Sparse polynomial interpolation in
Chebyshev bases
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We study the problem of reconstructing a sparse polynomial in a basis of
Chebyshev polynomials (Chebyshev basis in short) from given samples on a
Chebyshev grid of [—1, 1]. A polynomial is called M-sparse in a Chebyshev
basis, if it can be represented by a linear combination of M Chebyshev poly-
nomials. We show that an M-sparse polynomial of maximum degree 2N — 1
can be theoretically recovered from 2M samples on a Chebyshev grid. As
efficient recovery methods, Prony-like methods are used. The reconstruction
results are mainly presented for bases of Chebyshev polynomials of first and
second kind, respectively. But similar issues can be obtained for bases of
Chebyshev polynomials of third and fourth kind, respectively.
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1 Introduction

The central issue of compressive sensing is the recovery of sparse signals from a rather
small set of measurements, where a sparse signal can be represented in some basis by
a linear combination with few nonzero coefficients. For example, a 1-periodic trigono-
metric polynomial of maximum degree N — 1 with only M nonzero exponential terms
can be recovered by O(M log*(N)) sampling points that are randomly chosen from the
equidistant grid {%, j=0,...,N—1}, where M < N (see [20]). Recently, Rauhut and
Ward [18] have presented a recovery method of a polynomial of maximum degree N — 1
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given in Legendre expansion with M nonzero terms, where O(M log?(N)) random sam-
ples are taken independently according to the Chebyshev probability measure of [—1, 1].
The recovery algorithms in compressive sensing are often based on ¢;—minimization.
Exact recovery of sparse signals or functions can be ensured only with a certain proba-
bility. The method of [18] can extended to sparse polynomial interpolation in a basis of
Chebyshev polynomials too.

In contrast to these random recovery methods, there exist also deterministic methods
for the reconstruction of an exponential sum

M
H(t):=) ¢eli' (teR)
j=1

with distinct frequencies f; € [—m, m) and complex coefficients. Such methods are the
Prony-like methods [16], such as the classical Prony method, annihilating filter method
[5], ESPRIT (Estimation of Signal Parameters via Rotational Invariance Techniques)
[19], matrix pencil method [8, 7], and approximate Prony method [3, 15]. This approach
allows the recovery of all parameters of H, i.e. M, f; and ¢j for j = 1,..., M, from
equidistant samples H(k) (k=0,...,2N — 1), where N > M. Prony-like methods can
be applied also for the reconstruction of sparse trigonometric polynomials [16, Example
4.2]. Note that the classical Prony method is equivalent to the annihilating filter method.
Unfortunately, the classical Prony method is very sensitive to noise in the sampled data.
Hence numerous modifications have been proposed in order to improve the numerical
behavior of the Prony method. Efficient Prony—like methods are ESPRIT, matrix pencil
methods, and approximate Prony methods. This procedures are important within many
disciplines in sciences and engineering (see [13]). For a survey of the most successful
methods for the data fitting problem with linear combinations of complex exponentials,
we refer to [12]. Note that a variety of papers compare the statistical properties of the
different algorithms, see e.g. [8, 1, 2, 6]. Similar results for our new suggested algorithms
are of great interest, but are behind the scope of this paper.

In this paper, we present a new deterministic approach to sparse polynomial interpolation
in a basis of Chebyshev polynomials, if relatively few samples of a Chebyshev grid of
[—1, 1] are given. Note that Chebyshev grids are much better suited for the recovery of
polynomials than uniform grids (see [4]). For n € Ny, the nth Chebyshev polynomial of
first kind can be defined by

T, (z) := cos(n arccos z) (z € [—1, 1))

(see for example [11, p. 2]). These polynomials are orthogonal with respect to the weight
(1 —22)~Y2on (—1, 1) (see [11, p. 73]) and form the Chebyshev-1 basis.
Let M and N be integers with 1 < M < N. A polynomial of maximum degree 2N — 1

2N—-1

h(z) = > by Tu(z)
k=0



is called to be M-sparse in the Chebyshev-1 basis, if M coefficients by are nonzero and
if the other 2N — M coefficients vanish. Then such a M-sparse polynomial i can be

represented in the form
M

h(z) = ¢;Tp,(x) (1.1)

J=1

with ¢; = by, #Z0and 0 < n; < ng < ... <ny < 2N. The integer M is called the
Chebyshev-1 sparsity of the polynomial (1.1).

Recently the authors have presented a unified approach to Prony-like methods for the
parameter estimation of an exponential sum [16], namely the classical Prony method,
the matrix pencil method [7], and the ESPRIT method [19]. The main idea is based on
the evaluation of the eigenvalues of a matrix which is similar to the companion matrix of
the Prony polynomial. To this end we have computed the singular value decomposition
(SVD) or the QR decomposition of a special Toeplitz-plus-Hankel matrix (T+H matrix).
The aim of this paper is to generalize this unified approach in order to obtain stable
algorithms for an interpolation problem of a sparse polynomial (1.1) in the Chebyshev-1
basis. A similar spare interpolation problem on a grid of [1, co|, which is solved by
the Prony method, was explored in [10, 9]. However we use a deterministic sampling
set of [—1, 1], and need only, at least theoretically, 2M samples for the reconstruction
of the 2M parameters. Theorem 2.6 shows that an M-sparse polynomial (1.1) in a
Chebyshev basis can be reconstructed from only 2M samples. A Prony—like method for
sparse Legendre reconstruction was suggested by Peter, Plonka and Rosga in [14]. This
method can be also generalized to other polynomial systems, but one needs there high
order derivatives of the sparse polynomial.

The outline of this paper is as follows. In Section 2, we collect some useful properties of
T+H matrices and Vandermonde-like matrices. Further we formulate the algorithms,
if the order M is known and if only 2M sampled data (1.1) are given. We find a
factorization of the T+H matrix in Lemma 2.2 and prove an interesting relation between
the Prony polynomial and its companion matrix in Lemma 2.5. Thereby we are able
to present the algorithms. In Section 3, we obtain corresponding results on sparse
polynomial interpolation for unknown Chebyshev-1 sparsity M. Furthermore one can
improve the numerical stability of the algorithms by using more sampling values. In
Section 4, we discuss the sparse interpolation in the basis of Chebyshev polynomials of
second kind. Finally we present some numerical experiments in Section 5, where we
apply our methods to sparse polynomial interpolation.

In the following we use standard notations. By Ny, we denote the set of all nonnegative
integers. The Kronecker symbol is §;. The linear space of all column vectors with /N real
components is denoted by RY, where o is the corresponding zero vector. The linear space
of all real M-by-N matrices is denoted by RM*YN  where O MmN is the corresponding
zero matrix. For a matrix Ay y € RM*N its transpose is denoted by A;{LN, and

its Moore—Penrose pseudoinverse by A}r\/l ~- A square matrix Ajs s is abbreviated to
Ayr. By Iy we denote the M-by-M identity matrix. By null Ay; y we denote the



null space of a matrix Apsny. Further we use the known submatrix notation. Thus
Apv1(1: M, 2 M+ 1) is the submatrix of Aps 41 obtained by extracting rows 1
through M and columns 2 through M + 1, and Aprar+1(1 @ M, M + 1) means the last
column vector of Aps ar41. Definitions are indicated by the symbol :=. Other notations
are introduced when needed.

