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Ralf Hielscher
June 11, 2010

Abstract

We are concerned with kernel density estimation on the rotation group SO(3) and the
corresponding mean integrated squared error. We give lower and upper bounds for different
function classes and derive optimal kernel functions. Furthermore, we consider approxi-
mations to the mean integrated squared error that depend on certain Sobolev norms of the
density function and analyze them with respect to asymptotic behavior and optimal kernel
functions. We compare our optimal kernels functions to families of kernel functions com-
monly used for kernel density estimation on the rotation group. Finally, we give a fast
algorithm for the computation of the kernel density estimator for large sampling sets and
verify our theoretical findings by numerical experiments.

1 Introduction

Kernel density estimation has been proven to be a powerful and flexible technique to estimate
the underlying probability density function of a given random sample. While for Euclidean
domains and for directional and spherical data there exists a rich literature (see [9, 18, 17] and
the references therein), the statistical properties of the kernel density estimator for more specific
domains where investigated in less detail, e.g. in [2, 11, 1].

In this paper we are concerned with kernel density estimation on the rotation group SO(3).
Our major motivation to consider this specific domain comes from crystallographic texture anal-
ysis, where kernel density estimation on the rotation group is used to determine the orientation
density function of a specimen from electron back scattering diffraction (EBSD) data [8, 13].
Furthermore, recently algorithms have been developed that allow for the fast evaluation of the
kernel density estimator on the rotation group for very large sampling sets [4].

Let A be the Haar measure on SO(3) and let X1,..., Xy € SO(3) be a random sample
corresponding to a square integrable, probability density function f € L?(SO(3)) with respect
to A. Then for any square integrable, zonal function ¢ € L*(SO(3)) the kernel density estimator
fi: SO(3) — R of f given the random sample X, ..., Xy € SO(3) is defined as

1 N

filw) = 5 D (X, '2),  w €80(3). (1)

n=1
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In our paper we are interested in the mean integrated squared error (MISE),

MISE(f;) =E|lf = £ =B [ 1f@) - £ @F i)
SO(3)
as a measure for the mean discrepancy between the probability density function f and the kernel
density estimator f;.

In the groundbreaking papers of Hendriks [2] and Pelletier [11] the authors gave asymptotic
upper bounds for the MISE for specific kernel functions ¢/ in a much more general setting of
d—dimensional Riemannian manifolds. More specifically, it was shown by Hendriks that the
Dirichlet kernel ¢y, () = S+, Dy(x), where D, denote an eigenbasis of the Laplace—Beltrami
operator on the manifold, yields the estimate

. % _ 25
irelgMISE(wa) < CON =+,

where the density function f is assumed to be s > d/2 times differentiable with square integrable
derivatives and the constant C' is independent of /N. This result was extended by Pelletier to
nonnegative kernel functions ¢, (z, X,,) = zﬂ(W) that are derived from a nonnegative kernel
functions ¢): R, — R, with vanishing first moment, finite second moment and supremum at 0
by dilating it according to the Rimannian distance. Assuming, furthermore, that f is two times
differentiable with square integrable derivatives Pelletier proved the estimate

4
inf MISE(f) ) < CN ™7+,
inf MISE(fy,) < ON &2
The purpose of this paper is specialize and extend these results to the specific domain of the
rotation group SO(3), i.e., we want to provide lower and upper bounds with explicite constants
for a broader class of kernel functions. The findings of our paper are twofold. As a first result

we show in Theorem 6 that under the very mild condition f € L?(SO(3)) it exists a well defined
optimal zonal kernel function 1),y such that the corresponding MISE is minimal and satisfies

MISE(f;, ) — 0

as the number of random samples N tends to infinity. For the case of bandlimited density func-
tions f we prove in Theorem 7 the existence of a constant C' > 0 such that

1 , (L +1)(1+2L)(3 + 2L)
CN~' < MISE(f},) < 31+ INP .

In the case that the Fourier coefficients of f decay polynomial with order s > % we prove in
Theorem 8 for the optimal MISE the upper bound

6
2542
S

% 44 T _2s-—1
MISE(f;,) < (g LAEF + 575 ) N5

Unfortunately, the optimal kernel function 1)y is given in terms the Fourier coefficients of
the unknown density function f. Consequently, it is of limited interest for practical applications.
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Therefore, one considers asymptotically strict upper bounds of the MISE that depend on some
Sobolev norm of the density function f and looks for optimal kernel functions with respect to
these upper bounds. In our paper we generalize in Theorem 9 the notion of the asymptotic
mean integrated squared error (AMISE) known from the Euclidean setting and extend it in
Theorem 10 to general Sobolev spaces. More precisely, we prove for s > 0 times weakly
differentiable functions f an upper bound AMISE, ( fgzopt) of the MISE and show in Theorem 11
that it possesses an optimal kernel functions 1), Which satisfies

2s+1

SZS%N_% +O(N_25+3)

MISE(f}, ) < AMISE,(f;, ) =C|f

. _ 25 3 S22 .
with constant C' = <(%) 23 4 (%) 28+3> (53— 25+ 3=3) **. For the case that the Fourier

coefficients of f decay polynomially of order s > % we find an upper bound AMISE, ,( fj;) of
the MISE and derive in Theorem 12 an optimal kernel function v, which satisfies

2—s

SR
(s +1)sin 5275

2 2s5—1 2s
MISE(f;;Opt) < AMISEOO,S(f;‘om) = TR N =72 + O(N ™ =+2).

We consider also some important families of zonal functions on the rotation group: the
Dirichlet kernel, the Jackson kernel, the Abel Poisson kernel, the de la Valle’e Poussin kernel,
which are commonly used in practical applications. For these families we compute the AMISE -
optimal parameters and compare the corresponding asymptotic behavior of the AMISE with our
optimal kernel functions.

