UNIFORM APPROXIMATION OF THE INTEGRATED DENSITY OF
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FABIAN SCHWARZENBERGER

ABSTRACT. In this paper we study the spectrum of long-range percolation graphs. The
underlying geometry is given in terms of a finitely generated amenable group. We prove
that the integrated density of states (IDS) or spectral distribution function can be approx-
imated uniformly in the energy variable. Using this, we are able to characterize the set of
discontinuities of the IDS.

1. INTRODUCTION

In this paper we study spectral properties of random graphs given by long-range percolation
models. The underlying geometry is induced by a finitely generated amenable group. We
measure the distance of the elements in the group in terms of the word metric with respect
to some finite and symmetric set of generators. While the vertex set of the graph under
consideration consists of all elements of the group and hence is deterministic, the edges are
inserted randomly and mutually independently. The probability of the existence a certain
edge [z,y] is given by p(xy~') where p is an ¢'-function on the set of vertices. Therefore
this probability tends to zero, if the distance between the vertices (measured in terms of
the word metric) increases. This gives a percolation model which allows edges of arbitrary
length, however long edges are very unlikely. Notice that for long-range percolation graphs
the Laplace operator A, is almost surely unbounded and not of finite hopping range. Here
we say that an operator is of finite hopping range if there is constant R such that the matrix
elements of the operator equal zero if their distance to the diagonal is larger than R.

We are interested in the spectrum of A, respectively in properties of the corresponding
integrated density of states (IDS), also known as the spectral distribution function. More
precisely we ask whether this function can be approximated via finite volume analogues. Let
us describe in more detail the problem under consideration. It is well known, that amenability
is equivalent to the existence of a Fglner sequence (Q;), cf. [Ada93]. Restricting the Laplacian
A, to an element ); gives a finite dimensional matrix, denoted by A, [Q;]. The distribution
of the eigenvalues of A, [Q;] is encoded in the function n(A,[Q;]) : R — R which maps each
E € R to the number of eigenvalues of A, [Q;] not exceeding E. This is called an eigenvalue
counting function. Given this construction it is natural to ask whether (and with respect to
which topology) the eigenvalue counting functions converge when j tends to infinity.

Before further elaborating on this question, let us briefly describe the content of the paper.
The next section is devoted to give precise definitions of the geometric and probabilistic
setting. In fact we present the details of the mentioned long-range percolation model and
introduce the class of groups which our theory applies to. An important property that is
required is the existence of a Fglner sequence (Q;) such that each @; is a monotile of the
group. In Section 3 we prove a result from the theory of large deviations, namely a Bernstein
inequality for random variables. This is used to estimate the number of “long” edges (i.e.
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edges of length longer than some constant R) which are incident to a certain set of vertices. We
are interested in the convergence of functions which describe the spectra of operators restricted
to elements of a Fglner sequence (Q;). Therefore it is useful to prove that boundary effects
caused by this restriction either vanish for increasing j or appear only with small probability.
This is done Section 4 where we use the mentioned estimate on the number of “long” edges
to verify a weak form of additivity for the eigenvalue counting functions. This will be one of
the key tools in the proof of our main result, namely Theorem A special version of this
reads as follows

Theorem. Let (@) be a strictly increasing and tempered Folner sequence of monotiles and
F,(Q) = n(A,[Q)) the eigenvalue counting function. Then there exists a distribution function
N :R — [0,1] such that

-5

|@nl
for almost all w € Q. The function N is called the integrated density of states of A, .

—0, n—o0
o0

Hence we give an answer to the above formulated question concerning the convergence of the
eigenvalue counting functions. Notice that as we consider the supremum norm this theorem
proves uniform convergence, which goes far beyond the usually shown pointwise convergence.
Another important feature of this result is that the limit-function is non-random. This is not
surprising once one notes that there is an ergodic theorem in the background. In the last
section Theorem is applied to investigate the points of discontinuity of the IDS.

Now we compare the content of this paper to results of previous ones. We start with work
where properties of long-range percolation graphs have been studied. In [AB87] and [AV08al
the authors investigated the size of percolation clusters in the subcritical phase. While the
first considered a model on Z%, the latter focused on the more general class of quasi-transitive
graphs. Work which is closely related to ours was done in [AVO8b], where the asymptotic
behavior of the IDS was analyzed. In fact it was shown that the IDS (corresponding to
the graph Laplacian) exhibits exponential behavior at the bottom of the spectrum. Another
approach to the study of spectral properties of a related family of random matrices was chosen
by Ayadi in [Aya09al [Aya09b]. He investigates the limit of spectral distribution functions
of certain scaled random matrices with random band width. For this ensemble he obtains
a semicircle law and studies the resolvent in order to obtain detailed information about the
correlation function of the normalized trace of the resolvent. Furthermore there exist other
approaches in the sense of asymptotic expansions. In [SS85, [PS10] the authors give examples
of operators in the continuum where one obtains infinite asymptotic expansions of a spectral
asymptotic.

The approximability of the integrated density of states is studied in various instances in
the literature. The first seminal results where obtained by Pastur [Pas71] and Shubin [Shu79]
who proved pointwise convergence of the finite volume approximants in the context of ergodic
random operators and almost periodic operators defined on the Euclidean space. Based on
these results it is nowadays well known that operators defined on R% or Z¢ obeying a certain
kind of ergodicity give rise to pointwise convergent sequence of approximating functions.
Beside this many similar results have been obtained for more complex geometric settings and
operators. See for instance [Szn89) [Szn90l [AS93, [PV02l [LPV04], where periodic Laplace and
Schrédinger operators on manifolds have been investigated. Related work in the context of
periodic graphs has been done in [MY02, MSY03, DLM™03, Ves05].



UNIFORM APPROXIMATION OF THE IDS FOR LONG-RANGE PERCOLATION HAMILTONIANS 3

In the topology of pointwise convergence the existence of the IDS has been mostly obtained
for operators of finite hopping range but also for operators which do not obey this property.
See for instance [PF92] and references therein, where the authors prove pointwise convergence
of the eigenvalue counting functions for certain random, symmetric operators on ¢2(Z%) which
are not necessarily of finite hopping range.

Note that in all of the above mentioned cases the authors obtained either pointwise conver-
gence on the whole real axis or pointwise convergence at continuity points of the IDS. Both
types are much weaker than the convergence with respect to the supremum norm. This is
of special interest in the context of quasi-periodic and percolation models where it is known
(see [KLS03] respectively [CCFT86, [Ves05]) that the set of points of discontinuity of the IDS
is usually very large and can even be dense in the spectrum.

Recently uniform convergence has been shown for several types of operators and geometries.
In [LV0O9] the authors present a method which applies to a large class of discrete models.
Among these are Anderson and quantum percolation models, quasi-crystal Hamiltonians on
Delone sets, Harper operators, random hopping models as well as Hamiltonians associated
to percolation on tilings. However, the ideas they use are based on the assumption that the
underlying operator is of finite hopping range. Another method to obtain uniform existence
of the IDS has been invented in [LS06] for Delone dynamical systems and the associated
random operators. Here an ergodic theorem for certain Banach space valued functions has
been established. This is applicable for eigenvalue counting functions of finite hopping range
operators and leads to their convergence with respect to the supremum norm. These ideas
have been adapted to the case where the underlying space equals Z¢ in ILMV08] and later on
for Cayley graphs given through amenable groups [LSVI0]. The considered operators therein
fulfill certain ergodicity properties and are assumed to be of finite hopping range as well.
Applying the results from [LMVO0S8] the authors of [GLV07] proved uniform convergence of
the approximating functions for operators on metric graphs over Z¢.