2 Interpolation for known Chebyshev—1 sparsity

For uN := cos 5y— we form the nonequidistant Chebyshev grid {uny = Tp(un) =
cos 522 —: k = 0,...,2N — 1} of the interval [—1, 1]. Note that Ton_1(un) = (—1)F
(k=0,...,2N— ) We consider the following problem of sparse polynomial interpolatz’on
in the C’hebyshev—l basis: For given sampled data hy := h(uny) = h(cos 522=) (k =
0,...,2M—1) determine all parameters n; and ¢; (j = 1, ..., M) of the sparse polynomial
(1.1). If we substitute x = cost (¢t € [0, 7]), then we see that the above interpolation
problem is closely related to the interpolation problem of the sparse, even trigonometric
polynomzial

g(t) := h(cost) Zc] cos(nt) (t €0, n]), (2.1)

where the sampled values g(522) = hk (k=0,...,2M — 1) are given (see [17]).
We introduce the Prony polynomial P of degree M with the leading coefficient 2M~1,
whose roots are z; := Ty, (un) = cos g5 (j =1,..., M), ie.

=2 H 2N — 1) (22)

Then the Prony polynomial P can be represented in the Chebyshev-1 basis by

M
v) =Y pTix) (pm=1). (2.3)
=0

The coefficients p; of the Prony polynomial (2.3) can be characterized as follows:

Lemma 2.1 For k=0, 1, ..., the sampled data hy and the coefficients p; of the Prony
polynomial (2.3) satisfy the equations

M-1

> (hjak + M) pj = —(hkar + har—i)) (2.4)

5=0

Proof. Using cos(a + ) + cos(a — 6) = 2 cosa cos 3, we obtain by (2.1) that
1+ k)m m(j —k)m
h]+k =+ hb_k' = 2 Z (COS m + cos W)

= 2 Z €] oS nujm cos kT (2.5)
TSN T AN -1 ‘



Thus we conclude that

M M nkr & T
2 : l 2 : l
: (h]_l’_k; + h'J_kl) pj = 2 C| COS m : pj COS 2N 1
j=0 =1 7=0
M nik nym
1 1
Zl_lcl s sy —1 (S5 —7) =0
By par = 1, this implies the assertion (2.4). |

Introducing the vectors h(k) := (hjir + h‘j,k|)jj\i51 (k=0,...,M) and the square T+H
matric

Hy(0) = (hjsr+hyn)izo= (h(O0) k(1) ... h(M-1))
2 hg 2 hy ces 2hpr—1
2 hi ho + hg . hy+hy—o
2hp—1r har +hy—2 oo hop—2+ ho

then by (2.4) the vector p := (pk);y:f)l is a solution of the linear system
H1(0)p = —h(M). (2.6)

Lemma 2.2 Let M and N be integers with 1 < M < N. Further let h be an M -sparse
polynomial of degree at most 2N — 1 in the Chebyshev-1 basis.

If h(un,j) =0 forj =0,...,M—1, then h is identically zero. Further the Vandermonde-
like matriz

o M-1,M M-1,M njkm \M-1.M
Vu(z) = (Ty, (m\/,k))k:w:1 = (Tk($j))k=0,j:1 = (cos N 1>k:0j:1

with @ := (:cj)j]\/il is nonsingular and the T+H matriz H y1(0) can be factorized in the

following form
H(0) = 2V y(z) (diage) V()" (2.7)

and is nonsingular.

Proof. 1. Assume that the Vandermonde-like matrix V /() is singular. Then there
exists a vector d = (dl)f\ial # o such that d¥ V;(z) = o". We consider the even
trigonometric polynomial D of order at most M — 1 given by

M-1
D(t)= > dicos(it) (t€R).
=0

Hence d* V y/(z) = o implies that t; = 5zt € [0, 7] (j = 1,..., M) are roots of D.
These M roots are distinct, because 0 < ny < ... < ny < 2N. But this is impossible,



since the even trigonometric polynomial D # 0 of degree at most M — 1 cannot have M
distinct roots in [0, w]. Therefore, V j/(x) is nonsingular.

If h(uny;) =0 for j =0,...,M — 1, then Vj;(x) c = o. Since V j;(x) is nonsingular, ¢
is equal to o, such that h is identically zero.

2. The factorization (2.7) of the T+H matrix H ;(0) follows immediately from (2.5).
Sincec; #0 (j = 1,..., M), diag c is nonsingular. Further the Vandermonde-like matrix
V () is nonsingular, such that H j;(0) is nonsingular too. [ ]

Introducing the matrix

010 00 —po
1 1 0 0 —P1
1 0 0 —P2
Py:= | i S € R
000 ... 01 —PM-3
000 ... 10 1—PM72
000 ... 01 —PM-1

and using the linear system (2.6), we see that
Hy(0)Py=Hpy(1)+ (0o h(0) ... h(M-2))
with the T+H matrix
Hy(1):= (1) h(2) ... h(M) )= (hjrxp1+hyor_); o € R

This T+H matrix has the following properties:
Lemma 2.3 The T+H matriz H (1) can be factorized in the following form

Ha(1) = 2V () (diag €) Vi ()T (2.8)
with the Vandermonde-like matriz V' (x) := (Tk(mj))iwj:l . Further the matrices H pr(1)

),

and V'y;(x) are nonsingular.

Proof. 1. By Lemma 2.1 we know that

M

> (hjsn+hyj_g)pe =0 (j=0,...,2N = M —1).
k=0

Consequently we obtain

H 1 (0) (pe)ilyt = —h(M),  Hpy(1) (prs1)ry' = —po h(0),

where

M
_ M-l (_\M H nym
0 - HeeeN =



does not vanish. This implies that
h(M) € span{h(0),...,h(M — 1)}, h(0) € span{h(1l),...,h(M)}.

Thus we obtain that rank H 5/(0) = rank H /(1) = M.
2. The (j, k)th element of the matrix product 2 V y;(z) (diagc) V', (x)T can be analo-
gously computed as (2.5) such that

M
2> o1 Ty (ung) Ty (un k) = hjiksr + g1 -
=1
Since H (1), Vy(x), and diagc are nonsingular, it follows from (2.8) that the Van-
dermonde-like matrix V() is nonsingular too. [ ]

In the following Lemmas 2.4 and 2.5 we show that the zeros of (2.3) can be computed
via an eigenvalue problem. To this end, we represent the Chebyshev polynomial T, in
the form of a determinant.

Lemma 2.4 Let M be a positive integer. Further let Ej; := diag (%, L...,D)TerM
and the modified shift matrix
010 000
1 1 000
1 000
— (5. , M-1 _ : MxM
Sy = (5j—k—1 + 5J—k+1)j,k:0 = : eR .
0 00 010
000 1 0 1
0 00 01

Then
det 2Epyz—Sy) =Tu(z) (x€R).

Proof. We show this by induction. For M = 1 and M = 2 it follows immediately the
assertion. For M > 3 we compute the determinant

zx -1 0 ... 0 0 O
-1 2z -1 ... 0 0 O
0O -1 22z ... 0 0 O
o o0 0 ... 2z -1 O
o o0 0 ... -1 22 -1
0 0 0 0 -1 2z

using cofactors of the last row (cf. [11, p. 18]). Then we obtain the known recursion
of the Chebyshev polynomials Ths(x) = 2z Ta—1(x) — Thar—2(z) (see [11, p. 2]). This
completes the proof. |

Now we show that % Eﬁ P, is the companion matrix of the Prony polynomial (2.3) in
the Chebyshev-1 basis.



