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The paper is devoted to the asymptotic behavior of the eigenvectors of banded
Hermitian Toeplitz matrices as the dimension of the matrices increases to infinity.
The main result, which is based on certain assumptions, describes the structure of
the eigenvectors in terms of the Laurent polynomial that generates the matrices
up to an error term that decays exponentially fast. This result is applicable to
both extreme and inner eigenvectors.
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1 Introduction and main results
Given a function @ in L' on the complex unit circle T, we denote by a, the (th
Fourier coefficient,

1 2

:g ;

ale®e ™ dy (0 € Z),

Gy

and by T,,(a) the n x n Toeplitz matrix (a; )};—,. We assume that a is real-
valued, in which case the matrices T),(a) are all Hermitian. Let

AW <A < <A

— n

be the eigenvalues of T),(a) and let

{vln), vén), oy

)
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be an orthonormal basis of eigenvectors such that T),(a)o'™ = )\(")v§"). The

J J
present paper is dedicated to the asymptotic behavior of the eigenvectors U](-n) as

n — oQ.

To get an idea of the kind of results we will establish, consider the function
a(e™) =2 —2cosx. The range a(T) is the segment [0, 4]. It is well known that
the eigenvalues and eigenvectors of T, (a) are given by

)\g.") =2 2cos : xg.") =4/ sin : (1)
n+1 n+1 n+1/ _,

(We denote the eigenvectors in this reference case by mgn) and reserve the notation

v](n) for the general case.) Let ¢ be the function

2—-A
¢ :10,4] — [0,7], () = arccos

We have (,0(>\§'n)) = mj/(n + 1) and hence, apart from the normalization factor
V2/(n+ 1), 2™ is the value of sin(mep())) at A = )\gn). In other words, an

eigenvector forL)\ is given by (sin(me(N)))"_;. A speculative question is whether
in the general case we can also find functions 2, such that, at least asymptot-
ically, (€2,,(\))2_; is an eigenvector for A. It turns out that this is in general
impossible but that after a slight modification the answer to the question is in
the affirmative. Namely, we will prove that, under certain assumptions, there
are functions €2,,, ®,, and real-valued functions o, 1 such that an eigenvector for
A= )\5-") is always of the form

(Qm(k) + @, (N) + (=1 e it DeNe=nNG () + error term)n - (2)
The error term will be shown to decrease to zero exponentially fast and uniformly
in 7 and m as n — oo. Moreover, we will show that €,,()\) is an oscillating
function of m for each fixed A and that ®,,(\) decays exponentially fast to zero
as m — oo for each A (which means that ®,,,1_,,(\) is an exponentially increasing
function of m for each \). Finally, it will turn out that

S0P/ S0 =0 (7)

as n — oo, uniformly in A\. Thus, the dominant term in (2) is €,,(\), while the
terms containing ®,,(A) and ®,,,1_,,(\) may be viewed as twin babies.

If a is also an even function, a(e®®) = a(e™*) for all z, then all the matri-
ces T,,(a) are real and symmetric. In [4], we conjectured that then, again under
additional but reasonable assumptions, the appropriately rotated extreme eigen-
vectors v](") are all close to the vectors :cgn). To be more precise, we conjectured
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that if n — oo and j (or n — j) remains fixed, then there are complex numbers

T;n) of modulus 1 such that

r — || = o), (3)
where || - ||2 is the 2 norm. Several results related to this conjecture were estab-

lished in [3] and [4]. We here prove this conjecture under assumptions that will
be specified in the following paragraph. We will even be able to show that the
o(1)in (3) is O(j/n) if j/n — 0 and O(1 — j/n) if j/n — 1.

Throughout what follows we assume that a is a Laurent polynomial

T

a(t) =Y apt (t=e"€T)

k=—r

with r > 2, a, # 0, and @; = a_y for all k. The last condition means that a is
real-valued on T. We assume without loss of generality that a(T) = [0, M] with
M > 0 and that a(1) = 0 and a(e™#*) = M for some p, € (0,27). We require that
the function g(x) := a(e™) is strictly increasing on (0, @) and strictly decreasing
on (o, 27) and that the second derivatives of g at = 0 and = = , are nonzero.
Finally, we denote by [«, 5] C [0, M] a segment such that if A € [«, 5], then the
2r — 2 zeros of the Laurent polynomial a(z) — A that lie in C \ T are pairwise
distinct.

Note that we exclude the case r = 1, because in this case the eigenvalues and
eigenvectors of T),(a) are explicitly available. Also notice that if » = 2, which
is the case of pentadiagonal matrices, then for every A € [0, M] the polynomial
a(z) — X has two zeros on T, one zero outside T, and one zero inside T. Thus,
in this situation the last requirement of the previous paragraph is automatically
satisfied for [a, B] = [0, M].

