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A Parallel Bundle Method for
Asynchronous Subspace Optimization
in Lagrangian Relaxation

Frank Fischer* Christoph Helmberg*

February 14, 2012

Abstract. An algorithmic approach is proposed for exploiting parallelization
possibilities in large scale optimization models of the following generic type.
Objects change their state over time subject to a limited availability of common
resources. These are modeled by linear coupling constraints and result in few
objects competing for the same resource at each point in time.

In a kind of asynchronous parallel coordinate descent, each independent pro-
cess iteratively picks a free subset of violated constraints together with their
interacting objects, improves the corresponding Lagrange multipliers by a bun-
dle method to a certain level, and stores observed presumable dependencies
leading to increased violation of other constraints in a common dependency
graph. These dependencies have to be respected in future subset selections.
No synchronization is required between the processes, for each subproblem the
number of evaluations may differ arbitrarily. Under the assumption of bound-
edness of the set of dual optimizers we prove convergence of appropriate subse-
quences of the iterates to primal and dual optimal solutions of the relaxation.
Preliminary computational results indicate that this approach may develop into
a viable alternative to classical bundle methods using parallel evaluations.
Keywords: bundle methods, parallel programming, Lagrangian relaxation
MSC 2010: 90C06; 65Y05, 90C25, 656K05

1. Introduction

We consider the problem of solving structured optimization problems that arise from La-
grangian relaxation of linear constraints that couple a number of well solvable basic prob-
lems. Formally, given a finite number w € IN of compact ground sets 2, C R™ with
ny € Nand n:=3) _, n, forveV:={1,...,w}, the coupled problem reads

maximize h(z) =) oy ho(2y)
(P) subject to Az =1,
z=(z],...,2D)T € Q= Q,cp Q.

where hy: Q, = R, v € V, are arbitrary functions, A € RM*" b € RM with constraint
set M ={1,...,m}.

*Fakultdt fiir Mathematik, Technische TUniversitdt Chemnitz, D-09107 Chemnitz, Germany.
{frank.fischer, helmberg}@mathematik.tu-chemnitz.de



Problems of this kind appear generically in connection with multicommodity flow models
in scheduling and planning applications. In such problems a sequence of valid states has
to be determined for different objects (indexed by V') like vehicles, robots, machines where
each object requires some resources (e.g., route capacity, time slot restrictions, ...) in
each state. The schedules therefore have to be chosen so that the resource constraints
are not violated. For each object the sequence of states over time is then represented
by some time expanded network and the resource restrictions are modeled using coupling
equalities and inequalities (indexed by M). In such applications Lagrangian relaxation
and decomposition has proven to be a valuable tool, see, e. g., |5 |15, |16] for an overview
on Lagrangian relaxation and applications, [4, |11] for applications in train timetabling
and inventory management, [1| for further models based on multicommodity flows, or
[23] for stochastic programming. The increasing problem sizes in this area as well as the
availability of cheap parallel computing hardware require the development of decomposition
techniques not only on the modeling but also on the algorithmic side. We contribute to this
by proposing an asynchronous parallel approach for Lagrangian relaxation under the rather
natural assumption in this setting, that most of the coupling constraints either couple only
few subproblems or, if they couple many, coupling actually affects just a few subproblems
that try to use the corresponding resource at the same time. In this, we assume without
loss of generality (w.l.0.g.) that each row of A has at least one non-zero entry, i. e.,

Aje #0 forall j € M. (1.1)
Lagrangian relaxation is applicable if for each v € V and all y € RM the subproblem

maximize Ly, (zy,y) := hy(xy) — yTA.ma:U

(Po(y) subject to x, € €, (1.2)
can be easily solved via an oracle that returns the optimal value
fo(y) == max Ly(xy,y) (1.3)

Ty €y

and an optimal solution &,(y). The standard algorithmic approach is then to compute an
upper bound for (P) by solving the Lagrangian Dual problem of (P)

(D) min f(y):=b"y+ > fuly)

M
yer veV

via a subgradient or bundle method. Note that the optimal value of (D) may be larger than
the optimal value of (P) in general because the functions h,, v € V, may be arbitrary and
the sets {2, may be non-convex, in many applications even discrete. In fact, the optimal
value of (D) is equal to the optimal value of the following “convexified” relaxation of the
primal problem (P)

Zvev hoy(20)

maximize h(z) :
(conv P) subject to Az =

v=(27,...,20)T z, € convQ,,v eV,
where for each v € V the function h,: conv, — R is the negative closed convex hull
of —h with respect to (w.r.t.) conv(,, i.e., epi(—h,) = convepi(—h,), see, e.g., [14],
Theorem 2.12.

We propose to extend this Lagrangian approach to a fully parallel approach by itera-
tively identifying subsets of y-coordinates that can be optimized in parallel in a form of



asynchronous parallel coordinate descent, so that overall convergence to primal and dual
optimal solutions is still guaranteed whenever the set of optimizers of (D) is bounded.

Here is a brief sketch of the algorithmic idea. A master process sets up the initial global
data and then starts new parallel processes whenever less than some predefined number
of processes are running. Each single process executes the following same four steps for
solving at most one subspace optimization problem.

(a) Subspace selection: identify a “free” subset J C M together with subproblems
V; C V interacting with J, that promises a significant portion of a global predicted
decrease measure, and block both in the global data against being used in other
processes. If no appropriate subspace J is available, wait for the global data to
change and then execute this step again.

(b) Set up the subspace problem: create the data for the subspace problem. Given
the current global point g, the subproblem changes y,; and uses fixed values g\ 7,

min, [b§yJ + D max (hv(fru) — Jan s AN\ T T — y§AJ,v55v>:| -
yJj ’UEVJ v v

(c) Solve the subspace problem: perform the steps of a bundle method until a certain
stopping criterion is met.

(d) Update global data with subspace solution: check for progress impeding de-
pendencies between J and M \ J, store relevant solution and dependency information
in the global data, and free the subspace afterwards. If a certain global termination
criterion is satisfied, stop all process and the entire algorithm, otherwise stop this
process only (or continue as a new process with step (a)).

The subspace selection in step (a) will start with a single promising seed coordinate j € M
that is then possibly extended to a larger subset J according to simple rules. Improving
Lagrange multipliers on this subset may lead to increased violation of constraints in M \ J
and this may destroy convergence. If in step (d) the process detects increases in violation
of significant size, these presumable dependencies are stored in a global dependency graph
as arcs pointing form the seed j to the adverse coordinates. Future subspace selections in
step (a) with seed j will be forced to include all these presumably dependent coordinates,
as well. Note that this dynamic construction of the dependency graph requires no a priori
knowledge about the problem.

If dependencies are strong and the graph forces J = M eventually, the algorithm reduces
to the standard sequential bundle method. In large scale applications, however, strong
dependencies should only exist between rather small groups of multipliers and objects
so that several processes can be started on more or less independent subproblems. In
particular, the algorithm will be able to make good use of parallelism if the sets J and
corresponding coupled subsets of V remain small. We will therefore present two algorithmic
variants. The first and simpler variant assumes rather loose coupling in the sense that each
constraint should couple only a few objects of V. This setting is well suited for getting
acquainted with the basic mechanisms of our asynchronous parallel framework. For the
second variant we consider the more realistic scenario that most indices 7 € M represent a
resource constraint limiting the use of a specific resource at a given point in time to a few
of many potential objects. In an actual solution most of these objects will not make use
of the corresponding resource at this specific point in time. In the algorithm the states of
the objects are represented by a convex combination of primal solutions and with respect



to a current convex combination of primal solutions the corresponding Lagrange multiplier
then typically affects only a few objects. Therefore, we keep track of actual constraint-
object interactions by dynamically collecting for each v € V all constraints j that were
“visited” by primal solutions of v. In the subspace selection step (a) of the second variant
the selection of J C M then entails the selection of all v € V that interacted with one
of the constraints in J before and the update step (d) will have to make sure, that this
selection was in fact sufficient to guarantee correctness and convergence.

In the proofs of convergence of the two algorithmic variants the main work is to prove
correctness of the asynchronous updating schemes, which requires a fair amount of book-
keeping. Once correctness is ensured, the finiteness of the dependency graph and the
interaction sets allow to employ the standard bundle convergence mechanisms more or less
directly (see, e. g., [2] for an introduction and [13] for a detailed exposition) if boundedness
of the set of dual optimizers is assumed. Without this assumption convergence is open
and more elaborate techniques might be required. Further relevant questions open to fur-
ther investigation concern the possibility to allow deletions in the dependency graph or
to delete entries in the interaction sets. The extension to primal inequalities (or dual box
constraints), however, should pose no major difficulties, see [10].

In order to highlight the difference of our asynchronous scheme to existing approaches we
shortly review parallel algorithms of the literature. The classic parallelization approach for
solving problem (D) via subgradient optimization is to exploit the decomposing structure
of the problem by organizing the algorithm in a queen-worker approach. Here a single
queen process does the global iteration, updating the current point in the dual space y, the
evaluation of the dual function f(y) = by + 3,y fo(y) is then distributed over several
worker processes where each subproblem is solved independently by some of the workers.
A computational study of this approach for a bundle algorithm can be found in [17].

Another class of algorithms are variable transformation algorithms for unconstrained [6]
and constrained [22| optimization problems. In each iteration they select a set of subspaces
either along coordinate directions |22] or more general directions [6] such that the subspaces
span the whole space and then compute a new candidate point on each subspace where
each subspace problem can be solved in an independent process. Afterwards a new global
iterate is derived from the candidate points. Usually these approaches require smoothness
of the objective function but can also be applied to non-smooth optimization problems
using smoothing techniques as, e. g., the Moreau-Yosida regularization [18§].

A successful approach to non-smooth optimization uses incremental subgradient meth-
ods. These methods change y in each major iteration incrementally through a sequence of
w steps. In each step y is modified according to a subgradient direction of a single sub-
problem. In [21] this approach is extended to a fully parallel and asynchronous approach
where the sequences in which the subproblem computations are started and in which y
is modified may differ. In particular, when the candidate computed by a subproblem is
considered as a new point, the current point y may differ from the point when that sub-
problem was started (in contrast to the non-parallel case). [21] proves the convergence of
this approach under the assumption that the number of updates of y between the start of
the subproblem’s processing and the consideration of the subproblem’s result are bounded
by a constant. This implies that the overall number of evaluations is asymptotically equal
for each subproblem, which is also the case for the synchronized parallel approaches above.

Other parallel approaches exploit the explicit static structure of convex optimization
problems. Those so called splitting methods solve easier subproblems generated by the
corresponding augmented Lagrangian function, which may be solved alternating or in
parallel, and combine the results to solutions of the original problem in some iterative



scheme, see, e. g., |7, 8, 9} |19, 20].

The subspace selection of our approach is somewhat similar to the variable distribution
approaches [3, 6, 22|, but in contrast we do not require to select a set of subspaces that
span the whole space. Furthermore there is no global synchronization step as in |7} 8]
and no requirement on how often a certain subproblem must be evaluated. Indeed, some
subproblems may require considerably fewer evaluations than others and this is a main
source of efficiency. In contrast to the algorithms proposed in the papers above, there
is no regularization condition or synchronization to ensure global convergence. Instead,
convergence is guaranteed only by dependency analysis between the subspace evaluations.

This paper is organized as follows. In Section [2] we introduce the notation and the basic
bundle framework used throughout the paper. Afterwards in Section [3] we develop the
basic parallel bundle algorithm, which is designed to work on loosely coupled problems
where each constraint acts only on a small number of subproblems. This approach is
then extended in Section [ to stronger coupled systems with additional structure so that
active influence of the multipliers on the solution of the decoupled subproblems can be
determined dynamically by the algorithm. We conclude the paper with some numerical
tests in Section [5] comparing the parallel bundle algorithm proposed in this paper with
the classical bundle method. These tests are very preliminary as it is not the focus of
this paper to provide an extensive numerical study of the proposed algorithms. Still, the
tests seem to indicate that the parallel bundle algorithm is superior to the classical bundle
method for some problem classes of practical relevance and can therefore provide a useful
alternative in applications.

2. General Setting

The Lagrangian function L : Q x R™ — R,

L(z,y) :== h(z) + (b — Az)Ty = bTy + Z Ly(xy,y), (2.1)
veV

gives rise to the respective (convex) dual functions, as introduced before,

foly) = max Ly(ze,y) (v€V) and fly) =b"y+)_ fuly) =maxLizy). (22)
vt veV

For z € Q the functions Ly(x,,-) (v € V) and L(x,-) are linear in y with gradients

Gu(xy) = —Aepzy (v€V) and g(x):=b— Az =0+ Z gv(Ty), (2.3)
veV
so each point
wy € Wy :={(ly,24) E R X Qy : 1, = hy(z)} (v V),
weW:={(l,z) e RV x Q: (I, z,) = w, € Wy,v €V}

generates linear minorants

wa7U(y) =1l + gv(xv)Ty < fu(y), (2.4)
fu@) =Y l+9@)y=0"y+> fu,) < f).
veV veV

Convex combinations w, € conv W, (v € V) and w € conv W also yield such minorants.



A bundle method optimizing f(y) over the full space R™ (see, e. g., [12}|13]) starts at a
given center of stability y € R™ and forms, given a compact W C conv W, a model

fww) = s fun) < fy).
(lx)eW

The bundle method [13| determines, for a given weight v > 0 and an augmenting term
slly — 7||? that penalizes points far from g, the next candidate

g = argmin [ f7(y) + $lly - 91|
yERM
For this candidate it checks whether the actual progress f(§) — f(7) is good in comparison
to the predicted decrease f() — fw(gj) If so, a descent step is made by setting 4 < 7.
Otherwise, in a null step, the center is left unchanged but the model fﬁ? is modified to
improve the model in .

In our setting the compactness requirement on 1% implies the following equality for the
bundle subproblem [12]

inf sup [fu(y) + 4lly—91°) = swp _ inf [ful(y) + 41y — 9]

—

yeRM wew weconv W yeRM

The inner optimization problem of the right hand side can be solved explicitly for given
w = (l,z) € conv W,
gw) =9 — y9(z) =9 — 5 (b — Ax).

