T, y* € Ry, v = (2,3)" and u = (0,3)
(v f)+(y*g) +d5)(u) < 0 € A((((1/2, 1/2) ).f) +(y"9) +05)(0,
and (v*, v — f(u)) + (yg)(u) = {(1/2, 1/2 (2, )T £(0,3)) +(
It follows that ((1/2,1/2)T,y*,(2,3)7, (0, )) . and (2,3)"
Analogously it can be shown that (2,3)7 € hY¥ (B ) too.

Trying to find an element from BW;TL such that (2,3)7 € WY (BY ),

CFL CFL

leads to a contradiction (cf. [2, Example 4.21]). Consequently, hCL (B L) ¢
hCFL (Bg;L )-

On the other hand, due to the fact that g is everywhere equal to 0, the image
sets of the the Lagrange type vector duals to (PV) obtained from (DV Gy) and
(DV G)y) take as values only vectors with equal entries, so (2,3)7 cannot belong
there. Consequently, in general, h (BX) # hM (BX) and B (BY) # 1§, (BG)).

we have 0 €
3) = (—0o0,1]
*9)(0,

S

3) <0.
e (BE).

Example 5 Consider again the situation from Example 1. Here A = (0, +00),
Na(u) = {0} for all u € A, O(v*f)(u) = {vf +v3} for all v* = (vi,v3)T €
int(R?2) and u € R, thus d(v*f)(u+y) N (—Na(u)) = 0 for all u € S and all
y € R. Consequently, BCVE; = 0.
On the other hand, it can be shown that ((1/2,1/2)7,0,0,(0,0)%,0,0) €
BI(/J‘;L, thus (0,0)7 € hCFL(Bg/’FL)' Indeed, for v* = (1/2,1/2)T, t* =0, y* =0,
= (0,0)7, w = 0 and t = 0, the subdifferential inclusion t* € d(v*f)(u +
t) N (—=0((y*g) + ds)(u)) = [0,1] is fulfilled. Then, the inequality constraint
means (v*,v) — (t*,u) + (v*)* (") + (y"g) (u) = ((1/2,1/2)7,(0,0)7) — (0,0) +
((1/2, 1/2)Tf) (0) + (0g)(0) = 0, which is true. Therefore, h&L(Bg;L) ¢

hé (BE,)-

Example 6 Let X =R?2 Y =R,V =R? C =R, K:Rﬁ_,

< < i =
S:{(ml,mg)T€R2:0§x1§2 3_.%‘2_4, 1f{L‘1 0 },

Tl <y <4, if&?lG(O,Q]

A={0}x[3,4], f: R2 = R2, f(x1,22) = (z2,22)7 and g : R? = R, g(x1,22) =
X1.

For v* = (1/2,1/2)T, y* = (0, )T, v = (3,3)T, u = (0,3) and y = (0,0) one
can see that y* € 9(v*f)(u+y)N(— N_A(U)) < (0,1)T €0((1/2,1/2)T £)(0,3)N
(—N4(0,3)) = {0} x (=00, 1] and (v*,v) — (y*,u) + (v* f)*(y*) = ((1/2,1/2)",
(3,3)1)—((0, )T, (0,3))+((1/2,1/2)T £)*(0,1) = 0. It follows that ((1/2,1/2)7,
(0,17, (3,3)7,(0,3),(0,0)) € BgVF and (3,3)" € h@ (B ). On the other hand,
assuming that (3,3)7 € n{Y (BC ) leads to a contradiction cf. [2, Example
4.23]. Consequently, h{Y BCF ¢ hCFL BCFL).
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Remark 17 From the examples given above one can construct situations which
demonstrate that in general no inclusion holds between the image sets of (DVCIV/‘L/)
and (DVCYZ).

5 Conclusions and further challenges

Following the investigations from [2, 3], we propose two new duality schemes
for general vector optimization problems for which properly efficient solutions
are considered, based on the generalized scalar Wolfe and Mond-Weir duality
schemes, by exploiting the vector duality approach from [8,9,11]. The new
vector duals we propose to a general vector minimization problem have larger
images than their counterparts introduced in [2] and we show for them weak
and strong vector duality. Then, after particularizing the primal problem to be
constrained, respectively unconstrained, we obtain as special cases new vector
duals for each of these problems, via different vector perturbation functions.
We also investigate which inclusions can be established between the vector
duals assigned to the constrained vector minimization problem. Examples to
illustrate that the newly introduced vector duals do not coincide and they are
actually different to the ones from [2] are also given.

However, our investigations are far from being complete, some open ques-
tions remaining left for future research. For instance, it would be interesting
to find weak sufficient conditions that guarantee the coincidence of some of the
different vector dual problems we assigned to a primal vector optimization prob-
lem. The hypotheses that guarantee strong duality for the Fenchel-Lagrange
type duals ensure their coincidence with the Fenchel and Lagrange, correspond-
ing duals, respectively, but they may be actually too strong. Another interesting
question refers to the maximal sets of the vector duals we introduced in this
paper. Do they always coincide with their counterparts from [2]? So far, we
could not find any counterexamples to contradict this fact, but unfortunately
neither a proof for it. Moreover, the approach we employ opens the gate to-
wards further developing the Wolfe and Mond-Weir vector duality concepts
towards using other scalarization functions than the linear ones, as has been
done for the Fenchel-Lagrange duality in [4,6,7]. Nevertheless, in the spirit
of the classical Wolfe and Mond-Weir duality investigations, a legitimate ques-
tion is how should one modify the hypotheses of the weak and strong duality
statements when the convexity assumptions imposed on the involved functions
are weakened to some generalized convexity notions like pseudoconvexity or
quasiconvexity.

Analogously to the investigations in this paper one can introduce a simi-
lar vector duality scheme for a general vector optimization problem for which
weakly efficient elements are considered and, consequently, for its special cases.
We did not include them here since everything works in the same manner, the
only changes consisting in reformulating the vector duals by taking the variable
v* from K* \ {0} and dealing only with weakly efficient solutions.
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