Lemma 2.5 Let M be a positive integer. Then %E;j Py is the companion matriz of
the Prony polynomial (2.3) in the Chebyshev-1 basis, i.e.

det (22 Epp — Pyy) =2V det (v 1y — %E;j Py)=P(z) (z€R).

Proof. Applying Lemma 2.4, we compute det (2x Ej; — Pj) using cofactors of the last
column. Then we obtain

M—1
det (2z Ep — Pyy) = Tu(z) + Z mTi(x) = P(x) (ze€R).
1=0

Otherwise it follows that
1
det (22 Epy — Pay) = det (2 Epy) det (2 Iy — 3 E,} Py)
with det (2 Ep7) = 2M~1. This completes the proof. [ ]

Theorem 2.6 Let M and N be integers with 1 < M < N. Let h be a M-sparse
polynomial of maxzimum degree 2N — 1 in the Chebyshev-1 basis.

Then the M coefficients ¢; € R (j = 1,...M) and the M nonnegative integers n;
(j = 1,...M) of (1.1) can be reconstructed from the 2M samples hy = h(cos z22-)
(k=0,...,2M —1).

Proof. We form the equation (2.6). The matrix H j;(0) is nonsingular by Lemma 2.2. By
Lemma 2.5, the eigenvalues of the companion matrix % Eﬁ P of the Prony polynomial
(2.3) in the Chebyshev-1 basis coincide with the zeros of (2.3). Note that

PM:SM—(O ... O p)

i.e., we compute the zeros of the Prony polynomial (2.2) as an eigenvalue problem such
that we obtain the nonnegative integers n; (j = 1,...M). We form the Vandermonde-
like matrix V() with z; = Ty, (un) (j = 1,..., M), which is nonsingular by Lemma
2.2, and obtain finally the coefficients ¢; e R (j =1,..., M). [ |

Thus we can summarize:

Algorithm 2.7 (Prony method for sparse Chebyshev-1 interpolation)
Input: hi, = h(uny) € R (k=0,...,2M — 1), M € N Chebyshev-1 sparsity of (1.1).

1. Solve the square system
H(0) (p;);5" = —h(M).

2. Determine the simple roots x; (j = 1,... M) of the Prony polynomial (2.3), where
1>x1 >0 >...>x) > —1, and compute then n; := [2]\;71 arccosz;] (j =1,..., M),
where [z] := |z + 0.5] means rounding of x € R to the nearest integer.




3. Compute ¢c; € R (j =1,..., M) as solution of the square Vandermonde-like system
V(@) e= (hi)ply'

with ¢ := (cj)jj‘/il .

Output: nj € Ng (0<n; <na <...<ny <2N),¢;eR (j=1,...,M).

Now we show that the matriz pencil method follows directly from the Prony method. In
other words, the matrix pencil method is a simplified Prony method. First we observe
that

H (0) =2V () (diage) V()T

Since ¢; #0 (j =1,..., M), the matrix H;(0) has the rank M and is invertible. Note
that the Chebyshev-1 sparsity of the polynomial (1.1) coincides with the rank of H 5;(0).
Hence we conclude that

det(QxHM(O)EM—HM(O)PM) = det(HM(O))det(QxEM—PM)
= det (Hp(0)) P(x)

such that the eigenvalues of the square matriz pencil
22 Hy(0) Ey — Hy(0) Py (2 € RM) (2.9)

are exactly z; = cos 3xi5 € [-1,1] (j = 1,...,M). Each eigenvalue z; of the matrix
pencil (2.9) is simple and has a right eigenvector v = (vk)]szf)l with

vp—1 = Tav(zj) = ZPsziﬁg

The other components vy;_o, ..., vg can be computed recursively from the linear system
P MYV = 2 Zj E M7D.

Hence we obtain H j;(0) Pyv = 2x; Hj(0) Ep v, where the matrices can be repre-
sented in the following form

Hy(0)Py = Hy(l)+ (o h(0) ... h(M-2)),
2Hy(0)Ey = Hy(0)+ (o0 h(1) ... h(M-1)).

Example 2.8 In the case M = 3 we have to solve the linear system

01 —Po Vo €50
10 1—-pm vy | = 2zju;
01 —po V9 2xj vo
with
TS x] ZPZTZ 37]



Then we determine the other components of the eigenvector v = (v)7_, as
v = —p1To(z;) — 2po + p2) Ti(z;) — pr Ta(z;) ,
vo = —(po+p2)To(x;) — 2p1 Ta(x;) — 2po To(z;) -
O

In the following, we factorize the square T4+H matrices H j/(s) (s = 0, 1) simultaneously.
Therefore we introduce the rectangular T+H matrix

Hvr = ( Hy(0) Hpy(1)(1:M, M) )= ( h(0) h(1) ... h(M)) (2.10)

such that conversely
Hy(s)=Hypy(1:M,1+s:M+s) (s=0,1). (2.11)
Then we compute the QR factorization of H ps a1 with column pivoting and obtain
H 1 My = Qpp Ry
with an orthogonal matrix Q,;, a permutation matrix Ilj;41, and a trapezoidal ma-
trix Ry p41, where RM7M+1(1 : M, 1: M) is a nonsingular upper triangular matrix.
Note that the permutation matrix IIs41 is chosen such that the diagonal entries of
Ry v+1(1: M, 1: M) have nonincreasing absolute values. Using the definition
Sais1 = Ry Mg
we infer that by (2.11)
H(s) =Qp Su(s) (s=0,1),

where
Su(s) =Sum1(l:M,1+s:M+s) (s=0,1).

Hence we can factorize the matrices 2 H ;(0) Ep and H j;(0) Py in the following form

2Hu(0) By = Hu(0)+ (0 k(1) ... h(M=1))=Qy80),
Hy(0)Py = Hy(1)+ (o h(0) ... h(M—2))=Q,Sy(1),
where
S (0) = Sy(0)+ (o Sy(1)(1:M,1:M-1)), (2.12)
Shy(1) = Sy()+ (o Su(O)(1:M,1:M-1)). (2.13)

Since @, is orthogonal, the generalized eigenvalue problem of the matrix pencil (2.9)
is equivalent to the generalized eigenvalue problem of the matrix pencil

©84,(0) = $3(1) = 83,(0) (2 Tar — (S3,(0)) ' Sh(1)) (= €R).

Since H 57(0) is nonsingular by Lemma 2.2, the matrix 2 H 5;(0) Ej; is nonsingular too.
Hence S%,(0) = 2Q%, H(0) E )y is invertible.

We summarize this method:

10



Algorithm 2.9 (Matrix pencil factorization based on QR decomposition for sparse
Chebyshev-1 interpolation)

Input: hi, = h(uny) € R (k=0,...,2M — 1), M € N Chebyshev-1 sparsity of (1.1).

1. Compute the QR factorization with column pivoting of the rectangular T+H matrix
(2.10) and form the matrices (2.12) and (2.13).

2. Determine the eigenvalues x; € [—1, 1] (j =1,..., M) of the square matrix
-1
(S3(0) " S (1),
where x; are ordered in the following way 1 > x1 > x9 > ... > x) > —1. Form
nj = [2]\;7_1 arccosz;] (j=1,...,M).

3. Compute c; € R (j =1,..., M) as solution of the square Vandermonde-like system
Vau(x)e= (hi)ply!

with @ := (xj)j]\/il and ¢ := (cj)j]\/i1 .

Output: nj € Ng (0<n; <na <...<ny <2N),¢;eR (j=1,...,M).