Therefore g is found by determining a (not necessarily unique) primal aggregate

w=(l,z) € Argmax |y L +g(x)"§— 5 llg(@)|*|.
(Lx)econv W |peV

The new objective value in § = g(w) promised by this aggregate minorant is

fw@) = fo(@) = fa(d) — Llg@)II> (2.5)
Its difference to the objective value in the center is the predicted decrease
A, (1,2)) = f(0) = fan@) + lg@)]. (2.6)

3. An Asynchronous Parallel Framework for Loose Coupling

Rather than optimizing over the full space the idea is to optimize in parallel over several
subspaces. For this we will often refer to certain subsets of dual or primal variables. Let
V' CV and J C M be subsets of the subproblems and constraints, resp., and let € R"
and y € RM be a primal and a dual vector. Then zy: = (zy)pev and yy = (yj)jes
denote the subvectors with index blocks in V'’ and indices in J. Similarly for a matrix
A € RM*" the matrix Ay € R7*™v nyr = > vy Mo, denotes the submatrix with
elements contained in rows J and column blocks corresponding to V'. If one of the sets
contains only one element or one block, i.e., J = {j} or V' = {v}, we write as usual z,,
yj or Aj,.

The selection of subspaces will depend on the structure of the coupling constraints. We
collect the dependencies of subproblems and constraints in the following notation illustrated

in Fig.
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Figure 1: For J C M, V; consists of all v interacting with some j € J,
J are the remaining constraints interacting with some v € Vj.

Definition 1 Let v e V, j € M, and J C M. Then

Jy={jeM: A, #0}, the set of all constraints interacting with v, (3.1)
Vi={veV:je}, the set of all subproblems interacting with j, (3.2)
V= UjeJ Vi, the set of all subproblems interacting with J, (3.3)

J = UveVJ(Jv \ J), constraints in M \ J interacting with some v € V.  (3.4)

These definitions imply

VveVVjeM: jelJ,evel (3.5)

VoeV,Vy e RM: (A7) Y5, = (Aer)y, (3.6)

VoeVVyy eRYM: s, =) = fuly) = ful¥), (3.7)

Vv e V,Yw, € convW,,Vy,y € RM: Yy, = yi,v = fwmv(y) = fwv,v(y'), (3.8)
VJCMNVz,a' eR": ay, =y, = g(x);=g(a). (3.9)

The algorithm starts with the initialization of some global data and then acts as a master
process. This master process continues starting several parallel processes as long as less
than some predefined number of processes are running. Each process executes the steps
(a)—(d) outlined in the introduction. In this, steps (a) and (d) interact with global data
and (b) and (c) do not interact with global data. For data consistency, at most one process
is allowed to be in a step that interacts with global data. This is achieved using semaphores
which block a process whenever it tries to start a globally interacting step if another process
is currently dealing with global data. Once a process finished a step interacting with global
data, one of the blocked processes (if there is one) is allowed to proceed. Because of this
organization there is a unique sequence of global interactions. We denote this sequence by
a global index marker ¢ € INg which is increased each time some elements of the global
data are modified.

Throughout the algorithm the following objects are maintained globally, with an index
marker o € INg indicating the value after the o-th writing access to the global data:



§lo) e RM, the current global center,

f1§0> = f,(9/7) € R, the optimal primal value of P, (j(°)) attained in some #7 e
Q, forveV,

(l_<”>,a_c<”>) € conv W, the current global aggregate minorant,

Bl CV, set of primal problems currently blocked by some processes,

D) = (M, E <">), digraph with arc set E{?) collecting presumed dependencies.

The global variables §(? and z{?) correspond to the current dual and primal variables.
Like for a standard bundle method, we will see that under reasonable assumptions each
accumulation point of (5¢7?), is a dual optimal solution and there is a suitable subsequence
of (z{7)), converging to a primal optimal solution of (conv P).

Given the current center of stability ¢’ € RM and the primal aggregate Ef,0> € conv {2,
for all v € V, the intuition underlying step (a) is to choose an initial coordinate j and
enlarge it to a subspace J C M so that the subproblems V; interacting with J strongly
violate the coupling constraints A J’VJZE% ) = b. The process will then try to improve the
Lagrange multipliers s associated with the subspace J in order to reduce this violation. As
long as this process runs, no other process is allowed to change any of the primal variables
associated with V (for this, B (@) keeps track of all selected sets V) or the dual variables
associated with J U J but other subspaces without such interaction may be selected and
processed at the same time. If the sets V;, j € J, are relatively small subsets of V, i. e., each
constraint couples only a small number of subproblems (which is a reasonable assumption
in many large scale applications), several disjoint subsets may be selected simultaneously.

For the selection of an appropriate subspace we investigate the contribution of a subset

J to the predicted decrease A of (2.6]),

A= 3T A = For o 0] + s, (3.10)
veV

AV =3 [,}‘}SU> - f(;§a>7f§a>)’v(?ﬁ<°—>)} + 5@ 117, (3.11)
veVy

AT = Y [f5”> - (Zf,”>,zga>),v(?9<">)} + 219 ) an o I, (312)
veV\Vy

8 = 1) g(@)) 712

The value A§U> may be interpreted as the predicted decrease if only the variables 3 along
with the primal variables Zy;, are allowed to change and all other variables are fixed. The

(o)

value A ;' is the predicted decrease that cannot be influenced by changing 7; or Zv,,

and 5§—G> is the residual part that can be influenced by both, the subproblems V; and the
subproblems not interacting with J, namely V \ V. The following observation justifies
this.

—

Observation 2 For J C M there holds A7) = Af,@ + Aﬁ + 5§U> and if f1§‘7> = f,(59)
for allv € V, then A = A(g\9), (119, z(9))).

Proof. This follows from ([2.2)), (2.4]) and (2.6 by direct computation. O

If ASU> represents a significant portion of A{®) and the process’s attempt to reserve J and
V; as its subspace in step (a) is successful, it then optimizes over J and V; by a bundle
method thereby driving A to zero while not changing A ;, but this only helps to reduce the
global predicted decrease A@) if § 7 does not increase too much. If § ;7 develops unfavorably,



say due to some coordinate j* € J, a new edge (j,j*) will be inserted into E{9) in step
(d) in order to memorize that future selections starting with index j should always include
index j*, as well.

We point out two facts. First, there may be some processes which do never update the
global data, either because the subspace selection in step @ fails or because the algorithm
stops while the process has not yet completed step @ Because those processes have no
relevant influence on the global data, we will mostly ignore them in the following (as long
as we can guarantee that at least one process is running, see Observation |§| below). In
contrast, a relevant process (one with a successful subspace selection step and a completed
step interacts exactly twice with the global data, namely at the steps and
Second, note that for a relevant process the global data at the beginning of step @ may
have changed since the process has set up its subproblem in step @ because the processes
run in parallel without synchronization and some other process may have changed the
global data in the meantime.

Because at most one process is allowed to interact with the global data at the same time,
there is a well-defined sequence of global interactions and we can identify these global states
using the global counter o € INy. Furthermore each relevant process interacts exactly twice
with the global data and it will be convenient to identify the status of each process via
these two associated index markers. For this purpose each process 7 is equipped with two
labels, m and 7. In initialization these labels are set to 1 = —1 = 7. Whenever the process
tries to acquire a subproblem in step @, the label 7 is set to the current value of o. If 7
succeeds in reserving a subspace at m = o then this will be the final value of 7, the new
status is indicated by setting 7 <— co and o is increased. Once the process completed its
subproblem and enters step @ the label 7 is assigned the new current value of o as its
final value and o will be increased again. In consequence, a process m with 7 < 7 is waiting
for a suitable subproblem, a process with T = oo is currently working on its subproblem,
and if 7 < 7T < oo the process has done its work.

3.1. The Subspace Problem Associated with Process ©

Each process 7 solves a subproblem in a certain subspace indexed by a subset of M acquired
in step Each subspace problem itself is again a convex optimization problem of the
same kind as the global dual problem (D). We mark all information that is associated
with a specific process m with the superscript (7). In particular, we will use the following
notation,

J™ C M, the subset selected in step @ that m may modify,

v .= Vi, the subproblems that 7 optimizes, (3.13)
Jm = Uperm Jo \ ™, dual variables interacting with V™ but not in J™,  (3.14)
Q) = Ry Lo, the primal ground set.

The subspace J(™ determines everything else except for the constant cost coefficients (™
defined next and to be determined in step @ w.r.t. the global data:
) = —(Agem )95 for all v € V™. (3.15)

v

These give rise to modified cost functions

A (24) = hy(zy) + () 2y for z, € Qy,v e V™, (3.16)



With the same notation now equipped with superscript (),

L0 @0,y ™) = WD (@) = (1) Ay pruy @0 € Qv € VO 5™ e R (3.17)

£ ™) = max L (x,,5™), ve V™ ym™ e RIT, (3.18)
Ty €Ly
s T e (7")
f( )( ( )) —bJ(ﬁ)y + Z fzg )(y( ))7 ( ™ e R’ (3.19)
veV ()

the subproblem that 7 solves is

(SP™) min £ (y™).
y(w)eRJ(ﬂ')

Introducing the rest of the notation in the same vein, let
W = {(z“f),x(“)) e RV™x QM 1™ = hy (™), 2™ € Qv € V<’T>} .

The process m manages a local version of the global data, namely,

g(ﬂ) c ]RJW

(1™, ) € conv W™, the local aggregate minorant.

the local center,

Process 7 solves the problem approximately using a bundle method. Each point ([ (m) f(”))
€ conv W™ defines a minorant of f(™,

A() _ T m
f(l‘(w)’f(w))(y( )) b (W)y( )+ Z fl-(fr) (™
veVv(m)

Y (y (W)) < f(W)(y(W))

where
Fih s W) = B 4 ()T = ()T Ay 7). (3.20)

,’U

The gradient of f(lf(rﬂ 2(r)y €A be worked out to be

g(w) (J_J(W)) = b — AJ(W)’V(ﬁ)i(W). (3.21)

Indeed, the blocks of A appearing here but not in the gradients of (3.20) are zero blocks
by definition of J, and do not influence the result.
Given a center (™, an aggregate minorant (1™, z(™) € conv W (™ and the minimizer

J™ = ) _ Ly (5(m)

of the augmented model f((lz(r,)r) i(ﬂ))(y(”)) + %|ly™ — §(™||2 as candidate, the predicted de-

crease of this subproblem is

AC (G, (T, 27)) = DG = f7 o, @)+ gD @ (3.22)

The definitions above immediately imply the following relations.

Observation 3

J, C Jm )Uj( ™ for all v e V™, (3.23)
J,NJ™ =0 for allv e V\ V™, (3.24)
V,nvE =g for all j € M\ (J™ U J™), (3.25)
Proof. Directly from the definitions. O

10



3.2. Linking Local and Global Information

There is a direct relation between the subproblems LS,W), v e V™ of  and the global

subproblems L,, v € V(™ as well as between the local and global function values, models,
and gradients.

Observation 4 Let m = (xr,7) be a process, v € V™) and y € RM so that Yjm) = 3)%2)

L™ (:L’U,yJ<,r)) Ly(2y,y) for all x, € ), (3.26)
yym) = foly), (3.27)
f{;;?xv ) = Fen) o) for all (I, z) € conv W, (3.28)
(ﬂfv(«)) 9(x) j(x) for all (I,z) € conv W. (3.29)
Proof. There hold J, C J™ U J™ by |} and App 7, o = 0 by |D SO
(15 A
( ) — AJ(ﬂ') Yy = ?(w)my‘(j?zr) - A§(W)7vyj(w)
= *A§<ﬁ>7vyj<ﬂ> - A?]—’(Tr)7vyJ(Tr) = *A.T,fuy-
Thus, for x, € €,
Lgﬁ)(l’v, yJ(TF)) hv (zv) + (ng))T - y?;(w)AJ(fr),v%
hy(xy) — yTAo vxv! Ly(2y,9).
This proves (3.26) and also (3.27) by (1.3) and (3.18)). For (3.28),
Al 1) T
iy ((lv),xu),v(yJ(”) P2, + ()T, - Yye) T A gm0
(2.4
= lv -y A. ol v!f(lv,xv (y)
Finally, 1) relies on Ay, =0 and V; C V(™ for j e J™ by 1 )
g(ﬂ) $v(ﬂ)’ = lJ(w) - AJ(w)y(wWV(ﬂ - AJ(#>,V\V(W) Ty\v(m)
—_———
=0 by
23)
= by — AJ(w>,.x!9(9€)J<w>~ O

3.3. The Parallel Bundle Algorithm for Loose Coupling

Next we present the parallel bundle algorithm in detail. In this algorithm each process 7 is
allowed to modify the global data on its associated subspace J(™) and for the subproblems
V(™ but while 7 is running no other process may change this global data or the multi-
pliers corresponding to J (™). The importance of the latter requirement is clearly visible in
Observation [4| and is achieved by condition in the algorithm below.

Algorithm Parallel Bundle:

1. Initialization

e Choose parameters
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relative predicted subspace decrease level T € (0, % min{l—]\bl, |—‘1/|}),
subspace improvement level T € (0, 1),

subspace dependency level T3 € [0,1 — T2),

termination precision € > 0,

mazximal number of parallel processes N < |M],

weight u > 0 and descent step parameter p € (0,1) for the bundle method.

e Set o+ 0, 59 « 0, BO 0.
e Set B0 « ¢ (or use some prespecified dependencies).
e Determine all f1§0> = fo(59) and set (119, () to the minorant defined by the optimal
solutions.
e Compute A Tf A < ¢(|£(5(9)| + 1) then do not start any process and STOP.
2. While less than Ny processes are running, start a new process 7 setting w «+ —1,
7 < —1. Each process m does the following (with semaphores guarding the access).
(a) Subspace selection
e Secure exclusive access to global data, set m < o.
e Find j € M and a subspace J™ C M, j € J™ with
(S1) {j: (j.j) € B@} € I,
(52) A% > ﬁA@
(S3) v<ﬂ> NB@ =

e If no such j exists, the step is unsuccessful, do not change the global data, free
access to it and restart at some later time at @ when o > .

e The step is successful, Bt « B™ U V™ 7« 0o and keep

<Q<U+1>, (l_(a—i-l =(o+1) ) f(U‘f‘l) B a+1>) . (Q@), (l_<£>7i.(£>)’f‘(/ﬂ>7E<ﬂ)> )
(3.30)

e Read required global data, set o <— m + 1, and free exclusive access.