The asymptotic behavior of the extreme eigenvalues and eigenvectors of T,,(a),
that is, of )\5-") and U](-n) when j or n — j remain fixed, has been studied by several
authors. As for extreme eigenvalues, the pioneering works are [7], [9], [11], [12],
[18], while recent papers on the subject include [3], [6], [8], [10], [13], [14], [15], [19],
[20]. See also the books [1] and [5]. Much less is known about the asymptotics
of the eigenvectors. Part of the results of [4] and [19] may be interpreted as
results on the behavior of the eigenvectors “in the mean” on the one hand and
as insights into what happens if eigenvectors are replaced by pseudomodes on
the other. In [3], we investigated the asymptotics of the extreme eigenvectors of
certain Hermitian (and not necessarily banded) Toeplitz matrices. Our paper [2]
may be considered as a first step to the understanding of the asymptotic behavior
of individual inner eigenvalues of Toeplitz matrices. In the same vein, this paper
intends to understand the nature of individual eigenvectors as part of the whole,
independently of whether they are extreme or inner ones.



To state our main results, we need some notation. Let A € [0, M]. Then there
are uniquely defined () € [0, o] and pa(A) € [po — 2, 0] such that

9(e1(V) = g(e2(X)) = X;
recall that g(x) := a(e™). We put

_ ©1(A) — pa(N)

(N) 5 ,

We have
a(z) =\ = z_r<aT22r + ...+ (ag — )\)zr+...—|—a_r>

2r

= a2z " H(Z — zi(\),

k=1

and our assumptions imply that we can label the zeros z;(\) so that the collection
Z()\) of the zeros may be written as

{z1(N), ..., zrm1(N), zr(A), zr+1(‘)\), Zrro(A)y .oy 22.(AN)}
= {U1(>\>, PN 7U7«_1(/\)7 6“’01()\), 6“’02()\), 1/@1(/\), ey 1/HT_1<)\)} (4)

where |u,(A)] > 1 for 1 < v < r —1 and each u,(\) depends continuously on
A € [0, M]. Here and in similar places below we write @i (\) := ug(A). We define
(50 >0 by
e = min  min |u,(N\)].
A€[0,M] 1<p<r—1

Throughout the following, § stands for any number in (0, dg). Further, we denote

by hy the function
r—1
z
we=I1(1- )

v=1

The function O(A) = hy(e**™)) /hy(e72M) is continuous and nonzero on [0, M]
and we have ©(0) = ©(M) = 1. In [2], it was shown that the closed curve

0,M] — C\ {0}, A— O(N)

has winding number zero. Let () be the continuous argument of ©(\) for which
6(0) =6(M) = 0.

In [2], we proved that if n is large enough, then the function
fo 1[0, M] = [0, (n+ D)), fu(A) = (n+ 1)p(A) +6(})

is bijective and increasing and that if )\ﬁ) is the unique solution of the equation

(n)y _ : (n) .
fa(Aj.) = j, then the eigenvalues \;" satisfy
N — A < Keon
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for all j € {1,...,n}, where K is a finite constant depending only on a. Thus,
we have

(n+ Dp(A") +0(A5") = mj + O(e™™"), (5)
uniformly in j € {1,...,n}.
Now take A from («a, 3). For j € {1,...,n} and v € {1,...,r — 1}, we put

io(\) io ()

AN = gy B = 57wy

B e%7X) gin ()
D) = G Oy = ) (a, () — #2002 (y (V)
F(\) = sin () y

(@, (A) = e7#1 V) (@, (A) — e~ 2R (uy (A))
|h)\<€73901()\))h>\(6i%02()‘))|
h)\(ei<P1()\))h)\(ei<P2()‘))

and define the vector wj(»n)()\) = W™ ()" _, by

m=1

w\™ (\) = A()\)e—z‘mnm(k)_B(/\)e—imwz(A)
r—1
1 (—1)7HLemint Do)
D F .
+;(*%mw+”m @, ()

The assumption that zeros u,(\) are all simple guarantees that h'(u,) # 0. We
denote by || - ||l2 and || - || the £2 and ¢*° norms on C", respectively.

Here are our main results.

Theorem 1.1 Asn — oo and if Agm € (o, 8),

W01 = (s * e

uniformly in j.

+0(1),
A=A

Theorem 1.2 Let n — oo and suppose /\gn) € (a, B). Then the eigenvectors U§n)

are of the form
() (y(n)
ws (NS
o =7 ( @ ( @ )y 000(6_5”))
(A )2

where Tj(n) € T and Oy (e™) denotes vectors fj(»n e C" such that H£ N <

Ke " for all j and n with some finite constant K independent of j and n.