The last mentioned papers are closely related to the present one as we make use of an
ergodic theorem as well and study the same underlying geometry as in [LSV10]. However we
go beyond these results in several ways. The most important difference is that we are able to
treat operators which are not of finite hopping range. This property has been used in various
instances in the above mentioned papers [LS06l, [LMVO0S8, LV09l [LSV10], as many estimates
therein are based on rank estimates for restrictions of the operator in question. To verify
similar results for the present model, it proved to be useful to apply ideas from the theory of
large deviations, namely a Bernstein inequality. Roughly speaking this Bernstein inequality
makes it possible to show that appropriate rank estimates hold with high probability. Another
advantage is that we are able to give characterization the set of points of discontinuity. In
fact we prove that this set consists of all eigenvalues of all finite graphs and hence does not
contain a transcendental number.

In summary, it can be said that there are several results which prove uniform existence of
the IDS for models with finite hopping range operators and there are results where pointwise
convergence is shown for operators which are not necessarily of finite hopping range. To the
best of our knowledge, this is the first work where uniform convergence of the eigenvalue
counting functions is shown for operators which are not of finite hopping range. Though we
will always speak about a general group G, the presented main result, is valid and already
new for the case where the group equals Z%. We recommend to keep this example in mind
during the lecture of this paper.
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2. THE MODEL

In this paper we consider long-range percolation models on amenable groups. Firstly we
describe the group as a metric space and introduce certain definitions. Afterwords we give
the details of the random process which generates the graph I',.

Let G be a finitely generated group, P a finite and symmetric set of generators and id the
unit element in G. Every element g € G can be written as a product g = p;---pr, where
pi € P,i=1,...,L. We say that the distance between two distinct elements g, h € G equals
L if and only if L is the smallest number such there are elements p1,...,pr € P satisfying
gh™! = p1---pr. This gives a metric which we will denote by d : G x G — Ny, i.e.

d(g,h) == min{L € N | 3py,...,pr € P such that p; ---py = gh™ '}
if g # h and d(g,g) = 0 for all ¢ € G. For a ball of radius R around an element z € G we
write Br(x) := {g € G|d(g,z) < R} and Bg := Bpg(id) if = equals the unit element id. The
set of all finite subsets of G is denoted by F(G). Given a set Q € F(G) we define the diameter

by diam(Q) := max{d(g,h)|g,h € Q} and use |Q| for the cardinality of Q). Furthermore we
introduce the following notation related to the boundary of a finite subset Q C G:

OF(Q) :={r € Qld(x,G\Q) <R}, 0&/(Q):={zrecG\Q|d(z,Q) <R},
0%(Q) =08 (QUIL(Q) and Qr:=Q\ Q).

We use the notations (Q;) and (Q;);en for a sequence of finite subsets of G, where the index
J takes values in N and for a fixed element ); of such a sequence we write (); r instead of
(Q)r = Qj \ 0%(Q;). Tt is well known [Ada93], that amenability of G is equivalent to the
existence of a sequence (Q;);en of finite subsets of G such that

Jim 5@\ @il _
i—oo Q]
holds. Such a sequence (Q;);cn is called Folner sequence. It is easy to show that
RO R ). R ).
imoo |Q5] dmee Q] oo Q5] oo Q]

holds for each Fglner sequence (Q;) and R > 0. Given subsets Q},7 C G such that Q is
finite, we say that {Qt | t € T'} is a symmetric tiling of the group G along the grid T, if G
is the disjoint union of the sets Qt, t € T and T = T—!. In this situation we say that Q
symmetrically tiles G. An assumption on the group G will be the following: there exists a
Folner sequence (@) such that each element of the sequence symmetrically tiles G.

Remark 2.1. Let us briefly discuss this assumption. If G contains a sequence of finite index
subgroups (G,,) such that one can choose the sequence of associated fundamental domains
(F,) (with respect to G) as Folner sequence, then obviously (F,) fulfills the above condition.
In [Kri07] Krieger proved in a slight extension of a result of Weiss [Wei01] that such sequences
exist in any residually finite, amenable group. This implies particularly that any group of
polynomial growth fits in our framework. Furthermore as any matrix group over a commu-
tative field is residually finite, our theory applies to all such groups, which are additionally
amenable. Let as state a short list of important groups fulfilling our assumptions:

e Z% in any dimension d

e finitely generated abelian groups
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e discrete Heisenberg group Hy in any dimension d
e Grigorchuk group
e Lamplighter group

Here the last three examples show that we can treat groups from any growth regime.

A sequence of (@) of finite subsets of G is said to be tempered if for some C > 0 and all
neN

U @' Qn| < ClQn]

k<n

holds. Tt can be shown, that each Fglner sequence has a tempered subsequence, see e.g.
[Lin01]. We call a sequence (Qy,) strictly increasing if |Qny1| > |Qn| for all n € N. Again
one can show that each Fglner sequence has a strictly increasing subsequence. As each
subsequence of a strictly increasing sequence is strictly increasing as well, this gives that
there is a strictly increasing tempered Fglner sequence in each amenable group.

We continue with describing the randomness. Let the set of vertices V' be given by the
elements of the group G and let E be the set of edges of the complete undirected graph
I' =T(V,E). Thus an edge e € E is an unordered pair of vertices x,y € V which we will
denote by e = [z, y]. Let an arbitrary element p = (p(z))zec € £1(G) satisfying

(2) 0<p(x)<1 and p(z) = p(z™) for all z € G

be given. In order to generate a random subset E,, C E by a percolation process we define
for each e € E the probability that the edge e = [z,y] is an element of E,, to be equal to
play™).

More precisely we consider the following probability space: the sample space is given by
Q2 = {0,1}¥ the set of all possible configurations. We take A to be the o-algebra of subsets of
Q) generated by the cylinder sets. Finally we define the product measure P = ] .5 P. where
for each e = [z,y| € F the probability measure P, on {0, 1} is given by

P (w(e) = 1) = p(ay™) and P.(w(e) =0) =1 —p(zy ™).

Thus each w € 2 gives rise to a graph I', = (V, E,,). Now we discuss an alternative definition
of the long-range percolation process.

Remark 2.2. We introduced the distribution of the probabilities via an arbitrary function
p € (Y(@G) satisfying . There is an equivalent and in physical communities more common
way to do so.

For each pair of vertices x,y € G let J,, be a real number such that

® Jyoy: = Jpy forall z € G,
o J:=Jy =3 cGJuy is finite and independent of z € G.

We fix 8 > 0 and declare an edge [z,y] to be open with probability 1 — e™#/zv. To see the
equivalence to the above definition it suffices to show that ) .~ p(x) < oo holds if and only
if ZyeG Jyy < 00, where p(zy~!) =1 — e PJry. Using that 1 —e™® < s for all s € R one

obtains
dop@)=> play )= 1—e v <Y T,

zeG yeG yeG yeG
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To prove the converse direction we apply Taylor’s formula, which shows that there exists a
constant 7" > 0 such that

X k
L—e Mo =By = CPes)
k=2

holds for all z,y € G satisfying d(x,y) > T. Thus we get

o Tey= > Tyt D> Ty < > Jx,y+; > <1—e—5<7m,y)§02p($)

yelG yea yea yea yeq zeG
d(z,y)<T d(z,y)>T d(z,y)<T d(z,y)>T

for ¢ > 0 large enough.