We complete our paper with some numerical experiments to verify our theoretical findings.
In order to evaluate the kernel sum (1) for large sampling sets, i.e., for N ~ 107, and to compute
its Fourier coefficients we apply the nonequispaced fast Fourier transform on SO(3), [12] and
follow the ideas in [4].

Most of our results we derived by extending the approaches in [2] and [6] and making ex-
tensively use of harmonic analysis on the rotation group. In particular, we proved in Lemma 5
an inequality for the Fourier coefficients of nonnegative functions on SO(3) and generalized in
Theorem 4 an approximation result for the convolution with nonnegative functions from [19] for
the rotation group. The authors are optimistic that the applied techniques might be useful for
other domains then the rotation group SO(3) as well.

2 Harmonic Analysis on the Rotation Group

We start by giving some basic notations and results on harmonic analysis on the rotation group
SO(3). By the rotation group SO(3) we denote the set of all orthogonal, three by three matrices
with determinant one. Any such matrix x € SO(3) can be interpreted as a rotation in the three
dimensional Euclidean space about a certain axis of rotation ¢ € S? and a certain rotational angle
w = w(z) = arccos 3(Trz — 1), where Trz denotes the trace of . Conversely, we denote for
every unit vector £ € S? and every angle w € [0, 27] the matrix that acts as a rotation about &
with angle w by R¢,, € SO(3).
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Letes = (0,1,0)", e3 = (0,0,1)" and let v,y € [0, 27), § € [0, 7] be three angles. Then we
define the Euler angle parametrization of the rotation group by the surjective mapping

(Oé,ﬁ,’}/) = :C(OQﬁ? 7)7 l’(Oz,ﬁ,’}/) = Reg,a R62ﬂ Reg;y-

Since, SO(3) is a compact topological group it possesses a unique Haar measure A such that
A(SO(3)) = 1. In terms of Euler angles the Haar measure has the representation

1 27 T 27 .
AMA) = /80(3) La(z)dA(z) = @/0 /0 /O La(z(a, B,7)) dasin BdS dy

where A is an open subset of SO(3) and 14 denotes the corresponding indicator function.

2.1 Harmonic Functions

Our major function space will be the space of square integrable functions L?(SO(3)) on the
rotation group endowed with the inner product

i, fa) = / o R )

and the corresponding norm || f|| = +/(f, f). Animportant function system on the rotation group
is formed by the so called Wigner-D functions (cf. [15])

D (x(, 8,7)) = e Foe ®1dH (cos 3), LeN, kK =—0,... 1, (2)
with Wigner-d functions

W, (—1)EE (0 +k)! (1 —2)k—k ik (14 2)F+
d'}k (z) = 2t \/(ﬁ — KN+ BN — k)! \/(1 )R dglk (1 — )k 3)

The Wigner-D functions can be characterized as the matrix elements of the left regular rep-
resentation of the group SO(3) in L?(S?), i.e., they satisfy the representation property

¢
D (xy) = Y Dy (x) DI (y). @)

j=—t

As a consequence of the Peter - Weyl Theorem [16, Sect. 3.3] the Wigner-D functions are
orthogonal, i.e.,

ki k) koK, 1 o1,k iz,
(Dp D) = — o DD @) dN@) = g g, O
¢ €N, kk = —{ ... ( and form a basis of L?(SO(3)). In particular, any function f €
L*(SO(3)) has a unique series expansion in terms of Wigner-D functions

4 L

F=Y 33" flt.k K)ot +1Dp" (6)

{=0 k=—C k'=—¢
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with Fourier coefficients f(¢, k, k') given by the integral
F, k1) = < FAN2T 1D§”“'> . %)

The Parsevall identity yields

: 8)

39> \

=0 k,k'=—

Additionally, a complete system of rotational invariant and irreducible subspaces is given by
Harm,(SO(3)) = span {Df’k/| kk'=—¢,... ,6}

which satisfy
L*(SO(3)) = clos @) Harm,(SO(3)).

Let f, h € L*(SO(3)) be two square integrable functions on SO(3). Then their convolution

f o h(z) = - / o T )

872

defines a function in L?(SO(3)) and we have the well known identity of its Fourier coefficients

[7]

l
Z (0, Dh(0, 5, k), CeN, kK =—(, .. L )

Feh(l,k K =

2€+

2.2 Zonal Functions

A function ¢: SO(3) — C is called zonal if and only if it satisfies for all z,y € SO(3)

() = P(yzy™).

Since, for any 2z € SO(3) the set of rotations { yzy~' | y € SO(3) } can be identified with the
set of all rotations y € SO(3) having rotation angle w(y) = w(x), a zonal function ¢ can be
written as a function of ¢ = cos @ As long as it does not cause any confusion we write for the
latter function

U(t) = ¢(x),

where x is an arbitrary rotation with cos “’(;) t. Moreover, we have for ¢ € L?(SO(3))

ol = = / D d\(z / ()P VIRt (10)
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i.e., t — 1(t) is a function in L*([—1,1], /1 — 2 dt).
By the Peter — Weyl Theorem the subspace of zonal functions in L?(SO(3)) is spanned by
the characters y,, £ € N,

‘ 20+1
wla sin *5=w(7)
Xe(@) =Y Dy*(x) = Upy(cos L) = —2 2
sin £®)
k=—¢ 2

where U, denotes the Chebyshev polynomials of second kind and degree ¢ € N. In particular,
the subspace of zonal functions in Harm,(SO(3)) is one dimensional and any zonal function
1 € L?(SO(3)) has a Chebyshev expansion of the form

[e. 9]

Z )(20 4+ 1)Uy, <cos Q),

=0

where ~ indicates that the convergence of the series is meant in the L?-norm. The Chebyshev
coefficients (/) are given by

20y — _ 2
B(0) W%+L/w (e ()T — 2t (an
and satisfy the Parsevall identity
[l = 20+ 1) [ (O (12)
=0

As a special case of the convolution formulae (9) the convolution of a function f € L?(SO(3))
with a zonal function ¢ € L?(SO(3)) has the Fourier coefficients

Tk, k) = F(6k, K))(0), CEN, kK =—0,... L. (13)

We will need also the following estimate on the Fourier coefficients of nonnegative functions
on the rotation group.