Note that the previous theorem gives (2) with

Qu(A) = AN)e e X) — B(A)em 2N () =

|hp (et hy (e792 V)|

e~ — )
h)\<€i€01 (A))h)\ (@i902(>\)>

Things can be a little simplified for symmetric matrices. Thus, suppose all ay,
are real and a; = a_y for all k. We will show that then {u;(A),...,u,—1(A\)} =

{ﬂl()\), PN aﬂr—l(/\)}- Put

[P (™) sin p(A)
(u (A) = V) (u, (A) — e7 )R} (u,, (X))

QV<A> =

and let y§n)()\) = (yj(-j;)l()\));;:l be given by

r—1 i1

M) (\) _ o 0N\ 1 (=1)*
i =sin (e + 2 -0, (e ) @
Theorem 1.3 Let n — oo and suppose )\gn) € (a,0). If ap = a_y for all k, then

n n n
I A5 = 5 +0()
(n)
J

(n) (y(n)
n n Y; Aj —én
o =" <%+Om(e : ))
ly; " (A7)l
(n)

where ;") € T and Ou(e™") is as in the previous theorem.

uniformly in j, and the eigenvectors v: "’ are of the form

Let J be the n X n matrix with ones on the counterdiagonal and zeros else-

where. Thus, (Jv),, = Upi1-m- A vector v is called symmetric if Jv = v and skew-

symmetric if Ju = —v. Trench [17] showed that the eigenvectors v\ v, ...

are all symmetric and that the eigenvectors vé”), vfl”), ... are all skew-symmetric.

From (5) we infer that

sin ((n +1-— m)<p()\§»n)) +

= (—=1)"*!sin (mgo()\g-n)) +

6



and hence (6) implies that
(T O D = (17 (05) + 0(e™™).

Consequently, apart from the term O(e™®"), the vectors yj(.")()\g-n)) are symmet-

ric for j = 1,3,... and skew-symmetric for j = 2,4,.... This is in complete
accordance with Trench’s result.
Due to (5), we also have

sin (W(Ag.")) + H(ATYL))) = sin ((m _n ; 1) gp()\;"))) +O0(e™).

Thus, Theorem 1.3 remains valid with (6) replaced by

Yym(A) = sin ((m - n;r 1) p(A) + %)
- i Qu(N) (u &)m - u<(;)12:im> . (7)

In this expression, the function 6 has disappeared.

Define yj(") again by (6). The following theorem in conjunction with Theo-
rem 1.3 proves (3).

Theorem 1.4 Let n — oo and suppose )\gn) € (a,B). If a, = a_y, for all k, then

The rest of the paper is as follows. We approach eigenvectors by using the
elementary observation that if A is an eigenvalue of T),(a), then every nonzero
column of the adjugate matrix of T,,(a) — A\l = T,,(a — \) is an eigenvector for A.
In Section 2 we employ “exact” formulas by Trench and Widom for the inverse and
the determinant of a banded Toeplitz matrix to get a representation of the first
column of the adjugate matrix of 7,,(a — A) that will be convenient for asymptotic
analysis. This analysis is carried out in Section 3. On the basis of these results,
Theorems 1.1 and 1.2 are proved in Section 4, while the proofs of Theorems 1.3
and 1.4 are given in Section 4. Section 6 contains numerical results.

2 The first column of the adjugate matrix

The adjugate matrix adj B of an n x n matrix B = (bjx)},—, is defined by
(adj B)jr = (—1)*" det My;
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where Mj; is the (n — 1) x (n — 1) matrix that results from B by deleting the kth
row and the jth column. We have

(A— M) adj (A — \) = (det(A — AI))I.

Thus, if A is an eigenvalue of A, then each nonzero column of adj (A — AI) is an
eigenvector. For an invertible matrix B,

adj B = (det B)B ™. (8)

Formulas for det T},(b) and T, '(b) were established by Widom [18] and Trench
[16], respectively. The purpose of this section is to transform Trench’s formula for
the first column of T}, () into a form that will be convenient for further analysis.

Theorem 2.1 Let

q p+q
b(t) =Y bt =bt [J(t—2) (teT)
k=—p 7j=1
wherep >1,q¢>1,b,#0, and z1, ..., 2,14 are patrwise distinct nonzero complex

numbers. If n > p+q and 1 < m < n, then the mth entry of the first column of
of adj T,,(b) is

) Ty (D]ma = > CoWED S (9)

JCZ,|J|=p z€J
where Z = {#1,..., 2p+q}, the sum is over all sets J C Z of cardinality p, and,
with J == Z\ J,
1
C;= q — (—1)P
J HZ Hiz_w, WJ ( 1) prZ,
zeJ zeJwed zeJ
11 1
Sm z— — 1 T — - -
7 b, zm H z—w
weJ\{z}

Proof. 1t suffices to prove (9) under the assumption that det 7,,(b) # 0 because
both sides of (9) are continuous functions of 2y, ..., 2,1, Thus, let detT},(b) # 0.
We will employ (8) with B = T,,(b).