Note that by definition [z,y] = [y,2] and P([z,y] € E,) = P([zz,y2] € E,) = p(zy™!).
Furthermore we get for z € G

(3) eR) = > play = > p)
yE€G\BRr(x) yE€G\Br

and limp_ ..o (R) = 0 since p € £1(G). The next result shows that for almost all realizations
the graph I, is locally finite. To this end we define for given z € G and w € () the vertex
degree of =z in I', by

my(r) = [{y € G | [z,y] € E,}| € [0, 00].

Lemma 2.3. There exists a set Q¢ C Q of full measure such that my(x) is finite for all
x € G and all w € Q.

Proof. Fix an element € G. For each y € G we denote by A, := {[z,y] € E,} the event
that « and y are adjacent. Since

D P(4,) = play™) < oo
yeG yeG

we can apply the Borel-Cantelli Lemma which gives that there exists a set 2, C  with
probability one such that m,,(z) is finite for each w € Q,. This implies

P({3z € G such that my,(z) =c}) = P (U {my(z) = oo})

zeG
< Y P({mu(z) = oo})
zeG
< D P(Q\Q)
zeG
As GG can have only countable many elements the claim follows. |

We go on defining certain random variables. Given an edge e € FE the random variable
Xe(w) is equal to one if e is an element of E,, and zero otherwise. If an edge is given by a
pair of vertices [z,y] it is obvious that Xizy] = X[y,z) and its distribution depends only on

the value zy~!.
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For fixed R € N and a finite subset Q = {z1,...,7|g/} C G we define random variables
Yi,i=1,...,|Q| by
4)  Yiw)= D Xpyw) where M :={zeG|dx,z)>R, x+z;Vj<i}.

yeMP

Thus, Y; is the random variable counting the edges of length larger than R, being incident
to x; and not counted by any Yj,j =1,...,7 — 1. Note that the variables Y; are independent
and Lemma [2.3| yields P(Y; = 00) =0, i =1,...,|Q|. Furthermore the distribution functions
for these random variables fulfill Fy,(z) < Fy,(z) for all i € {1,...,|Q|} and all z € R. By
equation (3|) the expectation value E(Y}) equals e(R). We denote the centred random variable
V; —E(Y;) by Vi foralli =1,...,|Q| and set Y := Y}, ¥ := Y;. The aim of Lemma[2.4]is to
describe the distribution of the variables Y;.

Lemma 2.4. Let R € N, Q = {z1,22,...,7)q/} € F(G) and Yy, i = 1,...,|Q] be given as
above. Then the estimate

P(Y; >t) < ce?
holds for allt € N and all 1 =1,...,|Q|, where c € R is given by
=Tt +p)e—1).
yeG
Proof. Let y € G be arbitrary and set x := x1 as well as Y = Y7, then
E(e¥tv) = p(ay~ Ve + (1 = pley™))e’ = 1+ play~")(e — 1)
holds. The independence of X, e € E implies
Ee )= J[ EEE=n)= [ (+p@yHe-1)<][0+pw)(e-1)
yEG\Br() yE€G\BRr() yeG

since Y = Zyea\ Br(z) Xiz,y- The product converges to a finite number since

[Ta+pwe—1)=exp | > W1 +pE)e—1) | <exp|(e—=1)D ply) | <oo

yeG yeG yeG
holds by assumption on p. Now we use Markov’s inequality to obtain for given i € {1,...,|Q|}
P(Y; >t) <P(Y >t) < e 'E(eY),
which implies the claimed inequality with constant ¢ not depending on R. |

Lemma [2.4| implies that for each k € Nand i € {1,...,|Q|} the moments E(Y}*) and E(Y})
exist. This is clear from

\E(Yik)\:itkﬂb i t*P(Y; > t) <thk <00
t=0 t= t=0
and
E(Y)| = i(t —E(Y)'P(Y; = )| < i |t —E(Y;)|*P(Y; > t) < ci |t = E(Y:)[*e™" < cc.
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3. BERNSTEIN INEQUALITY

In this section we verify a Bernstein inequality for independent random variables &;. This
is a result from the theory of large deviations. It estimates the probability that the sum of
the random variables differs too much from its expectation value. The proof follows ideas
from |AZ88|] where similar estimates are shown.

Theorem 3.1 (Bernstein inequality). Let &1, ...,&, be independent random variables satis-
Jying

1
(5) E(&) =0 and [E(¢) < §Tk_2k!

foralli=1,...,n, all k € N\ {1} and some constant T > 0. Then
2

P<s>a><{ei‘n 0<a<n/r

o

e 1t ,a>n/T

)

where S =", &.

Proof. For fixed i € {1,...,n} and h € (0, %] we have by assumption on §&;

. 2 E((h&)F) 2o |E(ER)) h? & _ 2

h&iy — A\ ) 2 k—2 i e k—2 2 h

E(e") = o <1402 " h I §1+2§(h7) <1T+h"<e.
k=0 k=2 k=2

Furthermore the independency of the random variables implies
n n
]E(ehS) _ HE(eh&') S Heh2 — enhQ‘
i=1 i=1

Using this and Markov inequality we obtain

(6) P(S > a) < e—ahE(ehS) < enhQ—ah
for each o > 0. In the case 0 < a < 2 set h = % < L. Then @ can be written as

If a> % we set h = % and conclude

=
n
v
£
IA
|

5]

which proves the claimed estimate. [

The next Lemma shows that the variables Y;, i = 1,...,|Q| fulfill the conditions with
some parameter 7 > 0, which is independent of R and ). This allows to apply Theorem
in order to prove an adapted inequality in Corollary

Lemma 3.2. There exists an Ry € N such that for each R > Ry the following holds: for any
set Q = {x1,..., 79} € F(G) and associated random variables Y;,i = 1,...,|Q| given as in

each Y; = Y; — E(Y;) satisfies the conditions with 7 =6[],cc (1+p(y)(e—1)).

Proof. Notice that the existence of the moments E(Y), k € N, i € {1,...,|Q|} is already
clear from Lemma However it is not obvious that the conditions hold with 7 given
as above. Furthermore we see 7 = 6¢, where c is the constant given by Lemma In the
special case where the second moment of Y; equals zero, the conditions are clearly fulfilled
since then E(Y*) =0 for all k € N, i € {1,...,]Q|}.
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Let Q = {w1,..., 7/} € F(G),i € {1,...,|Q|} and set ¥ := 1. We first choose a certain
constant T € N and give a condition for Ry and in order to prove that E(Y;?) does not exceed
one for alli=1,...,n and all R > Ry. Let T' € N be such that

1
et < —
(7) D e <o

where ¢ > 0 is the constant given by Lemma Now choose Ry € N such that

T -1
(8) “(R) < —%m - (3;#)

for all R > Ry. This choice implies

1
(9) E(Y;) <E(Y)=e(R) <3 and p(y)<g forall R> Ro,y € G\ Br,-

N

Furthermore we get for R > Ry

PY;=0)>P(Y =0)=P| > Xuu=0|= T[] O=ply )= [I -p)

yEG\BR(x) yEG\BR(x) yEG\BR

Now we use the inequality 1 — z > e~2* which holds for all z € [0,0.5] and obtain

[T G-pw)=ep| > WmA-p)|=exp|-2 > py) |=exp(—2:(R)),

yEG\Br yEG\Br yeG\Br
which shows using

-1
(10) P(Y; >1)=1-P(Y; =0) <1 — exp(—2 <3Zt>
As E(Y?) can be written as

E(Y?) = [E (Y ~ E0)))| = 3t — E(V)B(Y; = 1)

t=0

the estimates in ,@, and Lemma imply

T o]
E(Y?) < (BE(Y;)” + Y _(t—EX))’P(Y; =t)+ Y (t—E(Y;))*P(Y; =)
t=1 t=T+1
T fee)
<SERP+PY =D P+ > PPV > t)
t=1 t=T+1
1 1 1 L
=3T3t3"

Now let k > 3. The k-th moment of Y; is by definition the k-th central moment of Y; thus

we get
oo

Z P(Y; =t)].