Lemma 1. Let f € L*(SO(3)) be an almost everywhere nonnegative function with f (0) > 0.
Then we have for all { € N\{0},

1 14

. 2
112 Z ‘f(&k’k‘/) < f(0).
ook =—0
Proof. Since the characters x,(z) = Ua(cos “2)), ¢ = 1,..., 00 are not constant at any open

subset of SO(3) we have for all f > 0, f(0) > 0 and all z € SO(3),

0= / (f * xe(w) — xezy™))” Fly) dAy) = (3 * () — (xe * )2 (2).
SO(3)
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Integration over SO(3) results in

0< / 03 * 1)(@) — (xe * f)*(2) dA(@)

/ / 2 () dA(y) dA(2) — [1xe % I

0) [Ixell® = llxe * fH

F(0)— (2041

k.k'=—1

2.3 Sobolev Spaces and Integral Means

In order to quantify the smoothness of functions on the rotation group we define weighted
Sobolev spaces. Let s € R, s > 0, L € N and let

L V4
F=>3" j.kK)W2l+1Dp"

be a band-limited function with Fourier coefficients f(I,k, k') € C. Then we define weighted
Sobolev semi—norms of f by

£, = Z Z e+ [fe k)|
=1 k,k'=—
¢ N 2
IFI%, = sup > G+ |6k K,

(eN\{0} =y

and denote by F'¢5 ((SO(3)) and F/, s(SO(3)) the closure of the space of band-limited functions
in L?(SO(3)) with respect to the corresponding Sobolev semi—norm. Since for any s > 1 and
e >0,

¢

sup 52 (C+ 1)~
¢eN\{0} M,Z_ .

L 14
<Y ey

0=1 kk'=—t

Ll 2
2| (4R K

A 2
2 f (0 kK

L

L
< (Z 5_%_5(5%— 1)_é_8> sup Z e+ 1)t
=1

CeN\{0} , =

~ 2
f kK
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we have

Fgoo,s—l—E(SO(B)) - FgZ,s—%(SC)(S)) - Fgoo,s—%(so(i;)) (14)

The final goal of this section is to derive an estimate for the approximation error || f — f * 9}|| 2
for functions f € 5 ,(SO(3)) or f € Fl (SO(3)) and a radially symmetric kernel function
1 € L?(SO(3)). To this end we consider the integral means

th( ) f(l‘ R.ﬁQarccost) dO’(&) t [_1, 1], x € SO(S),

e

where R 2arccost € SO(3) is the rotation about { € S? with angle arccost € [0,27) and o is
the spherical surface measure. The value 7, f () represents the mean of the function f along all
rotations y that are at distance ¢ from x. In analogy to the spherical Funck Hecke formula (cf.
[10, Theorem 6]) we have the following result on integral means of the Wigner-D functions.

Lemma 2. Lett € [0,1], ¢ € N, and k, k' = —(, ... (. Then we have

kK kK’
TtD 2€ I 1?/{%( )DE .

Proof. First of all we recognize that TtD?’k, may be rewritten by using (4) as

1

kK
D" (x) = pp.

Dk o (SCR& Zarccost) dO’(f)

. 1 ,
= Z D?] (.%')4 - D]k <R£ 2arccost) dO'(f)

- Z ij 87'('2/ Djk §2arccost> d)\( )

‘]7—4
= ZDk] 87‘(‘2/ Dj (yR§2arccosty )d)‘( )
j=—t

where the last two terms are independent from the specific choice of £ € S2. Since the last
integral defines a zonal function with respect to R 2 arccos+ that is contained in Harm,(SO(3)) we
obtain

1 U if j = &'
S _9 D]k (ny,Zarccostyil) d)‘(y) = 2£+1 26( ) 1 ] ,7
872 Jso) 0, if j # k
and consequently
/ 1 !
7Dy (@) = 5 U D) ().

]

Next we proceed as in [19] and show that the family of integral means 7, ¢t € (—1, 1) defines
an approximation process as t — 1.
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Lemma 3. Let f € Fl55(SO(3)) andt € [—1,1]. Then

2
If =7efll < 3 =) IF ],

Proof. For f € Fl35(SO(3)) and t € [—1, 1] we have

. 2
fl kK

=t =3 Z (- iy’

=0 k,k'=

2D U\ N a0 g e
< | sup P41 bk
<l€N\{0} W+1)(2€+1)) :1kZ::_g ) ’f( )
3 uz 2 oo ¢ 2
:(T)ZZ€€+ fe k)|

=1 k,k'=—¢

]

We conclude our remarks on the harmonic analysis on the rotation group by giving the
promised approximation result on || f — f % ||°.