(b) Set up the subspace problem.
There is no global interaction in this step!
Compute cl(,w) by 1' for all v € V(™ and initialize the bundle method to solve

problem (SP™) with this ¢(™) starting from center (™ = Qf]ﬂ(zr) and initial ag-

gregate (1™, (M) = (l‘</<>ﬂ), ’ggﬂ). In the first iteration we have then exactly a
predicted decrease

A® (g™ (@ zmy) = A<J72r)

(c) Solve the subspace problem.
There is no global interaction in this step!
Solve (SP(™) by the bundle method, iteratively generating candidates (™ together
with primal aggregates ([(”),5;(”)) € conv W™ In each iteration test the following
conditions in this sequence.

1. If the predicted decrease on the subspace J(™ has been sufficiently reduced,
i.e.,

A (Q(W), (ﬂw)jj(ﬂ)) < T2A§(7>7>, (StopP)

go to@

12



2. If A (g™ (1) () > AL (>) and the descent step criterion

ARG, (10, 70)) < 11 () - 1O ()

=p
is satisfied, set §(™ « (™ and go to @
(d) Update global data with subspace solution.

e Secure exclusive access to global data, set ™ < o.
e Independent of (StopP)) and (StopD)), keep

(o+1) (o+1)  /7{o+1) (o+1) () 7(m)
( M\J(W)’f \V<7r)’(lv\v<7r)’$v\v(7r)>> (yM\J fV\V (lV\V

and update the subterms

fo1) Jlot1)y , om)  (m)
(l y(m) > V(ﬂ) ) (l (Tr)’ V(ﬂ))’

Bt . Bim\ y(m
e If m stopped with (StopD)), update

A<0+1) ~ (T
9% G,

(o+1) (m)
otherwise keep
Alo+l)  plo+1) (T ()
(yJ(Tr> ’ fv(rr) ) «— (yJ(‘ir) ’ fV(ﬂ')) .
o If 7 stopped with (StopP) and

5<U+1> N 5(”)

F(m Jm = A%

J(m)

(StopD)

_(m)
V\V("))>
(3.31)

e increase E{°tD « E U{(j,5%)} by at least an arc (j, j*) with

j* € Avgmax{g(a™ )3 - g(a )2 j € I},

in all other cases keep E(T1) + E(™.

e Set 0 + 7+ 1 and compute A7, If AL < ¢(|f(5'?))| + 1) terminate all

processes and STOP.
o Free access to global data and stop this process .

Note, we do not require continuation of a previous model on the same subset J of variables
in some later process. In fact, another subset might work on the same subproblem v € V

1) 5,

and change (ly ', Ty

For the analysis, it will be convenient to arrange the processes in different groups for
each value 0 € INy U {oo} by forming these sets as soon as the algorithm’s index marker
exceeds this value o or when the algorithm reached its final marker of at most this value,

13



The first group ' collects all processes that have successfully executed st before

the algorithm reached o, o singles out all processes that have executed @ before o
and the set II(7) comprises all processes that are actively working on or just finishing a
subproblem at o, 4. e., these are running in parallel. Each increment of o by the algorithm
is associated with the addition or deletion of exactly one process from this set of parallel
processes as we show next.

Observatlon 5 10 = @ and for o € Ny there holds I £ TI'+1) if and only if
|(T1¢ \HU‘H)U( IHUNTI)| = 1. If I = T then for all o > o' we have
1) = 119" and there is no process ™ with m =0 or @™ =o0.

Proof. In the first statement IT1(9 = () follows by definition and sufﬁ(:lency is obvious. In
order to show necessity observe that I1¢?") 2 TI¢"+1) implies (I \ TI¢"+1) U (I1¢+1) \
1@ )\ > 1, so there must be at least one process w that is in 1" but not in H<"/+1>, i.e.,
it satisfies T = o’, or that is in I t1) but not in 1?7, i. e., it satisfies 7 = ¢’. Due to the
exclusive access steps @ and @ there is exactly one such process w with 7 > 0. Indeed,
any process 7 € I+ with 7 = o/ executed step @ successfully at o = ¢’ (unsuccessful
steps have 7 < 0) and increased the marker to o = ¢’ + 1 so that all further executions
of steps @ and @ lead to larger numbers. An analogous argument holds for the case
T=o0.

If 1) = 119"+ then no process 7 e 1) executes @ at 0 = ¢’ and there is no new
successful execution of - at 0 = o’. Thus, o is never increased above ¢’ + 1, all running
processes 7 € I1¢7") satisfy T = oo, all others have T < ¢’ 4+ 1 and none of these values ever
change, so the claim follows. O

By this observation, the following set collects the markers o € INg visited by the algorithm,

Y :={0}U{o e N: I £ 117},

3.4. Consistency of the Updating Scheme

The most important steps of the algorithm, which guarantee that the parallel subspace
process does not endanger global convergence, are the subspace selection step |(a)l and the
update of the dependency graph Do) = (M, E<">) in step @ The tests @ enforce
a proper selection of the subspaces.

Condition ensures that all dependencies implicated by the dependency graph D{?
are respected. If two subspaces have a dependency in the sense that an improvement on
one subspace may worsen the other, future selections should always include the second
with the first. Those dependencies are detected in the update step @

Condition guarantees that the progress made on the subspace achieves sufficient
decrease on the whole space. This means, if a descent step occurs on the subspace this
step is also a good descent step on the whole space, and if no descent step occurs, the

(o)
J(m)

the predicted decrease A{?) on the whole space.
Condition ensures that two processes running in parallel can interact only in a
limited way. The next statement quantifies this limitation.

reduction in predicted decrease A on the subspace leads to a significant reduction of

Lemma 6 Foro € X,
(i) B = Urenior V™,
(it) VO v =0 for n,n’ € I with © # =,
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(iii) )N (J@ U J) = JO () U T = for m, ' € T with © # o,
) a{m) _ (o) Hm  m) \ _ glo) (o) (m) _ ¢{o) o
(ZU) yJ(ﬂ')uj(ﬂ') - yJ(-/r)Uj(-;r)7 (lV(")’xV(”)) = (lV(”)’ajV(ﬂ'))’ and fV(ﬂ') = fv(-rr) for TE H< )

Proof. The proof works by induction on o. For ¢ = 0 we have B{?) = §) and II?) = (),
thus |(1)H(iv)| hold trivially. Now suppose o + 1 € ¥ and the claim holds for o € ¥. By
definition, o + 1 € ¥ implies II{? #* II“+1) so Observation |5| asserts the existence of a
unique 7 € (I \ TI+1) U (IT+Y \ TI{*)) and this 7 either satisfies n = o or 7 = 0.

If n = o we have I = II(°+t1) \ {5} and process 7 executed a successful step at o,

so Bioth) = B y v and (i) as well as hold. By induction, and only need
to be verified for 7 = 5 and 7’ € II{?). Because V(™) C B{?) and was satisfied for n at
o, follows from ) = V™ N B > v qy () For assume, w. L. 0. g., there exists
aje Jmn ) uJE), Assumption implies ) # V; and by and we
have V; C V) = V) If j € J™) then by the same argument V;CcV ™) and therefore
0 # V; € Vi N Vi, a contradiction to If j € J™) then by there is a
v e V(™) so that j € J, which implies by 1) v € Vj and as above v € Vi N Vi) # 0.

If 7 = o we have II(°t1) = T1(7) \ {n} and process 7 executed a step @ at 0. By
the latter, B+ = B{)\ V() and all values for indices M \ J™ and V' \ V() are left
unchanged. In view of the validity of|(ii){and for m = n at o,|(i)H(iv)| hold by induction

also for ¢ + 1 and its remaining processes. O

When a process 7 stops at 7, the relevant subspace information for 7 has not been
modified and at 7+ 1 the data on its selected subspace and subproblems is consistent with
the terminal status of the bundle method of .

(c0)

Lemma 7 Given m € II'" ' assume ‘%Z) = fym (4'm)). Then

(m) (o)

Usim = ngfzﬂ) forallo € {m,...., 7+ 1}, (3.37)
g =57 for all o € {m,...,7}, (3.38)
oy = W = fon @) = B0 @5) - forallo € {x,... 7}, (339)
([&%,f&%) = (Z&%,ii}?ﬁ» forallo € {m,..., 7}, (3.40)
AT = A for all o € {x,...,7}, (3.41)
and with 9™ and (I, z(™)) € conv Wy, be the final values of  in step|(d) at T
~(T+1 ~(7 7T+1 ™ ~(m (T
g =g, FEE) = 5L ™) = e 7Y, (3.42)
S@HL) A7) @T+1) ()
yM\J(Tr) - M\J(ﬂ')7 fV\V(”) - fV\V(”)’ (343)
7m+1) (@) _ 7(n) ~(x ) (@) (™ —(7)
(lv(w) 7xv(7r) ) - (l( )7$( ))7 (lV\V(T\')7;UV\V<7|')) - (lV\V(”)’x\/\V("))’ (344)
71 ) (a(m) (7)) = AT A (F
ATEY = A (@ () 7)), AT = A% (3.45)
Proof. For o € {w +1,...,7} we have 7 € II{9), hence, for these values of o, Lemma |§|

implies (3.37), (3.38)), (3.40)), and the first equation of (3.39) (the remaining two will
be proved below). With these (3.41]) follows from the definition (3.11)) together with (3.7)—

(B9) using (3:23).
The values for ¢ = 7 + 1 are set by m when executing step @ at T, so (3.44) follows

from (3.31) and (3.32)). Likewise, (3.31]) establishes (3.43) and also completes the result
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for - because the definition of J(™ 4)) implies J™ C M \ J™). Because of (3.37))
we may mVOke Observation |4 I for y< ™) up to y<“+1> throughout this proof. In particular, to

complete (3.39)),

Jv (@ ! fv(ﬂ) (ﬂPf (m ( J(W)Pf{/(ﬂ V(>) for all o € {m,...,7}.

Now con51der I step )| was ended by (StopP)), then (™) = g}f;(rzr&% @r ?(:SU
and fv< g+ (”) (W) 7::)” If step |( |_| was ended by (StopD)) then
s <7{;§1 nd f Ti)l-f o (” va §™+D), so (3.42) holds.

The left hand side equation of - follows by

ARG, (@@, 2P [y~ F0 6] + g™ @)
veV (™) i i
B42),@-49) 7 o G ) (T
EBEDS 7m0 = 0 e, 5] + 0@
vev (T -

(-28),(3:29 [ (7 (7 s
EREB S (4700~ f ey ygeon 0T + L@ ™) s 2

veV (@)

ETD.EI3), (7+)
= AJW .

In order to show AT(:)D = AS@T) it suffices to check that none of the values involved in

3.12) change when 7 executes |(d)| at 7. With Vi = V™) by (3.13) this follows from
3.43)) and (]3.44[) because for v € V' \ Vjm we have J, C M \ J'™ by 1) and so
g§:+1> = g§:> fé”H) = féﬂ, and (Z<ﬁ+1>,§:1<)”+1>) = ([§W>,£§)ﬁ>). Thus, |b establishes
f () ST ( {m+1) ) f(l<7r 2w | (7 <f>) for v € V'\ Vj(x), while g(fﬁ"'l))M\(J(W)Uj(w)) =

g@( >)M\(J(W)UJ(W)) follows via (3.9 because VM\(J(W)UJ*(W)) NVim = 0 by |i Thus,

ATEY = A% and (3.45) holds. O

Throughout the algorithm, the global data is consistent and the arc set of the dependency
graph may only increase.

Lemma 8 For all o € 3,

) — f ('), (1 ) € conv W, (3.46)
A<°'> =A@, (119,20, B9 C BTN C {(i,5) 1i,j € M,i # j}.

Furthermore, A > e(|f(§'°))| +1) for allo € ¥ with o +1 € X.

Proof. The proof is by induction on ¢. For ¢ = 0 the claim holds by the initialization
step. Suppose now o + 1 € ¥ and the claim holds for ¢ € ¥. If ¢ + 1 is reached by
a step @ then none of the involved variables are changed and the relations still hold.
Otherwise o + 1 is reached by a step @ executed by some process 7T With T = 0. For

v e V\V® (3.24) yields J, € M\ J® and by (3.31) g5 = 5™ fFY = fP

JU U

(l_qgﬁ+1>,£§,f+1>) = (l_f,ﬂ,:i‘éﬁ) € conv Wy, so for v € V'\ V() holds by induction
because f,(y) only depends on yj, by . For v € V(™) the claim follows for
directly from (3.42)) and (3.44)). The correctness of for T+ 1 implies the correctness
of A1) by Observatlon The claim for B follows directly from step |[(d)l Finally,
AT < e(|f(GTHN| + 1 leads to the termination of the algorithm in step |(d)| at 7 and
then 7 4+ 1 = max X. g
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Next we show that the algorithm always starts at least one working process as long as
the stopping criterion is not met.

Observation 9 For o € X with TIY9) = () there holds TtV = {x} for some 7 with T = o
if and only if AL > 5(|f(y<0>)|+1), In words, if no process is running, at least one process
1s started with a successful step if and only if the stopping criterion is not satisfied for
the current global data.

Proof. Lemma @! and . ™ 4§ = VT £ () assert that I = () is equivalent
to B9 = . For B\’ = ) conditions can always be satisfied. Indeed, choosing
Jm = M satlsﬁes m because M trivially observes all dependenmes of E{9), because
A%} ™) by M and (]ﬂb and M because B{?) = . In particular, the algorithm
starts Wlth setting 0 = 0 and B9 = ( and reaches step @ if and only if the stopping
criterion is not satisfied in step For 0 < o € ¥, II'?) = @ requires "1 = {n’} for some
process 7’ with 7 = o — 1 by Observation [5] Thus, 7 executes a step [([d)]at ¢ — 1 and the
algorithm continues if and only if the stopping criterion is not satisfied for the global data
of o. d

Already very small subspaces may suffice to satisfy the selection criteria. Indeed, the
following observation proves that there is always a one dimensional subspace, . e., an
index set with one element that satisfies (without considering blocking or implications
required by FE).