=0

B = B - Era)h)| =
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Since 0 < E(Y;) < %, see we have that

i(t —E(Y))"P(Y; =)
t=0

< (E(Y;)FP(Y; = 0) + itk[@(n = 1)
t=1

< (B + Y PV 2 1)
t=1
holds. Using P(Y; > t) < P(Y >t) and E(Y;) < E(Y), this implies
[ee)
BTH| < BE)F+eY ] the,
t=1

where the last inequality holds with constant ¢ > 0 from the Lemma The function
f:[0,00] = R, z + 2¥e™™ takes its maximal value at the argument = = k. Therefore we get

0 k—1 [e'e)
dothe™ = Y ikt pkkeh 4 Y ket
t=1 t=1 t=k+1

k 00
< / xkemdaj—kkkek—k/ zFe % dx
0 k
o0
= / zFe ™ dr + kFe™F.
0

Partial integration leads to

/ 2Fe Tdx :/ kable %dp = ... = k!/ e Tdr = k!
0 0 0

Now it is enough to show that

(§

(11) 2(E(Y))* 4 2¢k! + 2¢ (k)k < 7R 2p

holds for 7 = 6¢. To this end we consider the three summands separately. The first one gives
by and as 7 > 1
2(E(Y))*

<
Th=2F1 —

1
3
The second summand gives

2ck! 2c 1

= < —
=21 (6c)k—2 — 3

and for the third summand we use the Stirling formula k! > k*e ™% to obtain

2ckF 2c < 1
ok rk—2f| = (6c)k_2 =3
This shows that holds, which finishes the proof. |

Given a finite set @ = {x1,... ,iL"Q|} C G we will use this result to show that the probability
that “too many long edges” are incident to a vertex in @) is very small. To be precise, let
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R € N and § > 0 be constants and set ¢ = ¢(R) = E(Y) as in (3). We decompose the
probability space Q = Q;(6, R, Q) U Q2(0, R, Q) by setting

@l
(12) (6, R, Q) = weQ

) > Qe +6) v and (6, R, Q) == Q\ (5, R, Q).

where Y;, 1 =1,...,|Q] are given by . Thus the set Q1 (0, R, Q) consists of all configurations
where the number of edges of length longer than R that are incident to at least one vertex in

Q is at least |Q|(e(R) + 9).

Corollary 3.3. Let Ry and 7 be as in Lemma[3.9, let § > 0 and Q € F(G) be given and

define Q1(0, R, Q) as above. Then the following inequality holds
exp —%) ,0<0 < %

(13) P (0.7, Q)) < s 1

exp —?> ,6 > T

Proof. By definition of Y;, ¥; and € = £(R) we have

Q| Q|
P(1 (6, R, Q)) ZY>IQ\ (YV)+48) | <P D ¥i>Qls
As the variables Y;,i = 1,...,|Q| are independent and fulfill conditions this term can be

estimated using Theorem Setting o = §|Q| we get
52 2

exp (-28°) o< <
6

€xXp _¥> a(;’Q‘ > @

which gives the desired estimate. |

P21 (6, R, Q)) <

)

4. COUNTING EIGENVALUES

In this section we consider the Laplace operator A, with respect to the random graph I',,
acting a domain D, C ¢?(G). To define this operator in an appropriate sense we restrict
ourselves from now on to the set Oy C Q with P(y¢) = 1 where ', is a locally finite graph
for all w € Qy¢, cf. Lemma

We denote by C.(G) C £?(G) the dense subset of functions f : G — C with finite support.
On this space we define the operator A,, : Co(G) — £2(G) by setting

Auf(a) :=mu(2)f@) = Y f)= Y (@)~ f).
y:[z,yl€Ew y:[z,y]€Ew
It is known that this operator is essentially selfadjoint, cf. [Jor08,[Woj09,[Web10]. Thus there
exists a domain D, such that A, : D, — EQ(G) is the unique selfadjoint extension of Aw. The
operator A, will be called the Laplace operator. Similarly the Laplacian Ag : £2(Vg) — £2(Vs)
on a finite subgraph S = (Vg, Eg) of the complete graph IT" is given by

Asfx)= > (fl@) = f().
yEVs:[z,y|€Ls

We denote the set of all finite subgraphs of the complete graph I' by S&. The subset of
S consisting of all subgraphs with vertex set @ € F(G) is called S(Q). For a subgraph
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S = (Vg,Eg) of ' and @ C Vg the induced subgraph of S on @ is denoted by S[Q], i.e. S[Q]
is the graph on vertex set @), where two vertices are adjacent in S[@)] if and only if they are
adjacent in S. Given a subgraph S = (Vg, Eg) of I and an element = € G the translation of
S by x is the graph Sz whose vertex set is Vg, = Vgz = {yz € G | y € Vs} and the edges are
Es: ={[y,y] € E | [yz~ ', y/x71] € Eg}.

In order to define the restriction of the Laplacian on a subset ) C G, we introduce mappings
pg and i@ called projection and inclusion. The support of u € ?%(@) is the set of those = € G,
such that u(z) # 0. We identify /2(Q) = {u: Q — C] > oeeQ |u(z)|? < oo} with the subspace
of 2(G) consisting of all elements supported in Q. The map pg : £2(G) — £3(Q) is given by
u — po(u), where pg(u)(x) = u(z) for x € Q. Similarly i : £2(Q) — £2(G) is given by

i) == { g HreQ

For given w € Q and S = (Vg,Eg) € S we will particularly be interested in restricted
operators poAyig : £2(Q) — 3(Q) and pyivsAspyyiv : 2(U) — 2(U), where Q C G and
U C Vg are finite. For this we will use the notation

AW[Q] = pQAwiQ and AS[U] = pUivSAsvaiU-

Note that these operators are symmetric matrices with real entries, hence their eigenvalues
are a subset of the real axis. Particularly for given w € ¢, R € Ny and @ € F(G) we will be
interested in the difference

DIQ) == Ar, g [Qr] — Au[Qk]-

Definition 4.1. Let B(R) be the Banach space of right-continuous, bounded functions f :
R — R equipped with supremum norm. For a selfadjoint operator A on a finite dimensional
Hilbert space V' we define its cumulative eigenvalue counting function n(A) € B(R) by setting

n(A)(E) :=[{ie N[\ < E}
for all £ € R, where \;,i = 1,...,dim V are the eigenvalues of A, counted according to their
multiplicity.

The next two lemmata are stated for completeness reason. Their proofs are to be found
for example in [LS06, LMVO0S, LSV10].

Lemma 4.2. Let A and C be selfadjoint operators in a finite dimensional Hilbert space, then
we have

In(A)(E) —n(A+ C)(E)| < rank(C)
for all E € R.

Lemma 4.3. Let V' be a finite dimensional Hilbert space and U a subspace of V. Ifi: U — V
1s the inclusion and p : V — U the orthogonal projection, we have

In(A)(E) — n(pAi)(E)| <4 -rank(l —iop)
for all selfadjoint operators A on V and all energies & € R.

For given Q € F(G), R € Ng, w € Q¢ and S = (V, Es) € S we define £F F, : F(G) —
B(R) by

(14) F(Q) = n(Au[QR)) and Fu(Q) == F(Q) = n(Au[Q)).