Theorem 4. Let i) € L?(SO(3)) be a zonal function with the Chebyshev expansion

r)=1+ Z(% + 1) (0) Uy (cos

Then we have for any s > 0, f € Fly (SO(3)) the inequality

|1 (e )I

If = f*y)? < Slip

and for any s > %, f € Fly, ,(SO(3)) the inequality

: 1P
- pevir< 3 BoO0 e
ZeNX\EO} (0 + 1)

If f € Fly5(SO(3)) and vy > 0. Then the above estimate simplifies to

1 . 2
I = f el < 2|1 =S 1712, (15)

Proof. By (13) the convolution f * ¢ has the Fourier expansion

frrp = Z Z F0 kK )V20+ 1D

=0 k,k'=—¢
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Hence, we obtain for the approximation error

[ f*wH—ZZ 11— (M/ﬂ)
=0 k,k'=—¢
—Z Z |1_ ES(€+1) A(&kz,k’)z
=1 k,k'=
< sup u!\fl!%-

rem\foy (0 +1)°
and analogously

R 1- ()
If=fevls 3 gy Wi

The proof for the more specific case that ¢/ is nonnegative we adapted from [19]. By (11) and
Lemma 3 we have

= revll= |2 [ s —mpvi-ea
<2 [ = nfluevi-ea

2 1 1 1
<=z ——y
_W/1||f||2,2 > — ol

= 2 L= |15l

(t)' VI — 2 dt

3 Direct MISE Estimates

Let f € L?*(SO(3)) be a probability density function and let 2 be an arbitrary probability
space. We consider a list of N € N, independently, identically distributed random variables
Xi,..., Xn: © — SO(3) which share the same distribution as the probability density function
f, i.e., for any fixed w €  the list X,,(w) € SO(3), n = 1,..., N is a random sample of
the probability distribution corresponding to f. Our objective is to estimate f from the random
sample X, (w),n=1,..., N.

Let ¢»: SO(3) — R be a zonal function with ¢)(0) = 1. Then the kernel density estimator
of the probability density function f given the family of random variables X,,, n = 1,..., N is

defined as
N

fol@) =N (X, ).

n=1
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Since the kernel density estimator f7 is a function of the random sample X,,, n =1,..., N
it is a random variable on €2 and one can ask for the mean integrated squared error

MISE=EIf = i <E [ |fa) = f(@)f* aa)

0(3)
between the probability density function f and the kernel density estimator f;. The following

well known decomposition result of the MISE into a bias term and a variance term (see e.g. [14])
actually holds true for the much more general setting of locally compact groups.

Lemma 5. Let ) € L?(SO(3)) be a zonal function, f € L?(SO(3)) a density function on SO(3),
and f; € L*(SO(3)) its kernels density estimator. Then the mean squared integrated error
allows for the decomposition

Elf— il =E|f —Ef;|* +E|f; —Ef;]? (16)
into a bias term
E|f—Efl> = If — f | (17)
anda variance term
E|f; —EfI1P = N7 (Il = I1f ) (18)

In particular, we have with respect to L* — convergence
lim = fxo. (19)
Proof. First of all, we note that the mean of the kernel density estimator f, may be written as
N
Bfj(e) = NS E(G 0) = [ Sty 0 a) = £+ v(e).
— SO(3
Inserting the mean of the kernel density estimator f; into the definition of the MISE we obtain
EIf - £ = [ B - @)@
SO(3)
= / E(f(z) —Ef*(2))* + E(Ef"(z) - f*(2))” d\(z)
SO(3)
— [ (@)~ Ef @)+ BES @) - @) )
SO(3)
The bias term on the left hand side of the sum elaborates to

/ (f(2) — Ef*(2))? dA(z) = / (f = f (@) dAw) = |f — [+l
SO(3)

SO(3)
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Using the independence of the random sample X,,, we calculate for the right hand side

EEf*(z) — f*(2))* =Y NEEH(X,'z) — (X, "))

= N7 E(@W(X )’ - (B (X, '2))?)
=N (f =0 (2) = N7H(f %) ().
Hence, the variation term on the right hand side of the sum yields
| BEF@ - P
S0(3)
—N [ (e e) - (P )
S0(3)

_ N‘l/ / YAy~ 'e) f(y) dM(y) dA (@) = N7 f ol
SO(3) JSO(3)
= N7 )P = N £l
]

Next we follow the idea of [2] and consider the MISE in terms of the Fourier coefficients of
the density function f and the Chebyshev coefficients of the kernel function ). Therefore, we
abbreviate the Fourier coefficients of the function f € L?(SO(3)),

2

9

. 1 . /
ffzm > ‘f(ﬁ,k:,k:)

o k' =—¢
and write the kernel function v € L?(SO(3)) as its Chebyshev series

V(@) ~ 14 Y (20 + (Ot (“52).
=1
Applying the Parseval identities (8), (12) and the convolution formula (13) we obtain the follow-
ing representation of the mean integrated squared error

> . . 20+ 1)% . .
MISE =) "(20+1)*f2(1 = ¢(0))* + %1/}(6)2 (1 - ff) . (20)
=1
Since the MISE completely decomposes with respect to the rotational invariant subspaces in
L*(SO(3)) we can find an optimal kernel by minimizing each summand with respect to (),

separately.
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Theorem 6. Let f € L*(SO(3)) be a probability density function and N € N the size of a
corresponding random sample. Then the MISE of the kernel density estimator f{;w with respect
to the zonal function

N (2¢ 1 Nf { U w(z)
7~popt ~ Z + 7o 1 QZ(COS T)J

is optimal compare to the MISE of the kernel density estimator f; with respect to any other zonal
function v € L*(SO(3)), i.e
MISE(fIZUpt) < MISE(f;,),

and we have

- f?(l -7
MISE( f; (204 1)* . . (21)
Yorr ;:; —1)f2 41

In particular, we have for N — oo

Proof. Since f > 0, we have by Lemma 1 for all ¢/ € N the inequality 0 < ff < 1. Hence, each
summand in (20) is a quadratic polynomial with respect to ¢)(¢) with minimum at