In contrast to Algorithm 2.9, we use now the singular value decomposition (SVD) of the
rectangular Hankel matrix (2.10) and obtain a method which is known as the ESPRIT
method. Applying the SVD to H s 741, we obtain

Hyrp41=Up Dapprsa W

with orthogonal matrices U ps, W pr41 and a diagonal matrix Dy pr41, whose diagonal
entries are the ordered singular values o1 > 02 > ... > o > 0 of H j7p741. Introducing

Dy =Dy (1: M, 1: M), W1 :=Wypa(1: M, 1:M+1),
we can simplify the SVD of (2.10) by
Hy o1 =Upy Dy Wyngr -
Note that W ar ar41 W}4,M+1 = I,s. Setting
Wu(s) =Wy (1: M, 14+s:M+s) (s=0,1),

it follows from (2.11) that H p;(s) = Uy Dy Wa(s) (s = 0, 1). Hence we can factorize
the matrices 2 H /(0) Eps and H 3;(0) Py in the following form

2Hy(0)Ey = Huy(0)+ (o0 h(l) ... h(M—1))=Uy Dy Wy(0),
Hy(0)Py = Hy(l)+ (o h(0) ... h(M-2))=UyDyWjy(l),
where
Wi (0) == Wy0)+(o Wy)(1:M,1:M—-1)), (2.14
w(l) = Wy)+ (o Wy(0)(1:M,1:M-1) 2.15)

11



Clearly, W/, (0) = 2 D} U}, H(0) E)y is a nonsingular matrix by construction. Then
we infer that the generalized eigenvalue problem of the matrix pencil (2.9) is equivalent
to the generalized eigenvalue problem of the matrix pencil

TWhi(0) = Wiy (1) = Wi (0) (w Tar = (Why(0)) ™ Wi (1))
since U s is orthogonal and D), is invertible. Therefore we obtain that
Py = (Hy(0)) ' Uy Dy Wi(1).

Algorithm 2.10 (ESPRIT method for sparse Chebyshev-1 interpolation)

Input: hy e R (k=0,...,2M — 1), M € N Chebyshev-1 sparsity of (1.1).

1. Compute the SVD of the Hankel matrix (2.10) and form the matrices (2.14) and
(2.15).

2. Determine the eigenvalues x; € [-1,1] (j=1,... M) of (W’M(O))_l W', (1), where

x; are ordered in the following form 1 > x1 > xo > ... > xpy > —1. Form nj :=
[28=L arccos 2] (5 =1,..., M).
3. Compute the coefficientsc; € R (j = 1,..., M) as solution of the square Vandermonde-

like system
Va(z)e= (hi)ply'

with @ := (z;)}L, and ¢ := (¢;)}L;.

Output: nj € Ng (0<n; <na <...<ny <2N),¢;eR (j=1,...,M).

Remark 2.11 The last step of the Algorithms 2.7 — 2.10 can be replaced by the compu-
tation of the real coefficients ¢; (j = 1,..., M) as least squares solution of the overdeter-
mined Vandermonde-like Viopr () € = (hk)ifo_l with the rectangular Vandermonde-

like matrix

oM —1,M nikm \oM—1,M
Vomm(z) = (Tk(xj))k:l),jzl = (cos 2]\? _ 1)k:o,j=1 :

O

In the case of sparse Chebyshev-1 interpolation of (1.1) with known Chebyshev-1 sparsity
M, we have seen that each method determines the eigenvalues x; (j =1,..., M) of the
matrix pencil 2x Ey; — Py, where %E]T/[l P, is the companion matrix of the Prony
polynomial (2.3) in the Chebyshev-1 basis.

3 Interpolation for unknown Chebyshev-1 sparsity

Now we consider the more general case of interpolation of the sparse polynomial (1.1)
with unknown Chebyshev-1 sparsity M. Let L € N be convenient upper bound of the
sparsity M with M < L < N. In order to improve the stability, we allow to choose more
sampling points. Therefore we introduce an additional parameter K with L < K < N
such that we use K + L sampling points of (1.1), more precisely we assume that noiseless

12



sampled data hy = h(uny) (k=0,...,L+ K — 1) are given. With the L 4+ K sampled
data hy € R (k=0,...,L + K — 1) we form the rectangular T+H matrices

Hgrr = (higm + h|l—m|)l{(n;’0La (3.1)

Hir(s) = (hpmes + Biomes)iosy — (5=0,1). (3.2)
Then H (1) is a shifted version of the T+H matrix H g 1,(0) and

Hygry = (Hgp(0) Hgp(1)(1:K, L) ),

Hg(s) = Hgrpi(1:K,14+s:L+s) (s=0,1). (3.3)

Note that in the special case M = L = K we obtain again the matrices (2.10) and
(2.11). Using the coefficients px (k = 0,...,M — 1) of the Prony polynomial (2.3),
we form the vector p; := (pk)i’;ol with pys = 1, pyy1 = ... = pr—1 = 0. By
S, = (5k7l71 + 5’“*”1)15,;:10 we denote the sum of forward and backward shift matrix,
where J, is the Kronecker symbol. Analogously, we introduce py,, := (pk)£:0 with

. L
pr:=0,if L > M, and Sp11 := (5k—l—1 + 5k—l+1)k,l:0'

Lemma 3.1 Let L, K, M, N € N with M < L < K < N be given. Furthermore, let
hi = h(ung) (k=0,...,L+ K — 1) be noiseless sampled data of the sparse polynomial
(1.1) with ¢; e R\ {0} (j=1,...,M). Then

rank Hg ;11 =rank Hg r(s) =M (s=0,1). (3.4)

If L =M, then null H ¢ pr41 = span{py;,1} and null Hg p(s) = {o} for s =0, 1. If
L > M, then

null Hg 141 = span{pr i, SL+1Pr 1, ~-,5£ﬁpr+1}7
nll Hi 1(s) = span{pr, Srp;s, ...,Sf_M_lpL} (s=0,1)
and
dim(mullHgr+1) = L—-—M+1,
dim(mullHg1(s)) = L—-M (s=0,1).
Proof. 1. For z; =T, (un) (j = 1,..., M), we introduce the rectangular Vandermonde-
like matrices
o KM nj(k —1)m\ kM
Viu(x) = (Tkz—1($j))k,j:1 = (COS ﬁ)k’j:17 (3.5)
/ _ WEM njkm KM
kum(®) = (Tk(xj))k,jzl = ((cos ON — l)k,jzl’

which have the rank M, since V p/(x) and V', (x) are nonsingular by Lemmas 2.2 and
2.3. Then the rectangular T+H matrices (3.1) and (3.2) can be factorized in the following

13



form

Hyipy1 = 2Vgy(x)(diage) Vigu(z)?t,
HK7L(O) = 2 VK’M(CL') (diag C) VL,M(J:)T s
Hyp(1) = 2Viu(z) (diage) Vi ()"

with © = (x]) 7, and ¢ = (c])Jj\il. This can be shown in similar way as in the proof

of Lemma 2.2. Since ¢; # 0 and since x; € [—1, 1] are distinct, we obtain (3.4). Using
rank estimation, we can determine the rank and thus the Chebyshev-1 sparsity of the
sparse polynomial (2.3). By (3.4) and Hg 141 P11 = 0 (see (2.4)), the 1-dimensional
null space of Hg 141 is spanned by p;;, . Furthermore, the null spaces of H 1,(s) are
trivial for s =0, 1.