Observation 10 Let 0 € X. For J C J' C M there holds Af]‘ﬂ < ASU,>. There always

exists a j € M with Ag ; 1AL min{%, ‘71|}
Proof. Forv eV, (3 asserts ( ) € conv W, and
8 L . o
fo(9Y77) = (l<a>,@<jo>)7v(y< M,

(o)

so the first statement concerning A} is an immediate consequence of 1'
For the second statement, recall that

M’(Z 7 = T gt 0 >)]> w2 9@

veV JjEM

At least one of both summands is greater than or equal to %A<U>. If this is true for the
first one, for at least one v € V the term f1§0> — f(T§J> ) v(gj<”>) is greater than or equal
to 1A< >m and any j € J, satisfies the claim. If it is7true7 for the second one, for at least
one j € M the term %g(fw)? is greater than or equal to %A@%. O

The next result establishes that no process runs forever, so existing dependencies between
subspaces have to be discovered eventually.

Lemma 11 For each o € 3, each process m € ') either stops at T < oo or it is ter-
minated by another process w' executing step at ™ < oo with the global data of ™ + 1
satisfying the termination criterion.
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Proof. Each process m € II{7) satisfies [(S2)| at =, therefore A%Zr) > AT > 0 by
Lemma [l Then 7 runs a standard bundle method. After a finite number of its itera-
tions either a descent step occurs or the predicted decrease drops below TQAS(ZT) > 0, see,
e. g., |12, 13]. Thus, if 7 is not terminated externally before, one of the conditions (StopP))

or (StopD)) is satisfied in finite time. O

Corollary 12 If |E| < 00 then for ¢ = max ¥ there holds A < e(|f(5¢)] +1). If
] = 00 then T = 0, I =TT, and £ = oo {z.7}.

Proof. This follows from Observation [5] Observation [9] and Lemma [11] O

In the next section we show that the predicted decrease satisfies lim inf,ey, A 0 if
f is bounded from below, so in this case the algorithm is finite whenever ¢ > 0.
3.5. Convergence Analysis

First we clarify the relation between the global progress and that of a single process.

Lemma 13 For w € ﬁ<oo>

0< S5~ FOEE) = 1) - 1GT),

e., the global progress achieved when m stores its subspace solution in the global data is
ezactly the progress made by = on J™ . In particular, the sequence (f@<a>))g 18 non-
mncreasing.

Proof. First observe that for 7 the initial value of the center §(™ is gjff(zr) by step |(b)[and

the final center is Q?(:)l) by (3.42), so the left hand inequality follows from the properties of

the bundle method employed in step of . By Lemma [8| the requirement for Lemma
is met, so we may use its results for proving the second equation,

7) ( () 7r+1 HT () (7+1) ) ( () ) ( AT+
ng( )(yJ(ﬂ')) Y1m ) yJ(Tr> yﬂw) )+ Z [fzg )(yJ(71'>)_f( )< Y 1m )]
veV(m)
3 38)) NG ~T+1 T ) s ~{T+1
5(70 (y§(2r) 3/3(:) >) + Z [fqg )(y§(7>7>) fqg )(yf](:) >)]
veVv(m)
(13.39)),(3.42),(3.43)),(3.46) N NG NG N
BB (5™ — )+ 3 [1.6™) - £ )]
veV

™) - 1),

Observation 5| implies that for any o € ¥ without a 7 € ﬁ<oo> satisfying T = o there is a
process m with = = o which executes step [(a)] at 7. Therefore (3.30) and (2.2) guarantee
f(§) = f(=t1)) in this case, which establishes that (f(7%"?))s is non-increasing. O

Next we show that the algorithm always drives the predicted decrease to zero on an ap-
propriate subsequence.

Lemma 14 Suppose an infinite number of descent steps occurs and f is bounded from
below. Then

liminf A 0
g€lNg
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Proof. Let m be a process for which a descent step occurs, . e., 7 is stopped because of

condition (StopD)). By [(S2)[we have AT < 1 A< ) By Lemmaand Lemma 3.44)) the

J(m)*
final predicted decrease of 7 that caused the descent step, is A (y§(>), (léf(i)l , _g{t)l))).

Because (StopD|) and not the preceding test m ) has caused 7 to stop, we have

(m) (StopP)
gm S

A(w)(A<E> (

T2 yJ(W) ’

[l (7 ))Wl (f(”)(

33
() > (W)
\%4 \%4 p

(741
D)= 1Pa5E).
Putting all together and using Lemma [13| we get

1 ) s Al 1) AT 1 - =
AR < Afnl) (r=@5e,) - roaSEh) = (£G™) - @™0).

T1T2P T1T20

Because f is bounded from below and the sequence (f(7(?))s is non-increasing by Lemma
the right hand side of the inequality above converges to zero. O

Lemma 15 Assume there is only a finite number of descent steps and € = 0, then

lim A7) =
ocEX
Proof. If |X| < oo, then the statement holds by Corollary Therefore we may assume
%] =
Lemma I implies A > 0 for all ¢ € ¥ and the dependency graph D!’ can only be
increased. Because M is a finite set there must be a ¢’ € ¥ such that for each o > ¢’ we
have E{®) = E(°') and all processes m with T > ¢ := min ({otuf{r : 7' € H<"l>}) do not
perform a descent step.
Let 0 > o/, then by Corollary [12] there is a process 7 such that o € {z,7}. If o =1

we know by (3.30) and Lemma I that A™ = A+ So assume 0 = 7. Because o > o

process 7 satisfied condition (StopP)) and E (e+l) — p) g0 1} is not satisfied,

(T+1) (T > (m)
(5J(Tr) — 5 < T3AJ(7r)

Invoking Observation 2| twice for the subspace J(™ of 7 but once for the data of 7 and
once for ™ + 1 yields the relations

A® — AR 45T R

J(m J(m)»
T+1) _ A (T (T+1) (7+1)
AT =AY+ 0+ AV

We claim that ATt < (1 — 7)A™ for some constant 0 < 7 < 1 independent of .

Indeed, by Lemma g we may invoke Lemma so ((3.41) implies Afjﬂ(i) = Af]@r) and (3.45

gives AS(Z:) = Af]ﬁ(;l . The subspace selection condition |(S2)| asserts A@)) > 7 AT and
stopping condition (StopP)) implies AJTSI-A(” (y JT(r:r)l ,(l?;n,:ﬁgi)n)) < T2A§(>) This
yields
T (T+1) (7r+1 (T+1) (m) (T+1)
AT — AT (A Jm — Ay ) ( J(W) AJ(ﬂ') )+ (05 =05 ') (3.47)
() 7r+1 (T+1)
(AJ(W) J(T\') ) ( J(ﬂ') 6j(7r) )

1—m — T3)A<72r)
7'1(1 — T2 — 7'3) A<7r>
—_———

=:7€(0,1)

Y
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Note that this shows A™ — AT+H) > (0 for all 7 = 0 > o. Together with A = Alz+D)
(see above) we get therefore that the sequence A<”>)JZQ is non-increasing. Because T > o
we have m > ¢ and thus A{® > A From (3.47) we obtain

AT AT > 2 A@ > A
and so
AFHD < (1 —1)A™,

Together with the case 0 = m above we get lim,en, A = 0, which completes the proof.[]

Corollar}f 16 If f is bounded from below and ¢ = 0, the predicted decrease A7) =
Jasd —f([<a>j<a>)@<”>)+%||g(i<">)||2 goes to zero for an appropriate subsequence 3* C 3.

In particular, f(3$7)) — f(;<a>@<a>)(3)<”>) and ||g(z'?))|| go to zero, too, for the subsequence
.

Proof. Depending on whether an infinite number of descent steps occurs or not the claim
follows either from Lemma 04 or Lemma [I5l The last statement follows from the fact
) = Fer aen(§) = 0 and [lg(@))]| > 0. O
Theorem 17 Suppose () # Argmin f is bounded. Then for an appropriate subsequence
¥* C X the sequences (Q<U>)aez* and (3_3<U>)gez* that are generated by the parallel bundle
algorithm have the following properties.

(i) each accumulation point of (§'°))sex- is an optimal solution of (D),

(ii) each accumulation point of (Z\7))gex- is an optimal solution of (conv P).

Proof. Let f* := min{f(y): y € RM}. The boundedness of the level set {y: f(y) < f*}
implies the boundedness of all level sets, particularly of the set 8 := {y: f(y) < f(#?)}.
Because (f(5(7)), is non-increasing, see Lemma , we have () € 8 for all ¢ € ¥ and
therefore the sequence (4(%)), is bounded. Likewise, (I°),z(?)), lies in the compact set
conv W by Lemma

Let ¥/ C ¥ be a subsequence that drives A'?) to zero, according to Corollary Let
(I*, 2*),y* be accumulation points of (1'%, (7)) e, (7{7))gex+ for an appropriate subse-
quence ¥* C ¥/, then Corollary [16|asserts g(z*) = 0 and therefore z* is a feasible solution
of (conv P). By definition of h, and W, we have I, < hy(x,) for all (I,,z,) € conv W,
(v € V), thus f(57) = figio 501y (517)) = 0 implies

R N (@) + @D @) | = 3T [E + @) T g@l)]

vev bounded —0 veV
~ “ EE*
= fior aen @) = fy),

Thus z* is an optimal solution of (conv P) and y* is an optimal solution of (D). O

4. Extension to Stronger Coupling

In many applications the assumption that Vj is small for most j € M is actually too strong.
Consider, e. g., a constraint for a common resource ensuring that only a limited number
of all objects may make use of this resource at specific point in time. Even though such
a constraint j € M couples many subproblems, it typically influences but a few of them,
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vicvid v cvi

Figure 2: Bold lines show J{,{E}, dashed lines J, \ Jiﬂ} forall v e V.

because most objects need this resource at some other time. A typical example for this
situation, the train timetabling problem, is given in Section [5} In the extended approach
this is exploited by keeping track of those constraints j and subproblems v € V', that have
proven to interact for at least one feasible solution x, up to the current marker o, and the
optimization process is restricted to these.

In order to clearly discern the new objects of this extended version from the objects of the
last section, we will use superscript {o} for index markers and [r] for objects belonging to a
process 7. The algorithm maintains sets J{,{U} C J, for v € V which collect the indices of all
those constraints acting on subproblem v, whose Lagrange multipliers presumably influence
the optimal solution of P,(y) or its value. In the corresponding restricted subproblems the
constraints J,, \ J{,{U} will be ignored in the following sense. When a process 7 selects its
subspace JI™ C M and corresponding subproblems vl cvateo=n (see Fig. , it
assumes that only the multipliers belonging to M := Uvevin Jvﬂ} have an influence on
the solution of these subproblems. Once 7 finishes its work at o = 7, it will not only need
to include newly discovered influences due to new optimal solutions #, for some v € V7
in updated sets J{){fﬂ}, but possibly also encounter modified sets Jﬁ} #* Jiﬂ} for some
v € V7 due to changes of the Lagrange multipliers in M \ M ™ by other processes that
might or might not invalidate the results of 7, so that they have to be discarded. We start
by studying conditions that ensure that results remain valid.

4.1. Conditions of Global Validity for Restricted Subproblems

Sufficient conditions that for every v € V the optimal solutions computed with respect to
the restricted constraint set J{,{U} are in fact optimal for the full subproblem with constraint
set J,, are established by the following three properties that will be required to hold for
the current multiplier vector §1?} and the primal aggregate {77,

g7 (Ajz,) 20 forallve Viz, € Qg € Jy\ I, (E1)

A o} v =0 forallv eV for some (E2)
) /\{0'

AWA
Ty € Argmax{hv(xv) - (yJ{i} )TAJéO'}’va: Ty € QU};

A 0 foralwvelV. (E3)

zlo} —
Jv\Jicr}’v.fEU =

21



Properties (E1) and (E2) ensure (see Observation [21 below) that for v € V' an optimal

solution Z, computed for ([1.2]) with respect to the restricted subspace of multiplier indices
{0} . gatds
v

» © is actually optimal when the remaining indices J,, \ of this 417} are included as

well. Condition (E3) guarantees that the global affine minorant associated with (117}, z{7})

only depends on the restricted subspace J{j‘g}.

Remark 18 Condition (E1]) is usually not checked explicitly but guaranteed by exploiting
the problem structure. For example, if A;, > 0 and z, > 0 for all z, € , (which is often

the case for combinatorial problems) the condition is equivalent to the condition yjj{a} > 0.
The next definition and observation provide the basis for these requirements.

Definition 19 Given v € V, a multiplier vector y € RM and a set J! C J,, call a point
x, € conv §), (y,J))-consistent if

Y+ (Ajpxy) =0 forall j € M\ J,. (C1)

The set J}, is (y,v)-consistent if
yj - (Ajpxy) >0 for all z, € Q,, j € J,\ J, and (C2)
there exists a (y, J,)-consistent &, € Argmax{hq(zy) — (ys, )" Ay vT0: o € Qu}. (C3)

In this case &, is called a witness (of (y,v)-consistency). A family J{, := (J))vev is
y-consistent, if J) is (y,v)-consistent for each v € V.

Observation 20 Given v € V, y € RM and sets J!, C J" C J,, suppose J! is (y,v)-
consistent with a witness T, € Q. Then J) is also (y,v)-consistent and &, is a witness
for this. In particular, &, is an optimal solution for P,(y) with

Jo(y) = Ly(Ty,y) = hv(iv) - (yJ{J)TAJ{J,vi'v- (4~1>
Proof. Let z, € Q,, v € V, be an arbitrary primal point. Then

ho(20) = ()T Agywte = ho(2e) — ()T Agyze — Wama) T A g oo
>0 by (D)

=0 as (C1) holds for &,

Therefore #, is an optimal solution for the subproblem induced by J; with the same

objective value. Putting J!! = J,, (4.1) follows from (1.2)), (1.3 and (3.1 O
The next observation connects y-consistency to (E1)) and (E2]).

Observation 21 Let 0 € Ny with 317 € RM and Jio} C Jy, v € V, so that
and hold. Then J‘{/G} = ( {,{U})Uev is 717} -consistent.