N
(N-1)f2+1
From f € L?*(SO(3)) we know by the Parseval identity (8)

> @e+1)2f7 = Z Z f2 = IIfII* < o0,
=0

=0 k,k'=—¢

zﬁom(@ =

and, hence,

20+ 1 ~ <
Z; +)(N_1)f£2+1_oo

Using the Parseval identity for zonal functions (12) we conclude that the Chebyshev coefficients
Yop(€), £ = 0,1,... define a zonal function ¢, € L?(SO(3)) such that the MISE of the corre-
sponding kernel density estimator is optimal. Direct calculation of MISE( f{;opt) shows (21). [

It should be noted that the optimal kernel is in general not applicable in real world applica-
tions since it requires the Fourier coefficients of the unknown density function f. However, the
optimal kernel provides a useful tool to analyze best possible convergence rates of any kernel
density estimator. The next Theorem shows, that the best possible convergence rate of the MISE
for density functions f # 1is O(N~1). Moreover, this convergence rate is attained if f is a
bandlimited function.
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Theorem 7. Let f € L*(SO(3)) be a not constant, probability density function. Then there is a
constant C' > 0 such that
CN~! <MISE(f;, ).

Let f be furthermore bandlimited, i.e., there is a L. € N such that fg = 0forall ¢ > L. Then

(L+1)(1 +2L)(3 + 2L)
- 3(1+ V/N)2 '
Proof. Again we apply Lemma 1 and observe that because of f € L?*(SO(3)) is nonnegative

almost everywhere and not constant, there is a polynomial degree ¢, € N\{0} such that 0 <
fé, < 1. Hence, there is a C' > 0 such that

SO I8) (o, 4 1 SHU=IE)
(N-1)/2 +1 1f£0+N1

MISE(f, o ) <

MISE(f;, ) > (260 +1)° N'>CNL

In order to prove the upper bound we consider the summands in (21) and look for their maximizer
femax. Direct computation shows

A 1
fé,max =
1+VN
Inserting this into (21) we arrive at
L ) L 2
max \ L~ i max 20+ 1 L+1)(1+42L)(3+ 2L
MISEfw Z fe (Afe, ):Z( +1) :(—l-)(—l- )3+ )
=0 - 1)f62,max+ 1 /=0 (1 + \/N)2 3<1 + \/N)2

[]

In the case of not bandlimited functions f the decay rate of the MISE depends on the decay
rate of the Fourier coefficients of f.

Theorem 8. Let s > % and f € Fly 5. Then

44 6 T 2s—1
MISE(f: ) < (= |If1Z2 N—Ew,
i < (5 I1ER + 25

Proof. First of all we note that because of f € F/ s we have

fi <@+ )+ )7 IfIL, < 4(€+ D=2 IS,

1/(25+2) )
) — 1 be the smallest polynomial degree ¢ such that

Let Lo = 4 (/1% V1+ VN

1
J+ D7 |

1
s V1+ VN
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for all £ > L. Then the MISE with respect to the optimal kernel function 9oy is

L ; ¢ > f i
. . 20— f2) 2 JP(1=f})
MISE(f;, ) = > (20 + 12000y 20+ 1) =
Ui = 2 U R gojﬂ( T
Lo 0o 1 —(2s+2
(20 + ) , Z(g_i_l) (25+2)
<20 Z%W“) TN = {0+ & 11
L (0]
0 <2€+ ) (€+1)2

IN
W

4 (L0+1) +/°O 02
(1+VN)2  Jo (N —=1)+ s+
3/(25+2)
V1i+ VN 7 _2a1

44
<_ 2s+2 N 2512
< g I8 = e e
< 4—||f zEy T\ NEE
3 2+ 2s

4 AMISE Estimates

As we have already mentioned in the previous section the MISE, and in particular, the MISE
optimal kernel function are not feasible for practical applications of kernel density estimation
since they require to know the Fourier coefficients of the unknown density function f. Hence,
one is interested in asymptotically strict upper bounds of the MISE that depend only on some
Sobolev norm of the unknown density function f that can be estimated from the data. Those
upper bounds are commonly called asymptotic mean integrated squared error (AMISE) (cf.
[17]). In the Euclidean setting, i.e., f: R > R they are of the form

AMISE(f}) = () | Af)1* + N7 | (22)

where f: R? — R is assumed to be a twice continuous differentiable function and

= [ Il o) aa

denotes the second moment of the kernel function .

As a generalization of the AMISE for the Euclidean setting we define the asymptotic mean
integrated squared error (AMISE) on the rotation group for a density function f € F'¢55(SO(3))
and a nonnegative zonal function ¢ € L*(SO(3)) as

AMISE(f}) = po () [|Af]IP + N7 Jw]? (23)
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with

() = / (1 - 2)p()VI—Edt

T 3 1

and with A denoting the Laplace-Beltrami operator on SO(3). According to (10) the weight
v/1 — 12 is the canonical weight when working with zonal functions on the rotation group SO(3).
Next we show that the AMISE is indeed an upper bound for the MISE.

Theorem 9. Let f € F/l55(SO(3)) and let v € L*(SO(3)) be a nonnegative, zonal kernel
function with Chebyshev coefficients 1)({), { € N. Then we have

* 1 N 2 - *
MISE(f;) < 7 |1 = 9] I, + N" []]* = AMISE(f;).
Proof. By Lemma 5 we have

MISE(f;) =E|f = ;7 = Ilf = fx0l” + N7 (P = £ = 0l?) @4

and the left hand side inequality becomes a direct consequence of Theorem 4.
_ For the right hand side equality we observe that for any nonnegative kernel function ¢ with
¥ (0) = 1 we have

b =2 [ w0 - oi—Ba =2 [ wpo-evi-ea

and, furthermore, that
2 ~ 2
1fll52 = IAFI
]

Next we generalize the AMISE to nonnegative kernel functions and other smoothness classes
of f. Applying again Theorem 4 to (24) we end up with the following estimates.