2. Assume that L > M. From

M
> pm (higmes + hi—m—s) =0 (1=0,...,2N =M —s—1;s=0, 1)
m=0
it follows that '
Hg 1+1 (SJLHpLH) =0 (j=0,...,L—-M)

and analogously
Hir(s)(S,p)=0 (j=0,....,L—M—1;5=0,1),

where o denotes the corresponding zero vector. By pps = 1, we see that the vectors
SL+1 Pri1 (j=0,..., L—M)and SipL (j=0,..., L—M—1) are linearly independent
and located in null H K,L+1, and null Hg 1,(s), respectively.

3. Let again L > M. Now we prove that null H ;. is contained in the linear span
of the vectors 8} . ,p; 1 (j =0,...,L — M). Let u = (u), € RET! be an arbitrary
right eigenvector of H g 141 related to the eigenvalue 0 and let U be the corresponding
polynomial

L
=> wTi(z) (z€R).
=0

Using the noiseless sampled data hy = h(uyy) (k=0,...,2N — 1), we obtain

M

L L

= > i+ Bt = >t (D €5 [Ty (v sm) + Toy ()]
m=0 m=0 7j=1

Thus by Tnj (UN,l—i-m) +Tnj (UN,|lfm\) = Tl—i—m(‘rj) +T|lfm| (‘TJ) =2 Tl(xj) Tm(xj) it follows

that

M
0:2Zcﬂ}(a:j)U(xj) (1=0,....,2N —L—1)

and hence by (3.5)
M

VK7M(CC) (Cj U(a:j))j:1 = 0.
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Since z; € [-1, 1] (j =1,..., M) are distinct by assumption, the square Vandermonde-
like matrix Vps(x) is nonsingular by Lemma 2.2. Hence we obtain U(z;) = 0 (j =
1,...,M) by ¢; # 0. Thus it follows that U(x) = P(z) R(x) with certain polynomial

L—-M
R(z) = Z e Tp(x) (r € R;rp € R).
k=0

But this means for the coefficients of the polynomials P, R, and U that

1 1 _
w=ropy 1+ 51 S Pror o 5L ST Pra -

2 2
Hence the vectors S]LH Pri1 (J=0,...,L — M) form a basis of null H g 1,41 such that
dim(null H g 141) = L— M+ 1. Similarly, one can show the results for the other Hankel
matrices (3.2). This completes the proof. [ ]

The Prony method for sparse Chebyshev-1 interpolation (with unknown Chebyshev-1
sparsity M) is based on the following result.

Lemma 3.2 Let L, K, M, N € N with M < L < K < N be given. Let hy = h(un)
(k=0,...,L+ K — 1) be noiseless sampled data of the sparse polynomial (1.1) with
c; € R\ {0}. Then following assertions are equivalent:

(i) The polynomial

L
Q(z) = qu Ti(z) (z€R;qr:=1) (3.6)
k=0

with real coefficients q has M distinct zeros xj € [—1,1] (j =1,...,M).

(ii) The vector q = (qk)é;g s a solution of the linear system

Hy1(0)g=—h(L) (h(L):= (hrsm +hipm)r_o)- (3.7)
(iii) The matriz Q, := S — ( o ... 0 ¢q ) € REXL has the property
Hg(00Q,=Hrkr(1)+ (o0 h(0) ... h(L-2)). (3.8)

Further the eigenvalues of % EZI Q; coincide with the zeros of the polynomial (3.6).
Proof. 1. From (i) it follows (ii): Assume that Q(z;) =0 (j = 1,...,M). For m =
0,..., K, we compute the sums

L

Sm = Z(hk+m + h|kfm|) qk -
k=0

Using hy, = h(uny) (E=0,...,2N — 1), (1.1), and the known identities (see e.g. [11,
p. 17 and p. 31])

2T;(2) Ti(x) = Tjsn(x) + Tjopy (@), T3 (Ti(2)) = Tipu(@)  (j, k € No)
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we obtain

L
Smo = Y Gk [h(Tker(uN)) + h(T\k:—m|(uN))}

k=0
M L M

= > ad a [Tk+m 1) + Tjg—mm| (T1) } =2 ¢ Tm(z) Q(zy) =0.
I=1 k=0 I=1

By ¢z = 1 this implies that

L—1

Z(hk-‘rm + h|k—m|) qr = —1 (hL+m + h\L—m|) (m =0,... ,K) :

k=0

Hence we get (3.7).
2. From (ii) it follows (iii): Assume that g = (ql)lL:_o1 is a solution of the linear system
(3.7). Then by

_ . K—1 .
Hg 1(0) ()52 = h(j) = (hrsy+ Me—jl)jmo (G =1,-..,L=1),
K—1
—Hg(0)g = h(L)= (hatr +hp-r)) g -

we obtain (3.8) column by column.
3. From (iii) it follows (i): By (3.8) we obtain (3.7), since the last column of Q reads
(0 L_Q_j)]L:_OI — g and since the last column of

Hg()+ (o h(0) ... h(L-2))

is equal to h(L) + h(L — 2). Then (3.7) implies

L
> (Mm + b)) e =0 (m=0,..., K).
k=0

As shown in the first step, we obtain
Y aTm(z) Q) =0 (m=0,...,K),

i.e. by (3.5) finally Vg m(z) (¢ Q(wl))f\il = 0. Especially we conclude that

M
V oy (x) (cl Q(JL'Z))IZ1 =o0.
Since z; € [-1,1] (j = 1,..., M) are distinct, the square Vandermonde-like matrix

V u(z) is nonsingular by Lemma 2.2 such that Q(z;) =0 (j=1,...,M).
4. From Lemma 2.5, it follows that

det (22 E;, — Q) =Q(z) (z€R).
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Hence the eigenvalues of the square matrix %Ezl Q; coincide with the zeros of the
polynomial (3.6). This completes the proof. [ |

In the following, we denote a polynomial (3.6) as a modified Prony polynomial of degree
L (M < L < N), if the corresponding coefficient vector g = (qk)ﬁ;& is a solution of the
linear system (3.7). Then (3.6) has the same zeros z; € [—1, 1] (j = 1,...,M) as the
Prony polynomial (2.3), but (3.6) has L — M additional zeros, if L > M. The eigenvalues
of %Ezl Q) coincide with the zeros of the polynomial Q.

Now we formulate Lemma 3.2 as an algorithm. Since the unknown coefficients ¢; (j =
1,..., M) do not vanish, we can assume that |c;| > ¢ for convenient bound ¢ (0 < € < 1).

Algorithm 3.3 (Prony method for sparse Chebyshev-1 interpolation)

Input: L, K, N e N (N> 1,3< L < K <N, L is upper bound of the Chebyshev-1
sparsity M of (1.1)), hy = h(uni) € R (k=0,...,L+ K —-1),0<e < 1.

1. Compute the least squares solution q = (qk)ﬁgol of the rectangular linear system (3.7).
2. Determine the simple roots &; € [—1,1] (j = 1,.. ., M) of the modified Prony
polynomial (3.6), i.e., compute all eigenvalues Z; € [ —1,1] (j = 1,...,M) of the
companion matrix %Ezl Q. Assume that ; are ordered in the following form 1 >
Ty >33 >...> 2y > —1. Note that rank H g 1,(0) = M < M.