UNIFORM APPROXIMATION OF THE IDS FOR LONG-RANGE PERCOLATION HAMILTONIANS 13
as well as FE F : S — B(R) by
(15) FE(S) == n(As[(Vs)R]) and F(S) := F(S) = n(Ag).

Lemma 4.4. Let R € Ny, w € Qi and the functions FE : F(G) — B(R) and F : S — B(R)
be given as above. Then the following holds true:

(i) the functions FE and F® are linearly bounded, in fact
IES Q) < Q| and IEF(S)|| < [Vs]
(i) the function FE is invariant under translation, i.e. for any S € S and x € G we have
FE(S) = FE(Sz).
Proof. This follows easily from the definition. |

The next results are devoted to prove further properties of these functions for R > Ry with
Ry from Lemma We will not be able to prove these properties for all w € Q¢ but only
for all w € Q where

(16) Q:=Q,R,Q) :=N(6R QN and (5, R,Q) given as in

By Corollary [3.3{ we have P(Q) > 1 — exp(—02|Q|/4) for § < 7=, The function Ff : F(G) —
B(R), Q — FX(Q) satisfies a weak form of additivity, described in the next

Lemma 4.5. Let Q € F(G), R > Ry and 6 > 0 be given and set Q= Q(é, R,Q) as in (@
and ¢ = ¢(R) = Zyec\BRp(y) as in (@) Then for any disjoint sets Q;,i = 1,...k with
Q =, Qi the inequality
k
FQ) =) FlQi)
i=1

holds for all w € Q. Here Ry is the constant given in Lemma .

k
<4|QI(e +0) +4) 10%(Qs)]
=1

Proof. Let w € Q and disjoint sets Q;,i =1,...k with Q = \UJ; Qi be given. During the proof
we will call the edges of length longer than R the long edges. For given U € F(G) we define
an operator Ly [U] : £2(U) — ¢*(U) which does only respect the long edges by

LolUIN@) == > [

yeU:[z,y]€Ey
d(z,y)>R

and use the notation
AL[UT = AL[U] - Lu[U).

As w is an element of Q3(d, R, @), the number of long edges in T'y, which are incident to a
vertex in @ is less than |Q|(e + 0). Hence the matrices L,[Q] and L,[Qr] contain not more
than 2|Q|(e 4 0) non-zero elements and we get

rank(L,[Q]) <2|Q|(e +0) and rank(L,[Qr]) < 2|Q|(e + 9).

This combined with Lemma [4.2| gives

(17) In(Au[Qr]) = n(AZIQR] < rank(Ly[Qr]) < 2/Q|(c +6)
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which immediately implies

Zn Qz R
=1

Here the last term can be estimated by

k

n(ALIQR]) = ) n(AulQir])

i=1
k

[0 (A5 Qur) ~ n(AufQ:al)

=1

We apply again Lemma and the fact that ), rank(L,[Q; r]) is bounded by the number
of non-zero elements in L, [Q] as well. This proves the inequality

<2[Ql(e +9) +

AL QR Zn Qz R
=1

| <

k
AL QR Z n Qz R
=1

(18) < 4[Ql(e +9) +

QR Z n Qz R
=1

k
AL QR Zn QZR
=1

Now we use a decoupling argument. By definition of AL[-] and L[] we get

k k
AL [U @] _ D (ALQur) .

i=1 i=1

Therefore we can count the eigenvalues of AL [Qir] for i =1,..., k separately

k
n | AL
=1

k
o]} =3 nlatioun.
Now we apply Proposition with V = £2(Qg) and U = EQ(UZLI Qi r). Hence we get

=1

k k k
n(AL[Qr]) - Z n(AL[Qi r)) n(AL[Qr]) —n (Aﬁ U Qi,R]) < 42 07 Q|
i=1 i=1 i=1
This together with finishes the proof. |

The next lemma shows that the functions FI* and F act similarly with high probability.

Lemma 4.6. Let Q € F(G), R > Ry and 6 > 0 be given and set Q= Q(é, R,Q) as in (@
and € = e(R) = 3_ e\ p,, P(Y) as in (@) Then

|Fi@ - PRru@)|| < 1@l + )
holds for all w € Q. Here Ry is the constant given in Lemma .
Proof. Let w € Q be given. By definition of FF, FI and DE(.)

|FR@) = PRIIQD|| = [[n(Aul@r]) = n(Ar, Q)
= [[n(AuQr]) — n(Au[QR] + DIQ)]
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holds. Lemma [4.2] yields that
[n(Au[@Qr]) — n(Au[Qr] + DE(Q))]] < rank(DF(Q)) < Y IDE(Q)(x,2)]

z€EQR

Note that (—D2(Q)) : £2(Qr) — ¢*(Qr) is a diagonal matrix where the entry at (z, ) denotes
the number of edges in I, from z € Qr to G \ Q. The sum of these entries is bounded from
above by the number of all edges of length longer than R which are incident to some x € Qg.
Therefore the last term is not larger then |Q|(e + J) as w is an element of Q. [

5. UNIFORM APPROXIMATION

At the beginning of this section we introduce some notation concerning frequencies of
finite subgraphs in infinite graphs. For two graphs 5,5’ € S the number of occurrences of
translations of the graph S in S’ is denoted by

ts(S") == [{z € G | Vsz C Vi, §'[Vsa] = Sx}.

Counting occurrences of graphs along a Fglner sequence (Uj);cn leads to the definition of
frequencies. Let S € S, (Uj) en be a Fglner sequence and let IV = (V, E’) be a subgraph of
I" on the full vertex set V. If the limit

n o Bs(TU)
vg(I') == jlggoT]’j

exists we call vg(I') the frequency of S in the graphI" along (Uj)jen. Similarly frequencies can
be defined for subgraphs which are not (or sparsly) connected to the rest of the graph. Given
R € N and a graph IV = (V, E’) on the full vertex set V, we say that a graph S = (Vg, Eg) is
R-isolated in T if T'[Vg] = S and [g,h] ¢ E' for all g € Vg, h € G\ Vg satisfying d(g,h) > R.
Therefore a 1-isolated graph S has no edge connecting it with the rest of the graph. For a
given graph S = (Vg, Eg) € S, aset Q € F(G), R € N and I as above we write

ts,r(I",Q) :=|{z € G | Vsz C Q and Sz is R-isolated in I"'}|

for the number of occurrences of R-isolated copies of S in ). The frequency of an R-isolated
graph S along a Fglner sequence (U;) in I'" is defined by

. I, U;
VS,R(F/) = ]linolo ﬁS’R|(U_’ J)7
J

if the limit exists. In the following the graph IV will always be given by percolation graph I,
w € Q. However Lemma will show that the frequencies vg(I',,) will coincide for almost all

w € (). The same will hold true for the frequencies vg r(T'y,).
We define the action T of G on (2, A, P) by

(19) T:GxQ—Q, (g,w) > Ty(w) = wg™*
where wg™! € Q is given pointwise by
wg ' ([z.y]) = w(lzg,yg]) forall z,y € G.

Note that T is an ergodic and measure preserving left-action on (9, A4, P).
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Lemma 5.1. Given R € N and a tempered Folner sequence (Q,), there exists a set Qg C 2
of full measure such that the frequencies vs(I'y,) and vs r(Ly) along (Qn) exist for all S =
(Vs, Eg) € S and all w € Qg in particular

vsi=vsTw)= [[ play ™ J] Q-pay™)

[z,y]€Es [z,y]¢Eg

z,yeEVg
ver:=vsrTw)= [] pay™)- J] O-p@y ") J[ @-pay™)
[z,y]€Es [z,y]¢Eg [z,y]€E,z€Vg,
z,yeVg y¢Vg,d(z,y) >R

holds and the values of vsg and vs r do not depend on the specific choice of (Qn).