Theorem 10. Let s > 0, f € Fl,,(SO(3)) and let v» € L*(SO(3)) be a zonal kernel function
with Chebyshev coefficients 1)({), { € N. Then we have

NP
MISE(f;) < sup L= ()l

2 —1 2 *
_— + N =: AMISE, :
gy 1 N 2()

Fors > 1 and f € Fly 4(SO(3)) we have

11— ()

2 -1 2 *
N =: AMISE .

MISE(f;) < S

£eN\{0}

For these generalized AMISE we now prove the existence of optimal kernel functions and
give asymptotic lower and upper bounds. Let us start with the AMISE, ;.
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Theorem 11. Let s > 0, f € Fly4(SO(3)) a probability density function, and N € N the size
of a corresponding random sample. Then the AMISE ; of the kernel density estimator f; with
respect to the Jackson type kernel ¢1,: SO(3) - R, L € R, L > 0,

[L]
(12 (041)%?

is optimal compared to the AMISE ; of the kernel density estimator [, with respect to any other
zonal function 1), i.e.,
* > : * .
AMISE, .(f;,) > min AMISE, . (f;;, )

The optimal bandwidth L, of the Jackson type kernel is approximately

2s
24 = 20N fI, 26)

which satisfies

_6 s S
B NTmE  O(NTES) = min AMISE, .(f;, )
ERy

Allf

2s+1

525%]\77252% _Q_(’)(Nfzws)

< AMISE,((fg, ) = Allf

with constants C' = (3 — % + 2si3) and A = ((%)_% + (%)ﬁ> Cz5,

Proof. First of all we may assume that for an optimal kernel function ¢ the Chebyshev coeffi-
cients satisfy 0 < ¢)(¢) < 1foralll € N. Let L € R, L > 0 such that

. . 1= ()]
L 5/2 L+1 5/2 _ sup ’—
( ) rem{oy /2 (0 +1)/2

Then, the zonal function ¢;, € L?(SO(3)) given by

R 88/2(6_"_ 1)5/2
¢r(¢) = max {O, 1-— (LT 1) 1)3/2}

satisfies [[¢/], > [[¢ ], and

wp L=

. . 1= (0)]
T L4+ 1)72 = sup |
¢eN\ {0} ES/Q(K + 1)5/2 ( )

cenoy L3/ (0 +1)%/2°

Consequently,
AMISE, «(f;,) > AMISE; ((f3, ).

Next we are going to find estimates for the AMISE for the Jackson kernel ¢;. In order to
compute the L? - norm of the Jackson kernel we need that there is a nonnegative number o € R
such that
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(L+a)’

LL) (4 1)+ (04 1)2+2 /LLJH (€4 1)2+2
0

—_— dl <
yn L(L+1 L+12S - (L+1)»  — 2543

and

LL] LL] L
g5+l €+ 1>s+1 2542 LL] p2s+2 1
> > d¢ > L —a)s.
Z Ls - L25 —/ LQS — 23+3< Oé)

=0 =0
As a result we obtain that there is a constant 5 > 0 such that for all integer L. € N,

L] 9
0312(0 + 1)3/?
2 § 2 _

(=0
LL] s/2+1 s/2+1 s+1 s+1
242(” B gLs/?EIZLTB)s/Q gLsgthrll))s )
=0
1 1
>4( (L —-a) - L+a) L—a)
>4 (30-ap - S+ - ap)
1 2 1
>4 L—pB)?
- (3 8+3+28+3)( P)

and, analogously,

1 2 1
R L 3,
loell” < 3 543 2513 (L+6)

Hence, we have for the AMISE

(L+ 12| f]? +C(L - B)* Nt < AMISEo(f3,) < L™ || f||> + C(L + B)’N 1,

with C' =4 (% — 34%3 + 5 +3) An approximate minimizer of the left and the right hand side is
2
L2 = 207N 1P

Moreover, the true minimizer of the left and ride hand sides are contained in the interval [L, —
B, L, + [3]. For the corresponding AMISE we obtain

Allf

25+3N 25+3 _|_(’)(N 2s+3> < Lrn]%kn AMISE25<f¢ )
eR4

2s+1

P N~ e + (’)(N 2s+3)

< AMISE,((f5, ) = Allf]s

with constant A = ((%3) 3953 + (§)2g+3> Czs%_ a
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Next we consider the AMISE ;.

Theorem 12. Let s > 5 [ € Fls,s and N the size of the random sample. Then the AMISE
optimal kernel functlon is given by

. NIFI1., (@)
0[ 7 u | 27
Vop Z Hinos (204 1)205(¢ + 1)¢ 2 (Cos 5 ) 27

=0

i.e., for any kernel function ¢ we have
AMISEOO’S(f;;) > AMISEm,s(f$OI,,)-

The corresponding AMISE is asymptotically

2—s

2y
(s+1)sin

AMISE..(f},) = IFIER N-55 o), (28)

23+2

Proof. Using once again the Parsevals identities (8) and (12) we obtain for the AMISE ; the
Fourier space representation

AMISE..(f) = > w I F12%. + (20 + 1))’ N~

Setting the partial derivative for each Chebyshev coefficient 1&(6) ¢ € N to zero we obtain, that
the optimal kernel function v,y is defined by the Chebyshev coefficients