3. Compute¢; € R (j =1,..., M) as least squares solution of the overdetermined linear
Vandermonde-like system

V(@) ()75 = ()2

with & = ()M, and V ;e o(@) = (Tu(3;), 50 o)

4. Delete all the &; (I € {1,..., M} with |¢| < e and denote the remaining values by xj
(j=1,...,M) with M < M. Calculate n; := (221 arccos ;] (j =1,...,M).

5. Repeat step 3 and compute ¢ = (cj)jj‘il € RM a5 least squares solution of the
overdetermined linear Vandermonde-like system

Viirm(®) e = (hp)ptd

L+K—-1,M _ (C n;km )L+K71,M

with © = (xj)j]\/il and VL-',—K,M(:E) = (Tk($j))k:07j:1 IN—1)k=0,j=1

Output: M e N, nj e Ng (0<n; <na<...<ny <2N),¢cGeR(j=1,...,M).

Now we show that the Prony method for sparse Chebyshev-1 interpolation can be sim-
plified to a matrix pencil method. As known, a rectangular matrix pencil may not have
eigenvalues in general. But this is not the case for our rectangular matriz pencil

22 Hy 1 (0) Ep, — H1(0) Q| (3.9)

which has z; € [-1, 1] (j = 1,..., M) as eigenvalues. Note that by (3.8) both matrices
Hg 1(0) Ef, and H 1,(0) Q, are known by the given sampled data hy (k =0,...,2N —
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1). The matrix pencil (3.9) has at least the eigenvalues z; € [-1,1] (j =1,...,M). If
v € C is a right eigenvector related to xj, then by

(2l‘j HK,L(O) EL — HK,L(O) QL) vV = HK7L(O) (ij EL — QL) v
and
det (ij Ep — QL) = Q(l‘]) =0

we see that v = (vk)ﬁ;g is a right eigenvector of the square eigenvalue problem
|
3 E, " Qpv=uzv.

A right eigenvector can be determined by

L1
v =Tolx;) ==Y aTi(x)),
1=0

whereas the other components vy_o, ..., vg can be computed recursively from the linear
system
Qrv=2z;Epv.

Now we factorize the rectangular T4+H matrices (3.2) simultaneously. For this reason, we
compute the QR decomposition of the rectangular T+H matrix (3.1). By (3.4), the rank
of the T4+H matrix Hg 141 is equal to M. Hence H 111 is rank deficient. Therefore
we apply QR factorization with column pivoting and obtain

Hgp 11 =Ug Rg 111

with an orthogonal matrix U g, a permutation matrix Iy, 1, and a trapezoidal matrix

R _<RK,L+1(1:M,1:L+1)>
K,L+1 — 3

Ok—_M,14+1

where Ry r41(1 : M, 1 : M) is a nonsingular upper triangular matrix. By the QR
decomposition we can determine the rank M of the T+H matrix (3.1) and hence the
Chebyshev-1 sparsity of the sparse polynomial (1.1). Note that the permutation matrix
I 11 is chosen such that the diagonal entries of Ry r41(1: M, 1 : M) have nonincreas-
ing absolute values. We denote the diagonal matrix containing these diagonal entries by
D,,. With

S 1:M,1:L+1
S+ = R Il = < KL+1( ) > ;

3.10
Ox_M,1+1 (3.10)

we infer that by (3.3)
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with
Skr(s)=8Skr+1(1: K,1+s:L+s) (s=0,1).

Hence we can factorize the matrices 2 Hg 1,(0) Ey, and Hg (0) Q; in the following
form

2Hk1(0)Er = Hgr(0)+ (o h(1) ... h(L—-1))=UgS%(0),
Hygr(0)Q, = Hgr(1)+ (o h(0) ... h(L-2) )=Ug Sk (1),
where
/K,L(O) = SK7L(O)+( o SKyL(l)(l:K, 1:L—1) ) ,
/K,L(l) = SK,L(1)+( o SK7L(0)(1:K, 1:L—1) ) .

Since U g is orthogonal, the generalized eigenvalue problem of the matrix pencil (3.9) is
equivalent to the generalized eigenvalue problem of the matrix pencil

xSk (0) = Sk (1) (z€R).
Using the special structure of (3.10), we can simplify the matrix pencil
fL'TM,L(O)_TM,L(l) (QZER) (3.11)

with
Tyr(s)=8Skr(l:M,1+s:L+s) (s=0,1). (3.12)

Here one can use the matrix Dj; as diagonal preconditioner and proceed with
v (s) = Dy Tarr(s). (3.13)

Then the generalized eigenvalue problem of the transposed matrix pencil

z TIM,L(O)T - /M,L<1)T

has the same eigenvalues as the matrix pencil (3.11) except for the zero eigenvalues and
it can be solved as eigenvalue problem of the M-by-M matrix

FF = (Thy ,(0)) Ty ()T (3.14)
Finally we obtain the nodes z; € [-1, 1] (j =1,..., M) as the eigenvalues of (3.14).

Algorithm 3.4 (Matrix pencil factorization based on QR decomposition for sparse
Chebyshev-1 interpolation)

Input: L, K, N e N (N >1,3<L < K <N, L is upper bound of the Chebyshev-1
sparsity M of (1.1)), hi = h(uyg) €e R (k=0,...,L+ K —1).
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1. Compute QR factorization of the rectangular T+H matrix (3.1). Determine the rank
of (3.1) and form the matrices (3.12) and (3.13).

2. Determine the eigenvalues x; € [— 1, 1] (j = 1,..., M) of the square matrix (3.14).
Assume that x; are ordered in the following form 1 Ty > X9 > ... > x> —1.
Calculate nj = [22=L arccosz;] (j =1,..., M).

3. Compute the coefficients ¢; € R (j = 1,...,M) as least squares solution of the
overdetermined linear Vandermonde-like system

Vi (®) ()il = (hi)pts ™

L+K-1,M ( n;km )L—O—K—I,M
k=0,j=1 — \COSoN—T)k—0,j=1

Output: M e N, nj e Ng (0<n; <na<...<ny <2N),¢cGeR(G=1,...,M).

with @ := (Jij)jj\il and Vg () := (Tk‘(xj))

In the following we derive the ESPRIT method by similar ideas as above, but now we
use the SVD of the T+H matrix (3.1), which is rank deficient by (3.4). Therefore we
use the factorization

Higr1=UgDgrp Wiy,

where U i and W1 are orthogonal matrices and where Dy 141 is a rectangular diag-
onal matrix. The diagonal entries of D 1 are the singular values of (3.1) arranged
in nonincreasing order o1 > 09 > ... > oy > op41 = ... = 0141 = 0. Thus we can
determine the rank M of the Hankel matrix (3.1) which coincides with the Chebyshev-1
sparsity of the polynomial (1.1). Introducing the matrices

. . M
Dgay = Dgpa(l:K, 1:M)= < dlgg<aﬂ)ﬂzl > :
K—M,M
Wura = Wra(1:M,1:L+1),
we can simplify the SVD of the Hankel matrix (3.1) as follows
Higr1=UgDgy Wyt
Note that Wy 141 W}/I,LH = I,;. Setting
WM7L<8>=WM7L+1(1:M, 1+8:L—|—S) (SZO, 1), (3.15)

it follows from (3.3) that Hg 1(s) = Ug Dgy Wr,n(s) (s = 0, 1). Hence we can
factorize the matrices 2 H 1,(0) Er and H g 1,(0) Q, in the following form