To prove this Lemma we cite a special case of a pointwise Ergodic Theorem due to Lin-
denstrauss (Theorem 1.2 in [Lin01])

Theorem 5.2. Let G act from the left on a measure space (2, A,P) by an ergodic and
measure preserving transformation T an let (Qy) be a tempered Folner sequence. Then for
any f € LY(P)

lim f(Tyw) /f )dP(w
n—o0 |Qn| g;;n g

holds almost surely.

Proof of Lemmal5.1 Let S = (Vg, Eg) € S be a graph such that id € Vg. We define Ag =
{w € Q| T',[Vs] = S} to be the subset of Q consisting of all configurations where I',, coincides
with S on Vg and we denote the indicator function of Ag by fg. The number of occurrences
of S in the graph I',[@,] can be estimated by

(20) Y fslwg™h) <gs(T <Y fslwg™).
geQn,diam(Vs) 9eQn

This proves on the one hand that

lim sup ——————= s (L [Qn]) Z fs(wg 1
gEQn
holds. Using the fact
’ 'Rth‘
m —0, n—>
G 3 dster < St
eathn
for all R > 0, also implies
hmlnfjj ( [Qn]) > lim inf Z fs(wg™!) = liminf —— Z fs(wg™h).
n—co |Qnl n—oo  |Qp| n—00 \Q |

geQn,diam(Vs) 9€Qn

Consequently vs(I'y,) = limp o0 $5(T'w[@n])/|@n| exists. The left action T of G on (L2, A, P)
is given by , thus it is measure preserving and ergodic. Therefore Theorem gives

vs(Tw) = 11113010 |Q Z fs(w ILH;OW Z fs(Tyw) = E(fs) a.s.
" 9eQn 9EQn
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The expectation value E(fg) can be computeted via the probabilities given by p € £}(G) in
(2):
E(fs) = P(fs(w = I ey ™ J] @-pay).

[z,y]€eEs [z,y]¢Eg
z,y€Vg

This procedure works in the same way for vg r(I'y,). Defining
Asp={w e Q| I',[Vs] =S5 and S is R-isolated in I',,}

and fg gr to be its indicator function, we get

vsr(Tw) =B(fsr)= [] pay™ - J[ A-p@y™)- [ @ —ply™).

[z,y|€Es lz,y]¢Eg [z,y]€E,z€Vg,
z,y€Vyg yQVS,d(z,y)ZR
Here the last product is finite since p € £}(G). [

Theorem 5.3. Let G be a finitely generated, amenable group and let (Qy,) and (U;) be Folner
sequences fulfilling

(a) (Uj) is strictly increasing and tempered;

(b) each @, symmetrically tiles G.
Let the functions F,, : F(G) = B(R) and F : S — B(R) be given as in and . Then
the following limits

(21) N := lim ngjj) = lim Y- PG
j—oo | ]| OOSES(Qn) |Qnl

exist and are equal almost surely and furthermore do not depend on the specific choice of (Qn)
and (Uj). The function N is called integrated density of states.

Remark 5.4. Given a group G and Fglner sequences with the above properties, the theorem
ensures the existence of a set ' of measure one, such that the limits exist for all w € V.
However, it is not possible to find a set " of full measure, such that the limit exists for all
Folner sequences satisfying (a) and (b). This is due to the fact that for almost all w € Q we
can construct (by translation) Fglner sequences such that the associated sequences in do
not converge.

A similar and well known phenomenom occurs in the theory of Lebesgue measurable func-
tions. Here one identifies functions which agree up to a set of measure zero, however it is not
possible to state a set of full measure such that all functions in the same equivalence class are
equal on this set.

The proof of Theorem is based on the following Lemma.

Lemma 5.5. Let G be a finitely generated, amenable group and let (Uj) be a strictly increas-
ing, tempered Folner sequence and let (Q,) be a Folner sequence such that each Q, symmet-
rically tiles G. Let j € N, R > Ry and 0 < 6 < 77! be given, where Ry and T are constants
given by Lemma . Set € = e(R) = > cq\p, P(Y) as in @) and Q; = Q(6, R, U;) N O,
where Q(6, R, U;) is as in (@ and Qg as in Lemma . The functions F2: F(G) — B(R)
and F¥ : S — B(R) are defined as in and . Then the difference

Dy,(j,n, R) := M_ Z VSFR(S)
o U SES(Qn) |Qnl
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satisfies the estimate

i R diam Qn g7 ,
Dy, (4,7, R)<4|a Q"|+<4|a Q”|+1> 19 UJ|+5(5+5)+ > ‘M—I/S
‘Qn‘ ‘Qn’ |U]| Ses@n) |U]|

for allw € Q; and all n € N.

Proof. Let n € N and w € €; be given. By inserting zeros we estimate the difference
D, (j,n, R) in the following way

FRU;) FE(Qng)
Du(j,m,R) < |=ei) —w nd)
wldrm B) [P PR ARIN
QngCUj
Qng ﬁS (S)
*eru@ 2 rr \@\
geG n SGSQ) ] n
QnQCU
S FE(S
2 ﬁS| T M
SES(Qn) J n SES(Qn) n

With another application of the triangle inequality this gives
Dy(j,n, R) < DY (j,n, R) + DY) (j.n, R) + DEY (j,n, R),

where
) 1
DG R) = | Y XU = > FR(Qug)
’UJ’ : |QTL| xEQn geG
QngCUj
. 1
DP(j.n,R) = ————| Y FMQuo)— Y ts(TulU])FE(S)
10| 2 o5
an]CU-
FR
DO (i R) = ts(T ‘H
Gn®) = R ar

5e5(Qn)

We use the boundedness of F(S), see Lemma [4.4 to obtain

@) pPGmms Y B
seson| Uil

To estimate the other terms we make use of the tiling property of the set @),,, which gives
us that there exists a set T, = T, C G such that G is the disjoint union of the sets Q,t,
t € Ty, For fixed x € G we shift the grid T,,2~! = {tz=! | t € T,,} and get

G=Gr'=JQuta" = (J Qut

te’ly teT,x—1
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and Qut N Q,t' = () for distinct ¢,#' € T~!. This shows that {Q,t | t € T,z~1} is a tiling of
G as well. Given a set U € F(G) and an element x € G, we set

W(U,z,n):={gecThz™' | QugNU # 0}
and distinguish two types of elements in W (U, z,n)
IU,z,n):={g€Thr ' | QugCcU} and 9(U,z,n):=W(U,z,n)\IU,z,n).

Therefore translations of @, by elements of I(U, z,n) are completely contained in U whereas
translations of @, by elements of 9(U, x,n) have non-empty intersections with both U and
G\ U. By construction we have the following equality

(23) {9€G | QugCUj} = U I(U;,z,n).