Proof. Forv eV, implies (C2)) and establishes (C3|) with (C1)) for the witness.[]

It will be exploited repeatedly that the conditions remain true whenever the sets Jia} are
increased but no other global data is changed.
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Observation 22 Let o € INg so that ,(E) hold and assume Jia} C Jiaﬂ} forveV.

(i) If g7t = glot1} then and hold for o + 1.
(i) If 20 = z1ot1} then holds for o + 1.

Proof. (El)) and (E3) follow directly from the definition. For (E2|) applying Observation [20)
for J' = Ji7 and J” = JiotY implies that any 3ot satisfying 1) for o also satisfies

fora—i—l. O

4.2. Global Objects and Data

Next we specify the objects with their modifications that are required for exploiting the
weaker dependency assumptions. The new algorithm maintains the following global data
indexed by the global index marker o € N,

glot e RM, the current global center,

fia} = f,(719}) € R, the optimal primal value of P,(7{??) attained in some 531{,0} € Q,
forveV,

(117}, #17}) € conv W,  the current global aggregate minorant,

Bt Ccv, set of primal problems currently blocked by some processes,

Dlo} = (M, E{”}), digraph with arc set Elo} collecting presumed dependencies,

and additionally

J{,{J} C Jy, the constraints that subproblem v € V has interacted with,

B]{\;} CM, set of constraints currently blocked by some processes.

In our first algorithm the blocked constraints were implicitly given via the blocked sub-
problems B{?) ¢ V| but in the new algorithm the actual relation between subproblems

and constraints changes during the algorithm, so the new blocking set B]{\;} is needed to
track the blocked constraints explicitly.

4.3. The Restricted Subspace Problem Associated with Process 7

In contrast to the previous algorithm, in the extended algorithm a process 7 selects the
subproblems VI[™ w.r.t. the actual global dependency information Jv{a}, v € V, at the
time o = w when the process starts. This gives rise to the following objects for process .

Jm M, subset that 7 may modify, selected in step @,

ij ={veV:je Jéﬁ}}, the subproblems currently interacting with 7, (4.2)
vl .= U et ij, the subproblems that m optimizes over, (4.3)
JW = Jiﬂ} N Jim, dual variables interacting with v and in JI™,

jq[fr] = Jiﬂ} \J [”], dual variables interacting with v and not in J [”],

Jirl = Upeyin J dual variables interacting with V™ but not in JI™, (4.4)
ol = X ey in Lo, primal ground set.

The important difference is the definition of V1™l which contains only those problems that
actually interact with the selected constraints JI™. Note that setting Jiﬂ} = J, for all
v € V, 1. e., having all possible dependencies, implies virl = v(@ and Ji7l = J® . Ag
before, there are some simple relations involving the sets defined above.
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Observation 23 (see Observation[)

gl il gl ¢ g i for all v € VI, (4.5)
Jizhn gt =g for allv e V\ VI, (4.6)
Jiet c , for allv € V,o € Ny. (4.7)
Proof. Directly from the definitions. O

We split the global predicted decrease A7} at some index ¢ according to the selected
subspace and subproblems of a specific process 7, but this time the analysis will be sim-
pler if we split the coordinates M \ J (] of the aggregate subgradient with respect to the
dependencies known to or generated by 7 in the final step at 7,

J = Uy JTH (48)

A= 32 (A7 = Fagor agon 8D] + eI, (4.9)
veV

NG [fi"} —f(i,ﬂv},fgm,v(@{"})] + ullg@ ) i |2, (4.10)
veVIrl

INGEEES [ 1o} —f<i£0},z£“}>,v@{a})} + 2 lo@ )y i) I (4.11)
UEV\V[W]

it = Llg(z(h) |12

Observation 24 For each process m and each global index o there holds
Al = Aleh 1 Al 4 5lod
and if 37 = f,(510) for all v € V, then Al7} = Ao}, (1o}, (o)),
Proof. Direct computation. O
Process m computes cost coefficients
= —A%ﬂ]’vg);?i for v € VI, (4.12)

and forms augmented cost functions

A (zy) = hy(2) + (T2, for z,, € Qv e VI, (4.13)

Using the correspondingly adapted notation

L (2, ™y :=nl (2,) — ( =] )TAJ[W] JTo  form, € Qv € vl gl e R’ (4.14)

b
fiﬂ](y[ﬂ]) — maé( LL”] (:Bv,y[ﬂ) for v € V[ﬂ,y[”] c RJ[”J, (4.15)
Fl (gl ;:big[ﬂy[ﬂ + Z Flr ()l for yI™ € ]RJ[”]7 (4.16)
veVirl

the subproblem that 7 solves is

(splm) min  fI™(yl™).
y[ﬂ]eRJ[ﬂ]
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Affine minorants will be generated by the set
Wit i {1,017 € RY™ x Q7 1) — ), ol € 2,0 € VIR

The local version of the global data of process 7 is

gl e RJ[W], local center,
27 e Qi i‘w maximizes D in g7, v e vl
(l—w,i[”]) € conv W, local aggregate minorant.

Process 7 solves (SP™) approximately using a bundle method. Each (I", z[7]) € conv W]
defines minorants of fgﬂ] and 7

£l
f(lv 75(311 ])

s e [x]
Fie ity @) = By 4 Z:[ fﬁﬂ o W foryT e R
veVIn]

(™) = 1 4 (Tl — <y[[L> Ay 7 forve VI gyl e R, (417)

Due to the selective use of rows of A in (4.14)), the gradient of the affine function f([gl] Al

is somewhat clumsy to state,

g @y o= b _[ ST Al ] . (4.18)

ic Jglnl
vEV[7r jed

With this, the next candidate w. r. t. a given center {1 and an aggregate minorant (l—[“] , :)?[’T])
e conv W is determined as the minimizer

gl = il Lyl gy

of the augmented model f(l—[,r] )(y[”]) + %Hy[ﬂ — 9172, giving the predicted decrease

A, @, 7)) = gy — £ G + Hlgm @2 (4.a9)

4.4. Linking Local and Global Information

In analogy to the standard setting of Section [3] we establish the conditions that ensure a
direct relation between the subproblems of process 7 and the global subproblems.

Observation 25 Given a process m, v € V™ and y € RM with Yjim = ?);ﬁ, there hold

LLTF] (I’Uu yJ[W]) = hv($v) - (yJiz})TAjiz}mxv fOT Ty € Cy, (4~20)
fgi],m,v(yﬂ”]) =1, — y%z}AJP} T for (ly, x,) € conv W,,. (4.21)
Proof. Due to Yjim = { } we have ¢, ﬂ AT ,r] yJ[W], SO by J{W} = J,Eﬂ] UJ_TEW] definitions

(4.13) and (4.14]) prove and definition shows O
)

Jvﬂ'] )

Observation 26 Given a process w, v € VI and y € RM with Y 7l =y, suppose Jq;{ m}

is (y,v)-consistent with witness &,. Then

FP ) = L @0, y0m) = Lo(@0, ) = fol(y)- (4.22)
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Proof. Together with
EDEI N o AP
Fmax LN @,y ) ho(@o) = (Y =) Ay @ M (&0, y,m)

v
Ty €Ly

this is a direct consequence of (4.1]). O

Observation 27 Given a process w, v € V[T y € RM with Ysim = Qﬁ,ﬁ, and (ly,x,) €

conv Wy, suppose x,, is (y, Jq}{ﬁ})—consistent. Then
oo W) = Ftimn)o(®)- (4.23)

Al (@21
Proof. f([lv],a:v),v(yﬂ”]) = b _y?;{z}AJ{W} Iv! yTA-v v!f(lv,xv v(y) O

Observation 28 Given a process w and an x € conv §) satisfying

Ajus =0 forveV;\ V™, je Jim, (4.24)
there holds
g[ﬂ] (:EV[W]) = g(aj)J[w]. (4.25)

Proof. We use Ay, =0 for all j € M (see the definition (3.2) of V}),

[F] (@y1 r]HJ[wJ - [ Z Ajuy + Z Ajo

[ N—— icJlrl
GV ] vGV\V =0 by (#.24) J

(2-3)
=byim — AJ[wJ,.Cﬂgg(x)Jm- O

4.5. The Parallel Bundle Algorithm for Stronger Coupling

Now we present the extended parallel bundle algorithm in detail. While step needs
several modifications, steps [L.| and [2}(a)H(c)| require only minor adaptations and we mark
these by boxes.

Algorithm Extended Parallel Bundle:

1. Initialization

e Choose parameters

relative predicted subspace decrease level 71 € (0, % min{|—]\14|, |—‘1/|}),
subspace improvement level T € (0, 1),

subspace dependency level T3 € [0,1 — 72) and

termination precision € > 0,

mazimal number of parallel processes Ny < |M].

weight uw > 0 and descent step parameter p € (0,1) for the bundle method.

o Set o4 0, 5% 0, BO 0, | B < 0|

e Set 10} ¢ (or use some prespecified dependencies).

e Determine all f{% = £,(51%) and set (11%,z{%}) to the minorant defined by the
optimal solutions.
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e | Set Jéo} —{jeM: Ajﬁqu{)o} # 0} for all v € V' | and possibly enlarge them further

until each is (§1°}, v)-consistent.
o If A1} <¢(|f(51°)] + 1) then STOP.

2. While less than Ny processes are running, start a new process 7 setting @ + —1,
7T < —1. Each process m does the following (with semaphores guarding the access).

(a)

(b)

Subspace selection
e Secure exclusive access to global data, set m < o.
e Find j € M and a subspace J™ C M with
[S1] {j: (J,4) € Bt} C g7,
2] Al > 7 AlE
[S3] VIrlnBizh = ¢,

[84] | B 0 (g U i) = g,

e If no such j exists, the step is unsuccessful, do not change the global data, free
access to it and restart at some later time at @ when o > 7.

e The step is successful, set Blot1t « Bzt y yinl B]{\;H} — B]{\%} UJl |
T < oo and keep

(g{a—i—l}’ (Z_{U—H},f{a+1}),f‘{/g+1},E{U+1}, J‘{/<7+1} ) —

(Q{w}, @) 2=, () gl [ ) . (4.26)

e Read required global data, set 0 < w + 1 and free exclusive access.

Set up the subspace problem.
There is no global interaction in this step!
[7] [x] T
Compute ¢y ' by (4.12)) for all v € V™ and initialize the bundle method to solve

problem (SP[”]) with this ¢l™ starting from center ™! = gj:{]ﬁ}] and initial aggregate

(17 zl7y = ([;{/ﬂ[,};],i';{/ﬂ[i]) In the first iteration we have then exactly a predicted

decrease

Al (g (qim], gy = Afz

Solve the subspace problem.

There is no global interaction in this step!

Solve (SP[W]) by the bundle method, iteratively generating candidates g™ together
with primal aggregates (Z—W,:E[”]) e conv W, In each iteration test the following
conditions in this sequence.

1. If the predicted decrease on the subspace JI™ has been sufficiently reduced, i. e.,

Al g7y < malst (StopP?)

consider 2™ to be the original optimizer at ™ | and go to|(d)|
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2. If Ayl (171 zly) > T2A7{|—E} and the descent step criterion

Al gl (@, 27y < L gy — fim (i), (StopD?)

is satisfied, set gl < g™, |let 27l be the optimizer at g™ | and go to (d)

(d) Update global data with subspace solution.

e Secure exclusive access to global data and set 7T < o.
e Independent of (StopP’)) and (StopD’), keep

~Ao+1}  {o+1} _{a+1} {o+1}
(yM\J (lV\V[“]’ V\VI m1)s Finvis >
(4.27)
<A{7T} (l{ﬂ} s ), f{ﬂ} )
Yan g s vish Tyvis ) Ty v
and update the subterms
Ble+lt o plA V[ﬂ],BEH} - B]{;} \ g7 (4.28)

e Keep dependencies J‘{;’\;r/l} J‘{;G/ , update for all v € V[

JH  gm U ed, \ I A el £0or Azl £0 or 0 (4.29)

(j € Jr A yj[ g - Aj vz, <0 for some z, € Q,)}

and for all v € Vi \ VI

Jletth o pim g e g ng, \ gt g [”] - Aj oz < 0 for some

o0 (4.30)

e Ensure consistency of the new solution by testing the following conditions:

JM Az, >0 forve VT z, € Q,j e ST (gt gimh), (431)
g A2l =0 =gt 4,7l forve VTG e ST (gl g, (4.32)
g™ 4,80 = 0= 9! 45,80 forve VI j e (sl g\ g (4.33)
JEH A gl =g for v e Vi \ VITL (4.34)
If all of them hold, call w good and update
@t gty i ), (4.35)
otherwise call 7 bad and keep (Z{Utl},i‘{/gtl}) « (1, {F} _SL}F])
e If 7 is good and stopped with (StopD’)), update
ghort e gl (4.36)
Pt e B @iy, (4.37)
otherwise keep
fo+1} p{o+1} AT AT
( J[7r > J /] ) ( J[7r ’f ) (438)

28



e If 7w is good, stopped with , and satisfies
slotty 51T > Al (Dep)
e enlarge B0t} « BT} U {(5,5%)} at least by an arc (j,j*) with
j* € Argmax{g(@7)F — g(z)} - j € T},

in all other cases keep E{7t1} « {7},

e Set 0 + 7+ 1 and compute A7} If 7 is good and A7} < e(|f(5l7h)| + 1)
terminate all processes and STOP.

e Free access to global data and stop this process .

The proofs below will show that in actual implementations the availability of ™ required

for (4.29), (4.32) and (4.33) is only needed in the case of (StopD’) but not for (StopP’)),
because in the latter case the property AW@Lﬂ = 0 holds for j € J, \ J{,{E}, v e VI by
induction. It is not needed at any other place and so we do not store it in the global data.

Note also that the consistency tests - P ) need to be performed w.r.t. to the initial

dependencies J3* {7} instead of the global Jv attained when the process stops. Indeed, the
process has to verify that the assumptions under which it solved its subproblem are still
true when it stops.