2HK,L(0)EL = HK,L(O)-F(O h(l) h(L—l)):UKD[gMW/K’L(O),
Hg(00Q, = Hgir(1)+ (o h(0) ... h(L—2) )=UgDry Wi (1),

where

Wi (0) == Wgr(0)+(o Wgr(1)(1:K,1:L—-1)),
Whr(1) = Wgr(l)+ (o Wgr(0)(1:K,1:L-1)).
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Since U g is orthogonal, the generalized eigenvalue problem of the rectangular matrix
pencil (3.9) is equivalent to the generalized eigenvalue problem of the matrix pencil

.’L‘DK7M W§\47L(0)_DK,M W?\J,L(l)' (3.16)
If we multiply the transposed matrix pencil (3.16) from the right side with
< diag (o5 1), )
Ox_mm ’
we obtain the generalized eigenvalue problem of the matrix pencil
T W/]\/[,L(O)T - ,M,L(I)T )

which has the same eigenvalues as the matrix pencil (3.16) except for the zero eigenvalues.
Finally we determine the nodes x; € [—1, 1] (j = 1,..., M) as eigenvalues of the matrix

F3/P = (Why (0)7) W, ()T (3.17)
Thus the ESPRIT algorithm reads as follows:

Algorithm 3.5 (ESPRIT method for sparse Chebyshev-1 interpolation)
Input: L, K, N e N (N> 1,3 <L < K <N, L is upper bound of the Chebyshev-1
sparsity M of (1.1)), hi = h(uyg) €e R (k=0,...,L+ K —1).

1. Compute the SVD of the rectangular T+H matrix (3.1). Determine the rank M of
(3.1) and form the matrices (3.15).

2. Compute all eigenvalues x; € [—1,1] (j = 1,..., M) of the square matrix (3.17).
Assume that the eigenvalues are ordered in the following form 1 > x1 > x9 > ... >
xy > —1. Calculate nj := [2]\;—_1 arccosz;] (j=1,...,M).

3. Compute the coefficients ¢; € R (j = 1,...,M) as least squares solution of the
overdetermined linear Vandermonde-like system

Viiru(®)e= (hp)pts ™!

with x := (xj)j]\il and ¢ := (Cj)j]\/il-

Output: M €N, nj e Ng (0<n; <na<...<ny <2N),¢cGeR(j=1,...,M).
4 Sparse polynomial interpolation in Chebyshev-2 basis

In the following, we sketch the sparse interpolation in another Chebyshev basis. For
n € Ny and = € (—1, 1), the Chebyshev polynomial of second kind is defined by

Un(z) := (1 — 2%) 712 sin ((n+1) arccos z)

(see for example [11, p. 3]). These polynomials are orthogonal with respect to the weight
(1 — 222 on [—1, 1] (see [11, p. 74]) and form the Chebyshev-2 basis.
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For M, N € N with M < N, we consider a polynomial h of degree at most N — 1, which
is M -sparse in the Chebyshev-2 basis, i.e.

M
x) = Z cj Up, () (4.1)
j=1

with 0 <nj; <ng < ...<ny <N —1. Note that the sparsity depends on the choice of
Chebyshev basis. Using Ty = Uy, Th = U1/2 and T,, = (U, — U,,—2)/2 for n > 2 (cf. [11
p. 4]), we obtain for N > 2

UN72+UN,1=T0+2(T1+...+TN,1).

Thus the 2-sparse polynomial Uy_s + Un_1 in the Chebyshev-2 basis is not a sparse
polynomial in the Chebyshev-1 basis. For shortness, we restrict us on the discussion of
the sparse polynomial interpolation in the Chebyshev-2 basis. But we emphasize that
one can extend this approach the Chebyshev polynomials of third and fourth kind (see
[11, p. 5]), which are defined for n € Ny by

cos((n + ) arccos z) sin((n + ) arccos z)

Va(x) == T , Wh(z) = — (re(-1,1)).
cos(; arccos ) sin(; arccos )
Substituting = = cost, we obtain for all ¢ € [0, 7]
M
sint h(cost) ch sin ((n; +1)t)).
7=1
By sampling at t = 5375 (kK =0,...,2N — 1), it follows that
~ 7r M k
hy := sin 2N—1h(COS 2N—1 ;c] sin ((n; + 1) m)) (4.2)
Further we set h_j, := —hy, (k = 1,...,2N —1). In this case, we introduce the Prony
polynomzial by

=21 H (- cos 20T, (43)

which can be represented again in the Chebyshev-1 basis in the form

_ M
z) =Y mTi(z) (pa=1).
=0

The coefficients p; of the Prony polynomial (4.3) can be characterized as follows:
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Lemma 4.1 For all k =0,...,2N — 1, the scaled sampled values (4.2) and the coeffi-
cients p; of the Prony polynomial (4.3) fulfil the equations

M-1

Z (iljJrk - }Nljfk)pj = _(BM+k - ilek) .
=0

j=
Proof. Using sin(a + ) — sin(a — §) = 2 sin« cos 3, we obtain for j,k=0,..., M

;Az

l+1 wk (nl+1)7rj
=2 . 4.4
hj—g chsm N 1 cos SN 1 (4.4)

Note that the equation (4.4) is trivial for k¥ = 0 and therefore omitted. From (4.4) it
follows that
M

j;o(ﬁjﬂc —hj-K)p; = 2 ]ij ZCz sin 712;;1 lk cos (n;]:;i)f]
J (m+ )k 5, (g +1)7j
- 2;”1“ onv—1 (s T =0
By pas = 1, this implies the assertion. ]
If we introduce the T+H matrix
M,M—1

HM( ) = (BjJrk Ej*k)k:Lj:O
-1

and the vector h(M) := (hary,—har—x)2L,, then by Lemma 4.1 the vector p := (pj)j]\io
is a solution of the linear system

H(0)p=—h(M). (4.5)
By (4.4), the T4+H matrix H ;(0) can be factorized in the form
H(0) =2V, (diage) (V)" (4.6)
with the Vandermonde-like matrices

1 '\ M—1,M Drk\M
(TL[‘F )ﬂ—j) VS — (Sin(nl+ )7T )kl )

V§ ;:( =
MAZ A\ N T Jjmogm UM N — 1

and the diagonal matrix of ¢ = (¢;)M /=1- Both Vandermonde-like matrlces are nonsmgular
Assume that V'§; is singular. Then there exists a vector d = (d ) Mot £ o with d® =

o'. Introducing
M—1

d; cos(lx),
1=0

this even trigonometric polynomial of order at most M —1 has M distinct zeros (gﬁ_l)lﬂ €

(0, 7] (j =1,..., M). But this can be only the case, if D vanishes identically. Similarly,
one can see that V3, is nonsingular too. From (4.6) it follows that H ;(0) is also
nonsingular. Thus we obtain:
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Algorithm 4.2 (Prony method for sparse Chebyshev-2 interpolation)
Input: by € R (k=0,...,2M —1), M € N Chebyshev-2 sparsity of (4.1).

1. Solve the square linear system (4.5).

2. Determine the simple roots &; (j = 1,... M) of the Prony polynomial (4.3), where

1>21 > > ... > 2y > —1, and compute then n; := [QN% arccos ;] — 1 (j =

1,...,M).

3. Compute c; € R (j =1,..., M) as solution of the square Vandermonde-like system
Vire= ()il

with ¢ := (cj)j]‘/il .

Output: nj € Ng (0<n1 <na <...<ny <2N),¢;eR (j=1,...,M).