Here, one inclusion is obvious. To obtain the other one, take an element g and choose z € Q,,
and t € T,, such that g‘1 = xt. This gives g =t~ '2~! € T2~! as T is symmetric. In order to
show that the union in is disjoint, let x y € @, with z # y be given. Then «T), Ny1;,, =
and again by symmetry of T,, we have T2~ ' N Ty~ = 0, Which proves . We use the
invariance of Ff under translation, see Lemma and then to obtain

D@ (j,n,R) = W > (Ff(Qng)—FR(Fw[Qng])) H
< prol X X |FEQue - P

T€Qn geI(Uj,x,n)

Asw e Q(&, R,U;) and as Qng N Qph = 0 for distinct g, h € I(Uj, z,n), Lemma leads to

(24) D®(j,n,R) < |U’|Qn|2 > |Qul(e+6) <e+a.

z€Qn gel(Uj,x,n)

To estimate Dful)(j,n, R) firstly note that the disjointness of the translates and the fact
that Qg C §%iamQn U; holds for all g € O(Uj, z,n) imply the following inequalities:

(25) |0(U;, 2, )| - Q| < |07 @] and [L(Uj, z,n)| - |@n| < [Uj].
We use again to obtain
(26) D (j,n, R) < ‘ o >R Y. FlHQng)

" zeQn geI(Uj,x,n)

and analyse one summand

Ai?(Uj,x,n)::\Ff(Uj)— 3 Ff(Qng)Hz‘Ff(Uj)— 3 Ff((Qng)ﬂUJ)‘
g€l(Uj,z,n) geI(Uj,z,n)

s‘pf(%-)— 3 Fﬁ((Qng>mUj>]+ 3 Ff((QngmUj)\
geW (Uj,x,n) g€d(Uj,x,n)
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where the last inequality holds since W (U;,z,n) is the disjoint union of 9(Uj,x,n) and
I(Uj,z,n). Next we use the weak form of additivity given by Lemma This is appli-

cable since w € §2; C Q(d, R,U;) and gives together with the boundedness of FI see Lemma
[4.4) the following

Afazsxnwfz4< LT DS laR«QnQHWUﬁ|+IUH@-%®>

gGI(U] 7x7n) QGB(UJ‘,I,TL)
+ ) (@l

The invariance of 3(-) and | - | under translation and the inequalities yield

AL(Us, 2, n) < 407Qu|L(Uj, ,n)| + 4107 Qul|0(U;, 2, )| + |Qul|0(Uj, z,m)| + 4|Uj (e + 8)
|Uj] [gtiem @ |
|Qnl |Qnl
which we plug in at and obtain

< 416%Q,,| + 4|67 Q.| 4 [pYEm @r | 44U (e + 0)

1 ; R0, :
DW(j,n,R) < — <4|8RQ,L\ |UJ|| + (4‘8 @n| + 1) |§diam Qn | +4|ij(e+5)>

N ’Uj’ |Qn |Qn|
R R diam Qr 77.
(27) = 4‘(?@@‘"' + (4‘8'QQ|”’ + 1> [0 U T uil +4(e + 6).
n n J

The combination of the estimates in , and gives

R R diam Qn 77 -
Dw(jvan)S4|a Q”'+<4|a Q”|+1> 19 U]|+5(€+5)+ > ‘ﬁS(Pw[UJD_uS
‘Qn‘ ‘Qn’ |U]| SeS(Qn)

which proves the desired estimate on Dy, (j, n, R). |

Proof of Theorem[5.3 For given j,n € N, R> Ry, 0 < § <7 ' and w € Q; := Q(6,R,U;) N
Qp we set

LG ) F Y ﬁS(ng[?j])

R R diam Qn 7.
_W@MGW%+QG Uil
SeS(Qn)

B,(j,n,R,0) =4
( )=, N 0,

i.e. the upper bound for D, (j,n, R) given in the previous Lemma. In the following we explain
how to choose the mutual dependences of the parameters j,n, R, d in order to obtain sufficient
control on B, (j,n, R,J) and P(2;) and be able to conclude the statement of the theorem.

Since (Qy) is a Fglner sequence we have for all R € N that lim, .o |Qn|"0RQ.| = 0.
The function R(n) is defined inductively in the following way: for all £ € N we choose nj, to
be the smallest natural number such that |Q,|™'|0¥Q,| < k=! for all n > ny. Now we set
R(n) = Ry for all n < ng, and R(n) = k for all n, <n < ngy1, k> Rp. This gives a function
n — R(n) satisfying

|8R(”) Qn‘

R(n) > Ry for all n € N, h_)m R(n) =00 and lim =0.

n—oo ‘Qn‘
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Furthermore recall that e = e(R) = }_, ccn g, P(¥), as in . Thus we have lim,,_,oc e(R(n)) =
0. Setting 6(j) := (j'/*7r)~! implies for fixed n € N
(28)

S(N2\U 1/2
5(j)<7 lforall jeN, limd(j)=0 aswellas exp _0G)" 1G] < exp o
J—00 4 47’2

for all j € N. Here we used j < |Uj|, which holds since (Uj) is strictly increasing. Now for
j,m € N Lemma [5.5| implies that

Dy (j,n) :== Dy(j4,n,R(n)) < B,(j,n, R(n),0(j)) =: Bu(j,n)
holds for all w € Q; := Q(8(4), R(n),U;) N Qg and P(Q;) > 1 — exp(—;'/?/472) by and
Corollary Furthermore for each w € €; we have
lim lim B,(j,n)=0.

n—00 j—00

Given j,n € N we set

Therefore ]P’(A;n)) < exp(—3j'/%/472) for all j € N and hence > ]P’(Ag-n)) < oo holds. Applying
Borel-Cantelli lemma leads to

P(A(”)) =0, where AN = ﬂ U Ag.n) = {Ag-n) infinitely often }.
k=1j—F

Thus we get

P <w € NN Qg | lim (Dy(4,n) — Bu(j,n)) < 0) =1
j—o0

for all n € N. And hence there exists a set Q C Oy N Qp, with IP’(Q) = 1 such that
lim lim (D,(j,n) — Bw(j,n)) <0 for all w € Q

n—00 j—00
which implies by definition of B, (j,n)
(29) lim lim Dy (j,n) =0 for all w € Q.

n—00 j—00
Let £ > 0 and w € Q arbitrary. There exists a natural number ng = no(w, k) satisfying
lim; 00 Doy (J, n0) < /8, thus there exists jo = jo(w, k) € N such that D,,(j,no) < /4 for all
J > jo. Using triangle inequality gives that

EX™ ) FE(Qn)

R(no) (77, R(no)
‘S B g B

0 [ [P R
. F‘f(no)(Qm) B Z VSFR(no)(S)
Qi Qo

. K
< Dw(]7n0)+Dw(m7n0) S 5
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holds for all j,m > jo. Furthermore we use Lemma to obtain that there exists a j; =
j1(k) € N such that

R(n,
F.(U;)  FW))

Uj| 1U;|

(30)

n(AulUj]) — n(AulQj R(ne)]) H < 4‘8R(HO)UJ’| K

|Uj] gl T4

for all 7 > j7;. Now the triangle inequality yields

Hm H FUy) By | EEwy) Q)
U] ol = 0] 01 01 Qul
EEO @) Ra@u)

Qul Qul
< BB _E_
-4 2 4

for all j,m > max{jo, j1}, which implies that |U;|~1F,,(U;) is a Cauchy sequence and hence
convergent in the Banach space B(R) for all w € 2. We denote the limit function by N.