For the analysis we will collect, for each value o € INg U {oco}, the processes in the sets

H{O'} — {7‘( = (E7ﬁ) r<Tand w < U}a
07 = {r= (@@ z<7 <o},
H{U} = {ﬁ:(ﬂ,ﬁ)ﬂ<

in the same way and with the same interpretation as before.

Observation 29 % = ( and for o’ € Ny there holds TI17'} £ T+ if and only if
(o e’y U e ey = 10 1 te’t = e then for all 0 > o' we have
1t7} = 11t} and there is no process m with m =0 or ™ =o0.

Proof. Identical to the proof of Observation ([

The set of markers o € INy visited by the algorithm will again be denoted by

Y= {0} U{o e N:1to} £ o1y,

4.6. Consistency of the Updating Scheme

In the new setting the two conditions [[S3|| and |[S4|| ensure that two processes running in
parallel choose subspaces in a coordinated way.

Lemma 30 Foro € X,
(i) B = Uperios VI, BT = Usenrior I,
(i) VI A VIl =0 for 77" € 9} with © # o/,
(iii) JFT (U JY = 0 = g (T JY for mn € T with © # !,
(iv) yJ W]UJ ol (l{ 7]; 7{E[7}r]) = ([;{/(7[7];]7 7{0} ); and fv[w] = f [7r] forme H{U}a

yJ mlyJlrl’
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(v) J{,{U/} C J{,{o} CJ, foro' € X witho' <o andv €V,
i) JF = 7= q gl = g8 q gl for v € VI 1 e IO},

(vii) (E1), (E2), are satisfied for o.

(viii) JIE s (517}, v)-consistent for a witness &, with A
1o},

M\J{E}i‘v =0 forveVlrd re

(iz) 27 is (i}, Jq}{ﬂ})—consistent with AM\J{W}JJQ{) =0 forve v x el

Proof. The proof works by induction on o. For o = 0 the initialization step sets B17} =
0= B{U} and Jv{a} CJ, (veV) satlsfymg ., because §17} = 0, :1:{"} =717} and
Aj Ty } #0=j¢€ J{ Vforve V. Together Wlth {7} = @ this proves

Now suppose o + 1 € ¥ and the claim holds for o € ¥. By definition, o + 1 € ¥ implies
o} £ T1{e+1} 50 Observation [29) asserts the existence of a unique n € (117} \ TI{o+1}) U
(1rlo+13\ 1119}) and this 7 either satisfies n=oorn=o.
Case n = o:
We have I1{7} = {7+ \ {5} and process i executed a successful step at o. In this
case (4.26) implies that most of the global data remains unchanged.

(iv)H(vil)f These hold because in a successful step Blot+tt — platyyhi, B}{V[UH} =
Bl U W are the only global objects changing.
M

(iii)f By induction, these only need to be verified for 7 = 7 and 7’ € H{”“} \ {n} =

H{”} Because V[T C Bo} by | . and E was satisfied for n at o, follows from
0 =vihnBila o V[’ﬂ NVI™l Applying the corresponding argument Wlthmproves
the left hand side equation of [] For the right hand side equation of |(iii) m assume
there exists a j € J N (J[”l] ]) then by we have j € JI™]. By definition

(.D there is a v € VI7') with j € J{*} Now 7’ < 1 = o by the choice of 7, so by
m I ('} C Jy {n} and with j € JU we conclude v € V" by (4 , contradicting .

(viil)lf(ix); Because the data involved in these conditions is not modified, the conditions
hold by induction for 7/ € I{e*+1 \ {5}. So consider 7, fix some v € VI and
observe Jv Uy Jn].J{n}-J{UH} (and 0+ 1 =mn+1). So|(viii)| is guaranteed by

Observation m 1| because ,. hold for o + 1 b§ (vii)} Likewise, establishes
(ix)}

Case 1 =0
We have IT{7+1} = I1{7} \ {n} and process 7 executed a step @ at o.

(1)H(iv)} By step m Blotl} = plod\ vl B{UH} Bio}\ Jll and for indices M \ J!
and V' \ V" all values relevant for m are left unchanged. In view of the validity of
and for m = n at o,|(1)H(iv)| hold by induction also for o +1 and its remaining
processes.

Its correctness follows directly from the operations performed on JéUH} forv eV in
step @
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Because of and the induction hypothesis it suffices to show J{,{UH} N Jirl C
IS A g = gl gl for v € vl e ot} Assume, for contradiction, for
some 7’ € T+ = 1171\ {5} thereis av € VI™'] with some j € (J{){JH}HJ[”/]) Jio
Now v ¢ vl by for m = n at ¢ and, as this j was added to J{,{U} by step@l f
n at o, this forces j € J M which contradicts for m =7 at o.

We first check () For v € V'\ VI there holds x{ngl} _1{10} by (4.27) and
Observation [22|/(i1)[ together with |(v)| guarantees that ( also holds at o + 1. For
v € VI and a bad 7, we have fUUH} = ;EU} Wthh allows the same argument

as before. If n is good, the update ensures x{ ot _ 1[)77] and all indices
jeEMN\Jy n} that violate A; vx[n] 0 are exphcltly included in Jiaﬂ}, so that

is satisfied for these v, as well.

For checking and first consider the case that 7 is a bad process or stopped
by . Then 47t} = {7} and by and Observation conditions (E1)
and hold for o + 1. It remains to consider the case that 7 is good and stopped
by (EtopD).

For only the indices j € JU need to be checked because by the other
conditions do not change and hold by induction. For j € JI 1’ implies A;, =0

unless v € V), so the update 1) and (4.30) to Jiaﬂ} in adds all indices
that do not yet satisfy the condition and (E1|) holds at o + 1.

We split the verification of (E2)) into the three cases v € V'\ Vim, v € Vi \ VI and
ve Vil Ifve VAV then the dependency update 1.} and (4.30) do not change

1}{0} and thus J{,{U} J{,{UJFI} Furthermore definition |.) 1mphes ngJr }ﬂ Jl =g,
IfveVig\V M then the dependency update 1} and together with the
successful test ensure J{U} Jiaﬂ} and JUUH} nJ [’7} = () as well. The
induction hypothesis for asserts the existence of a #, € Argmax{h,(z,) —
(gigg})TAjéa}’va: T, € Qv} with Aj 2, = 0 for j € M\ Ji% = M\ Ji7

Regarding J{U} = J{UH} J{UH} N J = ¢ and the update the relevant
~{o} ~{o+1}

multipliers have not Changed i.e g sy = Y (a1} and &, remains a valid witness

for the correctness of (E2|) at o + 1.

The case v € VI will be useful in further proofs, as well:

Claim: For a good process n stopped by and v € VI the point x[n] a

{n}

valid witness for Jy to be (171 v)-consistent with A (o1} xq[,] =0.

M\J}
Indeed, update 1) into J{U+ Y includes all indices j € J, \J{U} with A;, vajv] #*
0, so Ajvynﬁq[}"} =0forjeJ,\ JUUH}. Next we proof that holds. We have to
show that ;QJ{-UH}A-U% >0 for all z, € Q, and all j € J, \ Jyﬂ

o Ifje ( \J{n})\J[n] then y{ oF = A{UH} by (4.27)) and the induction hypothesis
for |(viii)| for c =7 and 7 = n 1mphes the assertion.

o Ifj e (Jv\J{,{UH})ﬂJ[”} then the dependency update 1) implies the assertion.
o Ifje (Jioﬂ}\J{,{ﬂ})ﬂJ 7] then the consistency test |j implies the assertion.
Putting all together (C2) holds. Similarly, the dependency update (4.29) together

with the successful tests 1} and 3) certify that q:[n] satisfies (C1) for J, {n}
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Finally regarding the choice of #[" € Argmax{L!" (z,,§"): z, € Q,} and the facts

g}(‘gﬁ]_l} 4™ by (4.36) and A{Un—]i_l} A{j[]n} by (4.27)) and |(iv), (4.20) establishes that

LTI} satisfies 1) i e. ZELn] is a witness for J{,{ﬂ} to be (Q{U+1},v)—consistent. This
completes the proof of the claim.

Now Observatio allows to conclude that Ji7™ is (1741} v)-consistent with
.; holds.

witness x[ and (E2

Fix 7/ € Mot} and v € VI7l. By induction there exists a witness #, with
AM\J{E’} & =0 for T to be (917}, v)-consistent and we show that step |(d)| of 7

does not invalidate this witness. In view of and J{,{E/} c Jiy gl by ||
(C3) holds because Z, satisfies (C1)) trivially. By (3.1)) process n has no influence on
the validity of (C2) unless there is some j € J N J,, in this case v € Vi \ Vil by

If the value y][ " Jeads to a violation of li for any such j, this j is included

in Jioﬂ} in the corresponding update (4 in step @ the subsequent tes
C2) by

fails and renders 1 a bad process resulting in glottt = g{o} which satisfies (C2
induction.

Fix 7/ € Tt} and v € V™1, By |(iv)| we know =Y — 7ot and applying
L]

for o =’ implies the assertion by induction.

The inductive properties allow to clarify the development of the global values relevant
for a process during its running time.

Lemma 31 Given w € T gssume f‘{/% = fyin (4=, Then for all o € {x,..., 7}

P =Tt FoR S = £ = £ = Fun ), (439

Az} f{w} jlo} zlo} Am] oy _ o n
(lv[‘rr]’ ) (lV[‘/r V[ﬂ]) f(l{o'} {g} (yJw]) f(ii”},:zid}),v(y{ }) (UEV[ ])7 (4~40)

and
S St prt w7 {7 {m+1} _ {7}
yM\J‘[W] - yM\J[wp (lV\V[”] ) xV\V["]) - (lv\v V\V ) fV\V[W] - fV\V[W]’ (441)
i particular,
y:{][ﬂ}i g{‘[’,} forall ve VM, oe{x .. 7T+1} (4.42)
Furthermore, if ™ is bad,
~T+1 AT T+1 T
AREE I = fom@T), (443)
(et = a2 7). (4.44)

Otherwise 7 is good and with 1}[”] e R'"™ and (l—[ﬂ,a_c[“]) e conv W being the final values
of ™ in Step it satisfies for v € VI

gl =g, A = D = g, (4.45)
A0, = A2l fi e G = Fgren i) GT), (446)
dM(@7) = 9@ foroe{m, ..., 7+1} (4.47)
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Proof. First consider(4.39) and (4.40) for o = w. At 7 the process 7 executed the step
()] and by (1.26) we have gl=+1} = gla}, {mt — Flm anq gimt o gl o an
v € V, so with 7 € M=} items of Lemma also hold for m at ¢ = m,

thus Observation ﬁ together with the assumption f‘{/ﬁ}] = [y (517}) proves fl[,ﬂ (g)(%r}]) =

fo(91=}) and Observation proves f([%]l}j il}),v(‘@:{]%r}]) = f(l_iﬂ},:f f,ﬂ}),v(g{ﬂ}) for v € VI,
For 0 € {w+1,...,7} we have 7 € {7}, hence, for these values of o, Lemma

implies the first and third equation in (4.39), the first in (4.40) and (4.42). For the
remaining equations we may again use Lemma [30][(iv)][(viii)] together with (4.42) to invoke
Observationand Observationfor 17}, This completes (4.40) and for (4.39)) we obtain

- e @822, 1 Ay @3N, o) B2, o - _
7 = 1 (o=@ 2 g 2 (1 2 56y for v e VI o € (o, 7).

The values for 0 = T+ 1 are set by m when executing step @ at 7, so (4.27)) §stablishes
(4.41) and also completes the result for (4.42)) because the definition (4.4) of JI™ implies

JirC M\ gl
If 7 was stopped by (StopP’) then ™ = Qﬁﬁ}]gjﬁﬁ}i and in this case or if 7 is bad,

4.38) sets gl = U7 and £ = £ so (4.39) implies (4.43) if 7 is bad and (4.45

g = Y GE
if 7 is good but stopped by dg\m. For (4.45)) there remains to consider the case of 7
being good and stopped by (StopD’)). Then g)ﬁ:]q} = gl and f‘{/T;]Ll} = f‘[f[]ﬂ (4™ by (4.36
and :4.37 . The claim of the proof of Lemma shows that for each v € VI™ the
set Jo™ is (g){f“}, v)-consistent with witness & . Thus, for v € vl allows to use
Observation 26| for proving fi”] (gl = £, (5171,

If 7 is identified as bad, holds because the old primal aggregate is kept explicitly

in step @, while for a good process the update (4.35)) gives the first equation of (4.46]).
The second equation follows from Observation r because by (4.42) and the successful

tests (4.32) and (4.33) the point z[™ satisfies (C1) for Ji™ and is therefore (gim+1}, Jiﬂ})—
consistent.

In order to see for a good process m, we prove that holds for zl9}, o €
{m,..., @™+ 1}, then the result follows from Observation . Consider a v € Vj \ Vj[ﬂ]

for some j € JI™. The successful test 1) certifies j ¢ J{,{ﬂl} and Jgﬁﬂ} D) J{){J} by

Lemma . By Lemma holds at ¢ and implies Aj’va_:ig} = 0. O

As for the basic version, the global data is consistent throughout and the arc set of the
dependency graph may only increase.

Lemma 32 Forallo € X,

f‘{/a} — fo('h, (i1}, z{7h) € conv W, (4.48)
A =A@ (@ ath), B C BT C{(i) i) € Mi# )

Furthermore, At} > e(|f(g17h)| +1) for all 0 € ¥ with o +1 € X.