Immediately we can see that the Algorithms 3.4 and 3.5 can be generalized in a straight-
forward manner, since the Prony polynomial P is represented in the Chebyshev-1 basis.
We will denote these generalizations by Algorithms 3.4 and 3.5, respectively.

5 Numerical examples

Now we illustrate the behavior and the limits of the suggested algorithms. Using IEEE
standard floating point arithmetic with double precision, we have implemented our al-
gorithms in MATLAB. In the Examples 5.1 — 5.3, an M-sparse polynomial is given in
the form (1.1) with Chebyshev polynomials 7),; of degree n; and real coefficients c; # 0
(j=1,...,M). We compute the absolute error of the coefficients by
- A — (e VM
e(e) : j:r?,?fM lcj — ¢ (e (CJ)le) )

where ¢; are the coefficients computed by our algorithms. In Example 5.4 we generalize
the method to a sparse nonpolynomial interpolation. Finally in Example 5.5, we present
an example of sparse polynomial interpolation in the Chebyshev-2 basis.

Example 5.1 We start with the following example. We choose M =5, ¢; = j, un =
cos 5x— and (ni,n2,n3,n4,n5) = (6,12,176,178,200) in (1.1). The symbols + and —
in the Table 5.1 mean that all degrees n; are correctly reconstructed and accordingly
the reconstruction fails. Since after a successful reconstruction the last step is the same
in the Algorithms 3.3 — 3.5, we present the error e(c) in the last column of the Table
5.1. O

Example 5.2 It is difficult to reconstruct a sparse polynomial (1.1) in the case, if
some degrees n; of the Chebyshev polynomials 7),; differ only a little. Therefore we
consider the sparse polynomial (1.1) with (n1, ng, ng, n4,ns) = (60, 120, 1760, 1780, 2000)
and again ¢; = j (j =1,...,5). The results are shown in Table 5.2. O
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N K | L | Alg. 33| Alg. 3.4 | Alg. 3.5 e(c)
101 ) ) + + + 4.26e-14
200 5 5 + + + 7.11e-15
300 5 5 - - - -
300 | 6 5 + + + 1.38e-14
400 | 6 5 - - - -
400 7 5 + + + 3.82e-14
500 7 5 - — - -
500 8 5 - — + 7.28e-14
500 9 5 + + + 3.82e-14
1000 | 70 5 - - + 6.22e-15
1000 | 65 | 10 + + - 6.22e-15
1000 | 73 5 + + — 5.33e-15
1000 | 90 5 + + + 2.66e-15
1000 | 100 | 100 - + + 4.44e-15
Table 5.1: Results of Example 5.1.

N | K| L | Alg 33| Alg. 3.4 | Alg. 3.5 e(e)
2000 | 50 | 50 — + + 1.78e-15
4000 | 50 | 50 — + + 2.66e-15
5000 | 60 | 5 + + + 8.88e-16

Table 5.2: Results of Example 5.2.

Example 5.3 Similarly as in Example 5.1, we choose M =5,¢; =7 (j=1,...,5) and
(n1,n2,n3,n4,n5) = (6,12,176,178,200). We reconstruct the sparse polynomial (1.1)
from samples of a random Chebyshev grid. For this purpose, we choose a random integer
o € [1, N — 1] such that its inverse o~ modulo 2N — 1 exists. Assume that N fulfils the
conditions n; < 2N — 1. By

T, (un,k)

cos(

cos(
COS( (Uk)(QN—l—(U*In]- mod (2N—1)))7r

kn;m
2N —1
(ok)(01n,

)

2N—-1

mod (2N—1))7r)

2N—-1

{ Tcr—lnj mod (2N71)(UN,J/€)

if 67'n; mod (2N —1) < N,
) ifo~in; mod 2N —1) >N

if o7n; mod (2N — 1) < N,
Ton-1-(6-1n; mod 2N-1))(UNok) ifo~'n; mod 2N —-1)> N
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we are able to recover the degrees n; from the sampling set uy 1 = cos Q%Cfl for k =

0,...,K + L — 1. The main advantage is that the degrees a_lnj are much better
separated than the original degrees m;. The results are shown in the Table 5.3. Note
that the Algorithm 3.3 determines the eigenvalues Z;, which give the correct degrees n;

after step 2, but the selection of these correct degrees fails in general in step 4.

N | K| L o Alg. 3.3 | Alg. 3.4 | Alg. 3.5 e(c)
2000 | 10 | 10 | 98 = + + 2.17e-10
4000 | 10 | 10 | 3294 — + + 1.46e-05
5000 | 10 | 10 | 1586 - + + 6.08e-07
8000 | 10 | 10 | 3053 — + + 1.60e-04

Table 5.3: Results of Example 5.3.

Figure 5.1: The sparse polynomial (1.1) of Example 5.3 for N = 300 and 100 samples
with ¢ = 1 (left) and o = 251 (right).

Example 5.4 This example shows a straightforward generalization to a sparse non-
polynomial interpolation. We consider special functions the form

M

h(z) = ch cos(vj arccos(z)) (xz € [-1,1]),
j=1

where v; € R with 0 < v; < ... < vy < 2N are not necessarily integers. Using
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t = arccos(x), we obtain
M
g(t) =Y _cj cos(vt) (t €0, ).
j=1

As in Example 5.1 we choose M = 5, ¢; = j, un := cos g5— and (v1,v2,v3,v4,V5) =
(6.1,12.2,176.3,178.4,200.5). We compute the error of the values v; € R by
(Vj)js'ZI) ’

e(v) := max_ lvj — 05| (v:=

Ly

where ; are the values computed by our algorithms. This corresponding errors e(v)
are shown in the Table 5.4. We sample the function g at the nodes 211\“,7i1 for k =
0,...,L+ K — 1 and present the error e(c) in the last column of Table 5.4 based on
Algorithm 3.3. The results show that the Algorithms 3.4 and 3.5 can be used to find

the entries v; and the coefficients c;. O
N | K| L | Alg 33| Alg. 3.4 | Alg. 3.5 e(c)
120 | 10 | 10 | 1.64e+02 | 2.46e-09 | 2.48e-09 | 5.09e-09
120 | 20 | 20 | 1.23e+02 | 3.87e-10 | 3.92e-10 | 5.89¢-10

Table 5.4: Results of Example 5.4.

Example 5.5 Finally, we consider a sparse polynomial (4.1) in Chebyshev-2 basis. To
this end, we choose M = 5,¢c; =j (j =1,...,5), un := cos g— and (n1,n2,n3,n4,M5) =
(6,12,176,178,190). The symbols + and — in the Table 5.5 mean that all degrees n;
of the Chebyshev polynomials U, are correctly reconstructed and accordingly the re-
construction fails. Remember that the generalizations of Algorithms 3.4 and 3.5 for the
Chebyshev-2 basis are denoted by Algorithms 3.4 and ‘3;3, respectively. Since after a
successful reconstruction the last step is the same in our algorithms, we present the error
e(c) in the last column of the Table 5.5. From Table 5.5 we observe that the algorithms
for sparse polynomial interpolation in Chebyshev-2 basis behaves very similar as the
algorithms for sparse polynomial interpolation in Chebyshev-1 basis. 0
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N | K|L| Alg. 42| Alg. 34 | Alg. 35| e(c)
10055 + + + 2.35e-14
200 | 5 | 5 + + + 5.86e-14
300 | 5 | 5 - - - -
300 6 |5 + + + 7.84¢-02
300 7 |5 + + + 1.38¢-13

Table 5.5: Results of Example 5.5.
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