. N1f %
77Z}0Pt(€) = 2 2 ) (e N
N[fllse s + 20+ 1)20(0 + 1)°

Given s > 3 the corresponding Chebyshev series converges in L*(SO(3)).
For the optimal AMISE we obtain the upper bound

(1= dop(0))?
050+ 1)

(20 + DL+ D [[fI5, + L+ 1PN S,
(N Hino,s + (204 1)205(¢ + 1)3)2

1% s+ (264 1)*op(0)* N

NE

AMISE. (f5,) =

=0

NE

=0
o 16(¢ + 1)>+4 +4€+12N

[T N

0 (v s 42

o3

. m 2§+2 s;l _2s
— T 2s+2 _|_O N~ 2s+2

(s + 1)sin 25’12 £l ( )

and analogously the lower bound. ]
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The results of Theorem 11 and Theorem 12 compare well with the inclusions (14) in the sense
that for f € Floos1c(SO(3)) C Fl, ,_1(SO(3)) we have for both generalized asymptotic mean

squared errors AMISE. ,(f7, ) = O(N _%) and AM~ISE275_% (fi) = O(N _%), each with
respect to the corresponding optimal kernel function.

Next we review some important zonal functions on the rotation group according to their
feasibility for kernel density estimation. In particular, we derive formulas for the optimal kernel
parameter depending on the smoothness of the function f and the number of random samples
and investigate the behavior of the asymptotic mean integrated error as the number of random
samples N tends to infinity. Some more zonal functions which might be useful for kernel density
estimation on the rotation group can be found in [3]. Because of its practical relevance we restrict
ourselves to two times differentiable functions, i.e., to the case s = 2.

4.1 The Dirichlet Kernel

Let us start with the Dirichlet kernel which was already studied in [2] for the more general setting
of Riemannian manifolds. On the rotation group SO(3) the Dirichlet kernel v, € L*(SO(3)) is
defined by its Chebyshev series

L
Zzéﬂuzg

=0

The AMISE; 5 of the kernel density estimator f;; corresponding to the Dirichlet kernel computes
to

L
AMISEy5(f5,) = (L+ 1) (L +2)7 || fl3,+ >_(20+1)°N~!
£=0

+ 1(L +1)(2L +1)(2L + 3)N !

= (L) L+, +

S LR+ 5N
From this we obtain an approximately AMISE optimal parameter L,
LT~ N|fI2, (29)
which leads to the AMISE
AMISEy »(fy, ) = ||f||6/7 T

Comparing the convergence rate of the kernel density estimator using the Dirichlet kernel
with the convergence rates derived in Theorem 11 we conclude that the Dirichlet kernel has an
asymptotically optimal convergence rate. However, the constant involved is approximately two
times larger compared to the constant for the optimal Jackson type kernel.
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4.2 The de la Vallee Poussin Kernel

The de la Vallee Poussin kernel 1, is a nonnegative zonal function depending on a parameter
x € N\{0} that has the finite Chebyshev expansion

gut) = EFDE T o (2“ - 1) h St 1) (Q:j ;)u%(t).

) g =

The L2?-norm of the de la Vallee Poussin kernel computes to

s 2 [ ) C2(k D)2t ot
el = ;/_1%(0 V1—t2dt = ;(2”—;1)/—1t V1 —t2dt
I'(k+2)°T(2k + 1)
I'(k+ %)QF(2/£+2)'

— Vr

Since we have asymptotically by the Stirling formula

N(k+2) T(k+2)T(k)2> 1, k+1T(k+1)?
F(k+3) ['(2K)y/7 T VT T(264+1)

we obtain for the L?—norm of the de la Vallee Poussin kernel the approximation

||,¢)m||2 _ \/%F(H+2>2F<2/ﬁ?+ %) —_ Z\/E(H—W ~ \/2/{3/2.

~ (k+ 1)Vk

~

I'(k+ 2)2T (26 4 2) 2 2k+1
Since
2k+1
1_@@(1):1_(%_1):1_ k(K +1)! K2
(> (k — Dk +2)! K+2 K+2

the AMISE( f*(¢,)) is approximately
* — m _
AMISE(f],) ~ (5 +2)7* | [ll; + g#**N ™"
An approximation of the optimal parameter is
720 e
KT ol N (30)
The corresponding optimal AMISE is

AMISE(f;, ) ~ 3.8]|fllyy N~/

As we have seen in Theorem 11 this is the optimal decay rate of the AMISE error we can expect
for s = 2.
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4.3 The Abel Poisson Kernel

The Abel Poisson kernel v, € L*(SO(3)) is a nonnegative zonal function depending on a pa-
rameter x € (0, 1) which is defined by its Chebyshev series

Un(t) = (20 + 1)r>Uny(t),

and has L%-norm
o0

1+ 6k + K8
2 2 41
l[9hll” = Z(% +1)7°k" = o

=0

Since the Abel Poisson kernel is nonnegative we compute for f € F/55(SO(3)) the AMISE( f*(¢,))
approximately for k — 1,

ey A=w2)? L6 RS
AMISE(f;, ) = = fll22 + TERE

1 3 ar—
~ (L= R 1+ (1= m) N
The corresponding optimal parameter k. is approximately
(1—k)° = 48N fll (31)

which yields the AMISE
AMISE(f;, )~ 0.37 || |5y N=2/°.

Comparing the convergence rate of the kernel density estimator using the Abel Poisson kernel
with the convergence rates derived in Theorem 11 we conclude that the Abel Poisson kernel is
not well suited for kernel density estimation, except for small values of V.

S5 Numerical Experiments

In this section we are going to verify our theoretical findings by numerical experiments. The
general concept of our numerical experiments is as follows:

1. Choose a test density function f € L*(SO(3)).
2. Fix a kernel function ¢ € L?(SO(3)).
3. Draw a random sample from the distribution given by f of size N € N.