Proof. The proof is by induction on . For ¢ = 0 the claim holds by the initialization
step. Suppose now o+ 1 € ¥ and the claim holds for o € . If 041 is reached by a step @
then none of the involved variables are changed and the relations still hold. Otherwise o+1
is reached by a step @ executed by some process m with 7 = o. If 7 is bad, none of the

g — g

data relevant for the claim is changed, so assume 7 is good, in which case
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for v € V\ V7. For v € V' \ VI the successful test li asserts Ji 0 C M \ JIr

~AT+1 AT T+1 ™ Ar+1} _{7+1 AT =17
14,27 yi{;}} - L{]i;}, T o 5 and @Y 2T = @28, Thus

and by

(Ziﬁ},iz{,ﬁ}) € conv W, holds by induction, while Lemma implies the validity of
(E1) and (E2) for T and 7 + 1. Furthermore the witness &, of (E2) for 7 is also a witness

for 7 + 1 because Ji* = Ji* 1. Therefore it holds fiﬂ = £ = f,7) via
Observation |21| and . For v € VI the claim follows for directly from @
and . The correctness of (4.48) for @ + 1 implies the correctness of AT} by
Observation The claim for BT follows directly from step @ Finally, for a bad
process 7, AT} = AT} because none of the data involved is changed, and if 7 is good

AT < o(|f(519)] + 1) leads to a termination for the algorithm in step @ at ™ and
then 7™+ 1 = max >. O

In the extended version, the algorithm may well happen to start a processes w on a
subspace JI™ with VI[7l = @ and this will not cause any problems, because eventually the

constraint indices will be added to J{,{ﬂ_l} for the corresponding subproblems. We have
to make sure, however, that a gap between function value and linear minorant, fq}{g} >

f(l—q{)a}jia})vv(y{”}), for some v € V enables some process 7 to choose an index in j € Jia}

so that v ends up in V[

Observation 33 For given o0 € X and v € V, there holds fq}{g} > f(i{”} w7 v(gj{(’}) and if

{,{U} > f(l—{o} zth U(Q{U}) then J{,{U} £ (. A process w with J™ = M satisfies AF} = Az}

Proof. Forv eV, 1) asserts (Zéa},jzia} ) € conv W, and

AEE), oy BD
==

([go}j’ga})’v(??{g})-

By Lemma the sets Jéa} can only grow for increasing ¢. We may have Jio} =0
)71}(@{”}) as long as Ji7 = 0.

Indeed, in this case v ¢ VI for any process T with 7 < o by 1) Then step @ implies
([ia}, f:io}) = (l’i”},aa{f)}) and féa} = {,{0}. Furthermore, by Lemma condition

ensures AJM@{"} = 0. Hence, together with the initialization step,

after initialization and we show that f,(317}) = f(l—{a} !

2 Mo lD o rov(2.4) » N N p
Faier gion =T = &y a0 20,0 = L1 = £

For 7 with JI7 = M we obtain by qp that v € VI for all v with £} > Fter son @),

and the result follows from the definitions (4.9) and (4.10]). O

With this, we can establish again that at least one working process is started as long as
the stopping criterion is not met .

Observation 34 For o € ¥ with 7} = () there holds 7+ = {7} for some 7 with
7 = o if and only if A > e(|f(GiH)| + 1).

Proof. Lemma asserts that It} = ) is equivalent to B1?} = ( and B]{V}T} = (). For
g

Blo} = ¢ and B}7’ = 0 conditions can always be satisfied. Indeed, choosing
JIT = M satisfies because M trivially observes all dependencies of E17}, by
Observation and as well as because the two blocking sets are empty. In
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particular, the algorithm starts with setting ¢ = 0 and B0} = ¢, Bz{\/?} = () and reaches
step if and only if the stopping criterion is not satisfied in step For 0 < o € X,
It} = ¢ requires IIe—1} = {m} for some process m with # = 0 — 1 by Observation
Thus, 7 executes a step@at o—1. If 7 is bad we have AT+ = AT > (|7 (5{TH1) | +1)
by induction, and if 7 is good, the algorithm continues if and only if the stopping criterion
is not satisfied for the global data of o. O

The following observation ensures that a subspace selection satisfying|[S2||is even possible
with a selected subspace containing only one constraint.

Observation 35 For any w executmg at 0 € X there always exists a j € M so that
i = {5} yields A7 > LA min{ L, L},

Proof. Considering, for o € 3, Observation [34] and the definition

A{U}<Z [7{ - f(z,ga},xgcn,v(@{"})D s EDINCA

veV JEM

at least one of both summands is greater than or equal to %A{U} > (0. If it is true for the
second summand, at least one of the terms % g(j{"})? is greater than or equal to %A{"}%
and then choosing JI™ = {j} is sufficient. If this is true for the first one, at least one of

the terms fia} _ f([i“},z;{,”}),v(?g{a}) is greater than or equal to %A{”}ﬁ.

may choose a j € Jia} # () for such a v € V by Observation [33{and JI™ = {j} satisfies the
requirement. ]

In this case we

Again, no process runs forever and, eventually, all required dependencies between sub-
spaces will be identified.

Lemma 36 For each ¢ € X, each process m € utet either stops at T < o0 or it s
terminated by another process w' executing step at ™ < oo with the global data of ™ +1
satisfying the termination criterion.

Proof. Analogous to the proof of Lemma [T1] O

Corollary 37 If |X| < oo then for o = max¥ there holds At < e(|f(gloh) +1). If
5] = oo then T} = ¢, I} =TT and = = U, oyt {m, 7}

Proof. This follows from Observation Observation and Lemma O
Observation 38 The number of bad processes m € et s finite.

Proof. First note that by Lemma the sets J{,{U} C J, can only grow for increasing
o until Jig} = Jy, so only a finite number of processes enlarges the sets ng}. For a bad
process m € T one of the tests mm failed. A failure in 1) requires
Jif“} \ JF} #£ () for some v € VI and a failed dﬁb implies JéﬁH \ Jéﬂ} # () for some
v € Vi \V[W], because J{){E} NJm =0 by . In consequence, there must have been
a process 7' (maybe 7 itself) with 7 < 7 < 7 that modified Jv?} #+ J{,{?H}. Because
]H{”}| < Np for all o € X, there can only be finitely many bad processes. O

It will be convenient to collect all good processes in the set

'={ne o s good}.
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4.7. Convergence Analysis

For the convergence analysis the same steps work out as for the first variant. In particular,
the global progress matches that of a single process.

Lemma 39 form el
0 < PG — MG = ra™) - peT),

e., the global progress achieved when m stores its subspace solution in the global data is
ezactly the progress made by © on JI™. In particular, the sequence (f(§17))s, 0 € X, is
NON-1NCreasing.

Proof. First observe that for = the initial value of the center §l™! is y:g[j by step |(b)| and
the final center is y:B T} by (4.45)), so the left hand inequality follows from the properties of
the bundle method employeo in step of . By Lemmathe requirement for Lemma

is fulfilled, so we may use its results for proving the second equation,

7l ~{m 1 7411 {4.16) A AT+1 ]~ 7l {7+
0 < /) - @Y G -+ X [Pl - ARG

v v Jln]
veVInl
7r T+l T s
6 o+ Y [T - e
veVinl
""'I ~3TT AT e g
--T(y{} {+1}+Z[ (™ ({+1})}
veV

Er) - ).

For any o € ¥ without a m € I satisfying @ = o there is either a process 7 with 7 = o
which executes step at m or a bad process m which executes step @ at T = o and in
both cases f‘{/g} = fVUJrl} and 917} = glot1} Therefore |D and Lemma (32| guarantee
f(@th) = f(ylot1) for these o, which establishes that (f(317}))s is non-increasing. [

For the next step we first have to establish the required relations between the predicted
decrease of the global data and that of a process.

Observation 40 For eI’

AT = AlD = Al gl (1) ), (4.49)
Al — AlT (4.50)
AT} = Al (g{m+1) (ﬁ”*”,;ﬁ%ﬁl})) (4.51)

Proof. By Lemma [32] we may use all results of Lemma [31|in the following.

7 E10) P N {7
AN [P - fuer oo, 7)) + ﬂg(a:{ D sl
veVInl i
(@39, [20), (2.47) [l o7y Al N {7}
= Z 1[; }(yJ[w]) - f(l—if}jgf})yv(yﬂw]) + %Hg[ ( Ly/ix ])H
vevirl -
(4.39),(4.40), (4.47) T s Fl us us
EBEBEDS | 1) - 75 o, GED] + 2l
vevin b oo
(£:39), ([#40), [47) [ i ; o i f110),
Y [H = Fyo ), 6] + L@ ) o [ EEAE
vevinl i
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To complete (4.49) note that by (4.19) the third line is in fact Al (g{m}, (177} 77 y)) o
order to prove (4.50) we first show (with JI as defined in ll

Aj i = A2 for je M\ (JM U M) v eV (4.52)

For v € V\V!™ this is an immediate consequence of (4.41). For v € VI consider some fixed
j € M\ (JIWUJ) and recall that, by (1.8) and Lemmal30(v)l ™ < ST+ ¢ ey jirl

for v € VI, Using Lemma [30||(vii)| we get Aj’vg‘:q{,ﬂo@Aj’vi‘fH}. With (4.52

recalling the definitions (4.11)), (2.3 we obtain as a first ingredient for (4.50)

and by

(21

%Hg(f{ﬂ)M\(ﬂﬂuﬂﬂ)H =4lg M\ (Il 2.

Next, by definition (2.4]), establishing

f(lfﬂjﬁ?”m (Q{f}) = f(lfl{)?Jrl},jl{)FJrl})’v (Cg{f—i-l}) forveV \ V[ﬂ.]

requires to show I = 1 and (Y {W})TAvamiﬂ} = (9 {WH})TA z5 Y for v e
VAV 7], By (4.41)) the only possible difference mlght be caused by Y; {m} 75 3 for some
j € JIT. For a fixed j € JI7 and v € V; \ V7, however, the successful test at
T, asserts j ¢ Jiﬁﬂ} D) J{){?}. Therefore |i ensures Aj; UZ‘;{;W} =0=A4,, _{WJF The
final ingredient fv{ﬂ = f{){ﬁﬂ} for v € V'\ V™ is contained explicitly in and this

completes ([4.50).
The last equation (4.51) is a direct consequence of the definitions (4.10) and (4.19)
O

together with (4.45)—(4.47]).

From now on, the analysis follows exactly the same path as that of the first variant, and
up to small adaptations due to the presence of bad processes the proofs match the first
ones verbatim.

Lemma 41 Suppose an infinite number of descent steps occurs and f is bounded from
below. Then
liminf Al7} — 0.

oc€lNg

because of condition (StopD’). By [[S2]| we have AlT} < %A;{g}. By Lemma [32| and
Lemma (31} ? (4.45),(4.46]) the final predicted decrease of 7 that caused the descent step is
A[ﬂ—] y [ 7T+1 7{7'('-‘(-1}))

P .

caused 7 to stop, we have

m o (St . -
{ ) ( {r} l{ +1} { +1})) (f ( A }) f[w]( AT +1}))‘

7?]’(V[7r ) V[w] p J[ff]

Proof. Let m € T be a good process for which a descent step occurs, i.e., 7 is Sped

Because (StopD’) and not the preceding test (StopP’) has

7r]7 [7]

Putting all together and using Lemma [39] we get

() () (x] ({7} ] o mHi) L SFN {1}
AT < Zale < —— (1) - ) (™) = rG™)).

1 T1T20

Because f is bounded from below and the sequence (f(§17})), is non-increasing by Lemma
the right hand side of the inequality above converges to zero. O
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Lemma 42 Assume there is only a finite number of descent steps and € = 0, then

lim A7} = 0.
gEY

Proof. If |3| < oo, then the statement holds by Corollary Therefore we may assume
|X| = 0.

Lemma implies Al?} > 0 for all ¢ € ¥ and that the dependency graph D1} can
only be increased. By Observation and because M is a finite set there must be a
o’ € ¥ such that for each o > o we have E1} = E{o'} and all processes 7 = (z,7) with
7 >o:=min{o’, 7’ : 7' € H{(’,}} are good and do not perform a descent step.

Let 0 > o', then by Corollary [37| there is a process m = (&, 7) such that o € {m,7}. If
o = we know by and Lemma [32] that AT} = A{lZ+1} o assume o = 7. Because
o > o’ we know that 7 satisfied condition and that

oIt 17k < myAdrh

Invoking Observation [24 twice for the subspace JI™! of = but once for the data of 7 and
once for T + 1 yields the relations
AT = A;{f} + 57‘?} + A;{f}’
A{?Jrl} — A;[Tf+1} + 57{rf+1} + A:{rerl}‘

We claim that AT} < (1—7)A{7} for some constant 0 < 7 < 1 independent of 7. Indeed,
1' implies A;{TE} = A;{f} and 1) gives Aiﬂ} = A;{rﬂﬂ}. The subspace selection
condition asserts AT{FE} > 71 A7} and stopping condition 1’ (because 7 is good

implies AT TIEDAR (5me1) (Im41) glmia)y)

and does not perform a descent step) s Ty

AT This yields
AT AT+ (A;{rﬁ} _ A;{rﬁﬂ}) + (A;{Tﬁ} _ A;{Tﬁ—&-l}) + (57{j} _ 57{rﬁ+1}) (4.53)
(A8 — AT+ (6 — s
>(1—19— Tg)AT{rﬂ}
T1(1 — 19 — 73) Alz},

=:7€(0,1)

Y

Note that this shows AT — AT} > 0 for all T = 0 > 0. Together with A{T} = Afz+1}
(see above) we get therefore that the sequence A{U})gzg is non-increasing. Because T > o’
we have ™ > ¢ and thus AT > A{™} From li we obtain

AT AT} > 2 AlT) > AT
and so
AT} < (1 — 7)AlT

Together with the case o = m above we get lim, e, A} = 0, which completes the proof.[]

CorollaryA 43 If f is bounded from below and € = 0, the predicted decrease A17} =
fglohy — f([{a}’j{a})(gj{”}) + L11g(z{71)||? goes to zero for an appropriate subsequence ¥* C

Y. In particular, f(jl7}) — f([{a}’j{a})(g{o}) and ||g(Z7H)|| go to zero, too, for the subse-
quence X*.
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Proof. Analogous to the proof of Corollary [16] (|

Theorem 44 Suppose ) # Argmin f is bounded. Then for an appropriate subsequence
* C % the sequences (17 yex and (17} yex+ that are generated by the extended parallel
bundle algorithm have the following properties.

(i) each accumulation point of (§17})sex+ is an optimal solution of (D),

(ii) each accumulation point of (Z17}),ex+ is an optimal solution of (conv P).

Proof. Analogous to the proof of Theorem U

5. Numerical Experiments

In this section we present first numerical results comparing the (Extended) Parallel Bundle
Method proposed in this paper with a standard proximal bundle algorithm. Note that
it is not the intent of this paper to provide an extensive numerical study. Indeed, the
experiments are very preliminary. The purpose of the tests is to show that there are
problems where the application of the parallel bundle method may give advantages over
the classical bundle method and may therefore be a valid alternative in future applications.