It remains to show that ) ¢, S(Qn) V5% converges to the same limit. Therefore we fix

w € Q and consider

Adding zeros leads to the inequality

;)  EYw;)

Uj Uj

lim ||[N — Z F(S) = lim lim Fwé,qj) — Z VSF(S)
n—o0 eSO |Qn| N—>00 j—00 | il Sestm) |Qn
F,(U; 3
Ul A e

R(n) ) R(n) R(n I
F,7 7 (Uy) F (9) F (S) F(S)
_— — vg————=|| + vg————> —
Now we take lim,, o lim; o, on both sides and obtain that the three summands on the right

vanish. The first one is zero by an estimate as in . Applying gives that the second
summand vanishes. The third summand tends to zero since Lemma yields

>l s el s Il

_l’_

SeS(Qn) SeS(Qn) SesS(Q

SES(Qn) 5€S(Qn) 5€8(Qn) @nl
408 Q,,|
< Z Vs 7‘ Ol

SES(Qn)

and for some fixed y € Q,

Y vs= Jim W > Kz e€G|VszCUj, Tu[Vsa] = Sz}
SeS(Qn) SeS(Qn)

1
< lim — Z {z €Uj | z:=y 'z, Ty[Vsz] = Sz}

— i Uil 5550
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e
= }g(r)lo 7 ‘USeS(Qn){z cU; | x:=y 'z, T[Vsr] = Sz} < 1.
This proves the claimed convergence for all w € Q. Finally we need to show the independence
of the specific choice of the sequences. Therefore let (U]) and (Q],) be two other Fglner
sequences satisfying (a) respective (b). By Lemma we know that the frequencies vg do
not depend on the choice of the Fglner sequence. Hence we can repeat the arguments of this
proof once with the sequences (U}) and (Qn) and afterwords with (U;) and (Q;,) to obtain

lim Fw(UJ{) = lim Z VSF(S) =N = lim Fw(Uj) = lim Z F(S)

: ; Vs
j—00 ‘UJ" nHOOSGS(Qn) |Qn] j—oo  |Uj nHOOSES(Q%) ||

almost surley. This finishes the proof |

6. DISCONTINUITIES

In this section we investigate the points of discontinuity of the integrated density of states.
We firstly prove a criteria that the IDS has a jump at A € R. Afterwords we characterize the
set of points of discontinuity as a large subset of the real axis. Note that in this section we
are always in the setting of Theorem

Theorem 6.1. There exists a set Q0 C Q of full measure such that for each w € Q and A € R
the following assertions are equivalent:
(a) A is a point of discontinuity of N
(b) there exists a finitely supported eigenfunction corresponding to A
(c) there exist infinitely many mutually independent finitely supported eigenvectors corre-
sponding to A

Proof. Let (Q;) be a strictly increasing, tempered Fglner sequence and Q C Q a set of full
measure such that Theorem holds for all w € Q. Note that 2 C Qg N ¢, which implies
in particular that for an arbitrary graph S € S and w € €2 the frequency vg in I'y, along (Q;)
exists. As p is assumed to be an element of /1(G) there exists R € N such that p(zy~!) is
strictly smaller than 1 for all z,y € G satistying d(xz,y) > R. We fix this R € N and some
w € .

Let A be a point of discontinuity of N. Theorem yields that n(A,[Q;])/|Q;| approxi-
mates the IDS N uniformly in the energy variable. Hence there exists a constant ¢ > 0 such
that

dim(ker(Au[@;] = A)) = lim (n(Au[Qs]) (A + &) = n(Au[Q])(A =€) = €|Qy].
for all j € N. Since (Q;) is a Fglner sequence, we have lim; o [0F,Q;]/|Q;] = 0, which
implies the existence of k € N such that

dim(ker(Au[Qr] — A)) = ¢l Qx| > 05 Qx| = dim(¢*(9;5,Qx))

holds. A well known dimension argument yields that there exists an element 0 # u € £2(Qg)
satisfying (Au[Qx] — M)u =0 and u = 0 on 9% Q. Now we consider the subgraph

int

(32) S := (Vs, Eg) :=T',[Qr].
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Lemma proves that the frequency of R-isolated occurrences of S in I',, along (Q;) is given
by

33)  wse= J] sy J[ G-y JI  Q-play )

[z,y]€eEs [z.y]¢Eg [z,y]€E,z€Vg,
z,y€Vg y¢Vg,d(z,y)>R

Here the first two products have to be non-zero as S is a restriction of I'y,. The positivity of
the infinite product follows from the choice of R and the summability condition on p. This
implies that there is an infinite set M C G such that 'y, [Qxz] is an R-isolated copy of S for
each x € M. Furthermore there exists an infinite subset M’ C M such that Qpz N Qry = for
all 7,y € M'. For x € M’ we define u, € ¢*(G) by setting

talg) = {u(gwl) 9 € Qrz

0 else.

Then uy, © € M’ are mutually independent, finitely supported eigenfunctions of A, corre-
sponding to . This proves that (a) implies (c).

Obviously (c) implies (b), thus it remains to show that given a finitely supported eigen-
function u corresponding to A € R the IDS is discontinuous at A. To this end let » > 0 be
large enough that supp(u) C B,. As w € Q¢ the graph I', is locally finite. Therefore we find
s > r such that there are no edges connecting the sets B, and G\ Bs in I',,. Now we consider
the graph S = (Vg, Eg) := ['y[By], where t := s+ R. As S is a restriction of I, the frequency
vs r of R-isolated occurrences of S in I',, along (Q);) is strictly positive. Thus there exists a
constant ¢ > 0 such that fg r(Ty, Q;) > ¢|Q;| for j large enough.

For given ) € F(G) each disjoint R-isolated copy of S in T',,[Q] adds a dimension to the
eigenspace of pgAig corresponding to A. Therefore we define ﬁ& r(Tw, Q) to be the maximal
number of disjoint and R-isolated occurrences of the subgraph S in I',[Q]. It is easy to verify
that in this situation the inequality |Bs|fs.z(T'w, @) > #5.r(Tw, Q) holds. For each & > 0 we
get

(Au[Q) A +¢) — ts.r(lw, Q)

n(Au[@)A—¢e) 7 < MA@ +e)  tsr(Te, @)
Q| B Q| - Q| Bs||Q)
Replacing @) by elements of the sequence (Q);) yields
n(A[Qi)A+e)  n(AuQ)(A—¢) | tsr(Tw, @j)
Q] Q1 ~ |Bal|Q]
We let j tend to infinity and obtain
NOA+e) =N —¢) > 28
| Bat|
which proves that A is a point of discontinuity of V. |

Now we study the set of points of discontinuity, which obviously depends on the specific
choice of the function p € £}(G). Here we consider the case where the given function p satisfies
not just but even

(34) 0<px)<l and p(x)=pla?)
for all z € G’ and define the set
W={AeR|3SeSwith A € 0(Ag)}.
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Corollary 6.2. Let p € (1(G) satisfying and the associated probability space (2, A, P)
be given. Then the set of points of discontinuity of the IDS N equals W almost surley.

Proof. Let Qc Qe N Q) be a set of full measure such that Theorem holds for all w €
and choose some w € ().

Let X be a point of discontinuity of N. By Theorem there is a finitely supported
eigenfunction u corresponding to A. As in the proof of Theorem we find r > 0 such that
supp(u) C B, and s > r such that there are no edges in I',, connecting B, with G \ Bs. We
set S = (Vg, Eg) = I'y[Bs]. Therefore A is an eigenvalue of Ag with eigenfunction py,u.

Let A be an element in W, i.e. there exists S = (Vg, EFg) € S such that A is an eigenvalue
of the associated Laplacian Ag. Let u be an associated eigenfunction. By Lemma the
frequency vg 1 is given by

vsi= [ ply™ ] A-py ™) I Q=py™)
[z.y]€Es [v.u¢Eg [z,y]€E,z€Vg,
z,y€Vg y¢Vg,d(z,y)>1

which is strictly positive by assumption on p. Thus there exists a z € GG such that Sx is a
l-isolated copy of S in I'y,. Then u’ € £2(G) given by

-1
u(gx g € Vsx
u/(g) ( ) S
0 else

is a finitely supported eigenfunction of A, corresponding to A\. By Theorem this implies
the discontinuity of N at A. |
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