4. Compute the kernel density estimator f.

5. Compute the integrated squared error || f — f7; 12
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6. Compute an estimate of the MISE by repeating M times the steps 2 to 4 and taking the
mean value of the integrated squared errors.

As the test density function f we chose a linear combination of de la Vallee Poussin kernels
1y, translated to two arbitrarily chosen locations of the rotation group,

f(x) =0.24 0.7¢90(Re, 300) + 0.19350(Re, 50°2). (32)

The advantage of choosing this specific test function is that drawing a random sample and com-
puting the kernel density estimator becomes numerical feasible as we explain in the subsequent
sections. Our Numerical experiments showed, that increasing the number or changing type of
the kernel functions 77, has only minor influence to our numerical results.

5.1 Drawing a random sample from a distribution on SO(3)

Let ¢ > 0 be a strictly positive density function on [0, 1]. Then the corresponding cumulative
distribution function

v - | ") da

defines a diffeomorphism
v:[0,1] — [0,1]

and by the transformation rule we have for any integrable function i: [0, 1] — R,

[ s = [ nvanie) o

Hence, the distribution of ¢ under ¥ becomes the uniform distribution and we can draw a random
sample from the distribution given by ¢ by drawing a random sample of the uniform distribution
on [0, 1] and applying ¥~ ! to it.

Let us now consider a zonal function ) on the rotation group SO(3). Then ¢ depends only
on the rotational angle w of a rotation Ry, about an arbitrary axis £ and we will write ¢(w) =
Y (Re,,). Using the parameterization of the rotational group by axis and angle the integral of an
integrable function h: SO(3) — R with respect to 1) may be decomposed as

LO(B) h($>¢(x) d)\(l') - A /S‘2 h(Ré,w) do’(g) w(w) Sin2 5 dw.

Hence, we can draw a random sample X,, € SO(3), n = 1,..., N of the distribution given by
1) by drawing a random sample &, € S%, n = 1,..., N of the uniform distribution on the unit
sphere and drawing a random sample w,, € [0, 7], n = 1,..., N of the distribution given by the

density 1(w) sin® £ and setting X,, = Re, .,
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5.2 Numerical computation of the kernel density estimator

Since, we want to check our results for large sample sizes, i.e., up to N = 107, we have to apply
fast algorithms to compute the kernel density estimator. An algorithm that allows to evaluate
the kernel density estimator (1) corresponding to N random samples at M arbitrarily chosen
nodes with the numerical complexity O(N + M) is described in [4]. However, as we are only
interested in the L*—error || f; — f|| we rest at computing the Fourier coefficients of f and f; up
to a sufficient large order and applying Parsevals identity.

Let ¢ € L?(SO(3)) be a zonal function with finite Chebyshev expansion

0la) = (20 + d(OU(cos LD

£=0

)

and let X,, € SO(3),n = 1,..., N be a random sample. Then the kernel density estimator has
the representation

Fa@) = N7 0 (20 + 1)¢(O)Ua(cos ”(%1)("))
=N ST+ 1060 Y DY (X,)DE ().

17

Il
o

n kK’

Hence, the Fourier coefficients of the kernel density estimator f; are given by the sum

fol kK =N~ Zw V20 + 1D (X,)

which is essentially an adjoined Fourier transform on the rotation group SO(3). Algorithms for
the fast Fourier transform on the rotation group at arbitrary nodes as well as for its adjoined
transform has been described in [12] and are available as part of the NFFT library [5].

5.3 Numerical Results

In our numerical experiments we estimated the MISE for sample sizes N = 10* up to N = 107.
For a fixed sample size we considered different kernel functions. On the one hand we applied the
MISE optimal kernel function as defined in Theorem 6 and compared the numerical estimated
MISE with the theoretical expression found in (21). On the other hand we used the formulae
(26), (27), (29), (30), and (31) for the optimal parameters of the AMISE, , optimal kernel, the
AMISE, » 5 optimal kernel, the Dirichlet kernel, the Abel Poisson kernel, and the de la Valleé
Poussin kernel and computed the MISE for the kernel density estimator with respect to these
kernel functions. Figure 1 shows the Chebyshev coefficients of the kernel functions mentioned
above with optimal kernel parameter for the specific choice of N = 10* random samples. In

Figure 2 the relative MISE
MISE(f)

MISEw(f3) = =
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Figure 1: This plot shows the Chebyshev coefficients of the kernel functions investigated
throughout the numerical experiments. The kernel parameter has been chosen to be optimal
with respect to the test function (32) and N = 10*.

is plotted for the different kernel functions .

Our numerical experiments show, that the MISE for the optimal kernel almost perfectly fits
our theoretical findings. This indicates that our approaches for generating the random sample
and estimating the MISE work satisfactory. Furthermore, we observe for the AMISE, 5 optimal,
the AMISE 2 5 optimal, the Dirichlet kernel, and the de la Valleé Poussin kernel the predicted
convergence rate N %7 with a slightly better constant for the AMISE, 2 5 optimal kernel func-
tion. As predicted we observe for the Abel Poisson kernel the convergence rate N~2/°. The
more rapid convergence for the Dirichlet kernel starting with N = 106 is due to the fact that we
worked with bandlimited functions.
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Figure 2: This plot shows the MISE as a function of the number of random samples N and the
kernel used for kernel density estimation. The theoretical bound as well as the MISE optimal
kernel where computed according to Theorem 6. The parameters for the other kernel functions
where chosen AMISE optimal as specified in the formulae (26), (27), (29), (30), and (31).
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