We used simple randomly generated test instances for the Train Timetabling Problem
(TTP), see, e. g., |4] for a full description of the problem. The task of the TTP is to find
a conflict free timetable for a set of trains in a given railway network. By conflict free we
mean that certain capacity restrictions in the stations as well as headway distances between
successive trains on the same track have to be fulfilled. In a real world TTP problem there
are often certain local areas with many local short distance trains (e. g., around big cities)
and a number of long distance and freight trains running through the whole network and
coupling those local areas. In order to mimic this structure, we generated in our tests a
random network as a subset of the two dimensional square grid graph which is further
divided into several (almost disjoint) subsquares. Those subsquares represent the local
areas and are filled each afterwards with a certain number of local trains with random routes
within that subsquare and random start time within a certain time window. Analogously
a certain number of global trains is generated which have random routes within the whole
network coupling the local areas. Each train has a running time of either 1 or 2 per arc
chosen randomly, all nodes in the network have a random capacity of either 1 or 2 and
all headway times are assumed to be one minute. Appendix [A] describes the generation
process of the test instances in more detail.

A typical model for the TTP, see [4], is based on time-expanded networks for each train.
In our case the network for each train is expanded up to twice its minimal running time
from its start to its end node. It is easy to see, that this model is indeed an instance of
(P) where each subproblem (P,(y)) is a shortest-path-problem in one of the time expanded
train networks. Therefore the classical bundle method as well as the parallel bundle method
can be applied to solve the corresponding Lagrangian dual problem.

We ran 80 test instances with 4 x 4 subsquares, each of size 20 x 20, forming a large
square of size 80 x 80 and 60 local trains per subsquare starting randomly distributed
within three hours. The number of global trains that couple the local areas is increased
from 40 to 120 trains in steps of 20 and they are started within three hours, too.

Both algorithms, the classical bundle method and the parallel bundle method, have
been implemented in C++ and all tests were run on an Intel(R) Core(TM) i7 CPU with 8
processors and 12GB memory. We solved all instances up to a final termination precision
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of 107%. In a first test we solved all instances with the classical bundle method on one
core and with the parallel bundle method on one core with exactly one subprocess. In
the second test we ran the tests with the classical bundle method where the subproblem
evaluations were executed in parallel on 4 cores and the parallel bundle method with up
to 4 parallel processes. Figure [3| shows the results for the tests with one core. Denoting
the running times by tparanel for the parallel bundle method and tgug1e for the classical
bundle method, diagram @ shows minimum, the maximum, the 25%, 75% quantiles and
the median of the relative running times fgngle/tparallel OVer all instances with a certain
number of global trains. Diagram @ shows the number of instances solved up to a certain
time for both algorithms. Figure [4] shows the analog results for the tests on four cores.

Running times Solved within Time
, 30 ‘ ‘ ‘ ‘ ‘ 80 T
g 70 | 7
E 25t E
D A
. , 60 o
20 t @
B g 50
S @
5 15t L 40
0
H =t
Hoo30
S 10t 4 -
o 20 t
2Ll |
bt 10 parallel +
£ T & JE L Tsigle
40 60 80 100 120 0 500 1000 1500 2000 2500 3000 3500
# global trains Time
(a) minimum, maximum, 25%, 75% quantiles (b) Performance profile
and median of tsingle/tparallel
Figure 3: Running times for 80 test instances on 1 core.
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Figure 4: Running times for 80 test instances on 4 cores.

The diagrams show that the parallel bundle method solves most instances within a
shorter time than the classical bundle method on one as well as on four cores. Further-
more, as the number of global trains is increased the advantage of the parallel bundle
method decreases. This matches expectations, because the classical bundle method has to
evaluate all subproblems equally often whereas the parallel bundle method may take ad-
vantage of the decoupled structure of the problem with some easy and some more difficult
areas. Therefore the parallel bundle method may evaluate certain subproblems less often
while focusing on the more difficult ones. When the number of global trains is increased,
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coupling between the subproblems is increased as well, and hence most subproblems be-
come similarly difficult. In this case the parallel bundle method looses its advantage.

It may come as a surprise, however, that the improvement of using four cores instead of
one is not evident, not only for the parallel but also for the classical bundle method. A pos-
sible explanation might be that the parallel evaluation of a large number of combinatorial
subproblems on multicore machines with common main memory seems to cause significant
problems in accessing memory (cache) and the speedup in pure computing power is lost due
to competing memory accesses. Therefore much better implementations of the algorithms
are required in order to properly exploit the properties of modern hardware.

Still, the numerical results indicate that the proposed parallel bundle approach has the
potential for developing into a useful alternative for large scale applications with appropri-
ate structure.

Acknowledgment. This work was supported by the Bundesministerium fir Bildung
und Forschung under grant 03MS640D. Responsibility for the content rests with the au-
thors.
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A. Problem and model description of the TTP

A.1. Problem and model

One typical application for bundle methods is the solution of the Lagrangian relaxation of
very large scale instances of combinatorial optimization problems. In out tests we focused
on simple random instances of the Train Timetabling Problem (TTP), see, e.g., [4]. The
TTP can be roughly described as follows. Given an infrastructure network G! = (U!, AT)
and a set of trains V with predefined routes U” = {u}, ..., uf } C U’ with (u},u¥ ) € A,
t=1,...,k, — 1, a starting time ¢j € Ry and running time per arc ¢; € R, the task is to
determine a feasible timetable, i. e., arrival and departure times for each train at each of
its stations. This timetable has to fulfill several constraints like capacity constraints in the
nodes (stations) and headway time constraints on the arcs. In detail, each node v € U
has a maximal capacity ¢, € IN, which means at most ¢, trains may be at node u at the
same time, and for each arc a € A’ there is a minimal headway time h, > 0 which means
that two trains may enter arc a at times ¢; and ¢, resp., if and only if |ty — 2| > h,. Note
that in practical applications the headway times may also depend on train-length, speed
and other aspects.

A typical model for the TTP is as follows. First the time is discretized in a set T =
{1,2,...,tmax} (€. g., in minutes). Then for each train v € V there is a time-expanded
network G%. = (U, A%) with node set

Up =U" x ({t5,t5 + 1, - tnax } U {tigna})
and arc set
7 ={((ui, 1), (ui,t+1)): uj € U 15 <t <tpax}
U {((ui's £), (uipr, t+47)): ug uipy € UYtg <t <t — 1]}
UA{((uf, 1), tgng) : (ui,t) € Uz}

The arc set of such a network consists of three classes of arcs: wait arcs of the form
((uf,t), (uj,t+1)), run-arcs of the form ((uf,t), (uf,,t+1})) and stop arcs ((ug,t),uy, ).

end
The latter will always be assigned high costs for uj # uy —and zero for uj = uj, , so the

train-route will have small costs if and only if the train reaches its destination in time.
Next we introduce binary variables z¥: A% — {0,1} for the arcs in G%. and get for each
train v € V the optimization problem

maximize (—w?)Tz®
(TTPR,) .
subject to ¥ € Qy,

where

Q, = {z¥ € {0,1}7: 2" represents a (uY,ty) — u’ ;,-path in G%}.
Now we can write the capacity constraints as

Z Z zy < ¢y, forallu e UL, t €T (A.1)
vEV e=((w,t"),(u,t)) €AY,

and the headway constraints as

t+he—1

Z Z Z xzp <1, for all (u,u’) =a € Al and tg € T. (A.2)

veV  t=to  e=((u,t),(u/t'))c Al
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Putting all together the optimization problem reads

maximize Z (—w?)Tx?
TTP veV
( ) subject to Ax <b
z¥ € Q,, veV,

where the linear constraints (A.1)) and (A.2)) are collected in the linear inequalities Az < b.
It is easy to see that this model is indeed an instance of (P) except that the constraints
are inequalities, but this has been implemented as well. The subproblems (P, (y)) turn out
to be
maximize (—w")Taz" -yl Ay p2*

(TTP,(y)) ) .

subject to x¥ € Qy, vevV,

which are simple shortest path problems in an acyclic network with a linear cost func-
tion. Therefore those subproblems are easy to solve and the problem (7'7'P) fits in our
framework.

A.2. Construction of test instances

Large scale real world instances of the T'TP usually require much more fine grained models
than those described in the previous section and often more advanced techniques like cut-
ting plane approaches or dynamic graph generation [4] in order to be efficiently treatable.
The current prototype implementation of the parallel bundle algorithm cannot handle
these cases, yet, and therefore we restricted to randomly generated test instances. The
construction of those instances is described in this section.

We assume the following properties of typical TTP instances. In a railway network
there are some areas where many short distance local trains interact (e.g., around big
cities) and those areas overlap only slightly with other areas. Furthermore there are long-
distance and freight trains that run through the whole network coupling those local areas.
These assumptions are reasonable for large real world networks.

The node set is constructed as follows. Let n;, d; € IN two numbers. The node set consists
of n; X n; subsquares Ui{j = {(uy,u2): uy € {(i — 1)dy,...,idi},us € {(j — 1)dy,...,5d;}
and the full node set Ul = U?;:l UZ{ i The arc set Al is generated by inserting randomly
a number of routes from a node of one border of the square node set to a node of the
opposite site. The detailed approach can be seen in Algorithm [45]

Algorithm 45 (Generation of infrastructure arcs.)
1: Input: n
2: Output: Al C (U!)?
3: fork:=1ton do

4: Choose a direction d € {—e1,e1, —ea, ea} randomly.

5: Choose ug € Ul with d¥ug minimal > i.e., ug s a border node
6: 1+ 0.

7: while d"u; not mazimal do > i.e., u; has not reached the opposite border yet.
8: Choose uit1 € U with

lwit1 — wil| =1,
(wis1 —u;)"d >0,
=0V ui—1 # Uiy1

> i.e., not in backward direction.
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9: Al AU {(ul, ui+1)}

10: 14— t+ 1.
11: end while
12: end for

After the arc set is constructed a set of trains is constructed. For this a random border
node is chosen and from there a random path with the arc set until another border node is
reached. If a loop is created or the generated train route is too short the route is thrown
away and the procedure is restarted. Algorithm [46]is called njocal times for each local area
und nglohal times for the whole network to generate local and global trains, resp..

Algorithm 46 (Generation of trains.)

1: Input: Subsquare G' = (U’, A") with size n.
2: Output: Train route (uy,...,u)
3: Choose random border node ug € U’.
4: 140
5: repeat
6: 141+1
7: Choose u; as random neighbor of u;_q
8: if u; € {uo, R ,ui,l} then
9: go to 3.
10: end if
11: until u; border node

In our test instances we chose n; = 20, d; = 4, nipcal = 60, and ngonal € {40, 60, 80, 100,
120} to generate 16 instances per choice of Nglobal -
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B. Symbols

General symbols:

M=A{1,...,m} set of constraints

V=A{l...,w} set of subproblems

Q, CR™veV ground set of v

D =Q,ey 2 CR" all ground sets

hy: Q, > R objective function of subproblem v

A € RMxn constraint matrix

be RM right-hand-side of the constraints

Ly(zy,y),v €V Lagrangian associated with subproblem v € V

foly),veV optimal value of subproblem v € V' with augmenting costs in-
duced by y

L(z,y) Lagrangian of full problem

f(y) value of dual function at y

g(x) subgradient generated x € conv (2

Wy set of linear minorants of f, generated by €2,

w set of linear minorants of f generated by {2

fwv 2W),veV,w, e W, value of linear minorant w, € conv W, of f, at y
Fu(y) value of linear minorant w € convW of f at y

JCM some subspace of Lagrange multipliers

JyC M, veV constraint interacting with v € V

V,cV,jeld problems interacting with j € M

JCM constraints interacting with V; but not contained in J
Ay, w) predicted global decrease at y with aggregate minorant w
Aj(y,w) predicted decrease on subspace J

Aj(y,w) predicted decrease not influences by subspace J

07 (w) predicted decrease influenced by J and by M \ J

i€ RM center of stability

g€ RM candidate point

(I, ) € conv W primal aggregate minorant

ze) optimal primal solution in center

Identifiers used in the standard parallel bundle algorithm in Section [3| denoting some
global algorithmic information have a superscript (o).

the set of all significant global steps
the set of all processes started before o € IN

)

the set of all processes finished before o € IN
the set of all processes running at ¢ € IN
current global center

=g=J=}%
22

S
m
=

S

optimal value of f, in current center §{°) of subproblem v € V
<">) € conv W current global primal minorant

=2 T2
DIS)

N =

q

-~ ~

\%4 set of currently blocked subproblems
current dependency graph

-GS
9

2

o=

current predicted global decrease

Identifiers associated with the subspace problem optimized by a process 7w have a super-
script (7).
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T, processes

s global index at which 7 starts

T global index when 7 finishes

v cv problems processed by 7

J™ C M subspace processed by 7

Jm C M constraints not contained in J(™ but interacting with some v €
V(™

Q) = Qe L ground set of process 7

g™ e RM current local center of process 7

(™ augmented cost term of subspace problem processed by

R QM 5 R local objective function of 7

Lq(fr) (X4, y(“)) local Lagrangian of process m associated with v € V(™)

) (y(™) local dual function of process 7

(l_(”), :E(”)) € conv W™ local aggregate minorant of process

925,”) € Q,,veVm optimal primal solution in current center y(™

W linear minorants at f{™)

}S,’;),v (y(™)) value of linear minorant w, € conv W, of f(™ at y(™

g™ (™) subgradient of f(™ generated by z(™ € conv Q™)

A predicted decrease in subspace problem of process 7

In Section {] for identifiers associated with the global states of the extended algorithm
have a superscript {o}, those associated with a process have a superscript [r]. The cor-
responding identifiers have the same meaning as in Section [3 the following additional
identifiers appear:

ia} current active constraints of problem v € V/
B]{\/(;} cCM currently blocked constraints
and
Jq[,w] constraints of v € V™ that are assumed to be active by
71[,74 active constraints of v € V™ but not contained in JI7
V}[W] problems for which j € JI™ is active when 7 starts
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