Trench [16] proved that [T, *(b)]n1 equals

1 D, piqy(0,...,¢—1,g+n,....,¢+n+p—2,¢g+n—m)

10
b, Dgpigy(0,...,¢—=1,g+n,....q+n+p—1) (10)
where Dyj, i3 (1, ..., sk) denotes the determinant
S
det Jo  “ja R
S S S
zjl zj,f zj:
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Note that

DJ(81+§7"'aSk+€): (Hzf) DJ(Sl,...,Sk),

jed

D{172 ..... k}(ov]-u)k_l): | | (ZZ_Zj)‘
jled
>

We first consider the denominator of (10). Put Z = {1,...,p + q}. Laplace
expansion along the last p columns gives

Dyz0,....,g—1,qg+n,....,¢g+n+p—1)
= 3 (—)™UDDy(g+n,.. g+ n+p—1)Ds(0,....q— 1)

JCZ,|J|=p
= > (=D A T =) T (e —2),
JCZ,|J|=p keJ kteJ kecT

>k >k

where inv(J,J) is the number of inversions in the permutation of length p + ¢
whose first ¢ elements are the elements of the set J in increasing order and whose
last p elements are the elements of the set J in increasing order. A little thought
reveals that inv(J,J) is just the number of pairs (k,¢) with k € J, £ € J, k < L.
We have

II G-2)= ] Ge—=) I] (=20

jed,sed teJked keJied
>k >k
= (=)™ T e—2) [ (2= =) (11)
Ledked e ked
>k >k

and hence the denominator is equal to

—1)pn
R, Y C,W} with R, = | bn)

JCZ,|J|=p P

(20 — 2k)-

~
e
e

A formula by Widom [18], which can also be found in [1], says that

detT,(b) = > C,Wy.
JCZ,|J|=p

Consequently, the denominator of (10) is nothing but R,, det T,,(b).



Let us now turn to the numerator of (10). This time Laplace expansion along
the last p columns yields

DZ(Oa>q_1aQ+n77Q+n+p_2aq_l_n_m)
= Z (—1)inV(J’J)DJ(q+n,...,q+n+p—1,q—|—n—m)Dj(O,...,q—1)

JCZ,|J|=p
= > (-n)™YIDy0,... ¢ - 1) (qu+"> D;(0 —2,—m).
Jcz,|J|=p jeJ

Expanding D;(0,...,p — 2, —m) by its last column we get
Dy(0,...,p—2,—m) =Y (=1)™NTDmD (0, p—2) (12)
jeJ
with inv(J \ {j}, ) being the number of s € J \ {j} such that s > j. Thus, (12)

18

Z<_1)inv(J\{j}vj)Z;m H (Zg—zk)

jeJ ke \{j}
>k
1
—m
=2 5" =20 11 =
jeJ kLed seJ\{j} % s
>k

This in conjunction with (11) shows that the numerator of (9) equals

—bpRy Y CyWED S

JCZ,|J|=p zeJ

In summary, from (10) we obtain that

1
1 o n
[Tn (b)]mql — det Tn(b> § OJH J E Sm,J,Z?

JCZ,|J|=p zeJ

which after multiplication by det T,,(b) becomes (9). O

3 The main terms of the first column

We now apply Theorem 2.1 to

b(t) = a(t) = A = at " | [ (t = z(N) (13)
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where A € (a, 3). The set Z = Z(\) is given by (4). Let

r—1
do(N) = (—1)"a, eV T w(N). (14)
k=1
In [2], we showed that dy(A) > 0 for all A € (0, M). The dependence on A will
henceforth frequently be suppressed in notation. Let
Ji = {Uh ceey Up—1, 61@1}7 Jy = {Ub ceey Up—1, eiw}
and for v € {1,...,r — 1}, put
JS = {Ul, ey Up—q, 1/&,,}

Lemma 3.1 If JC Z, |J|=7r, J & {J1, o, I}, ..., J°_1}, then

n

dg
|CJW Ssz’<K —on
smcp

forallz € J,n>1,1<m<n, X\ € (af) with some finite constant K that
does not depend on z,n,m, \.

Proof. If both €' and e¢*? belong to J, then
J={tyys oty €9 €2 1)U, ... 1/7,,}
with &+ ¢ =r — 2. Since

min min |u;, (A) — ui,(A)]| > 0,
Ae[aﬁ]y1¢12| i1 (A) = gy ()]

we conclude that |C;| < K;. Here and in the following K; denotes a finite
constant that is independent of A € [«, 5]. We have k < r — 2 and thus

Uy, ... Uy dge™?
W = fo | [l teed < (15
|us, - U82| |ty - - Us|

If 2 € {uy,,...,u,,e¥, e} then obviously |S,, .| < Ky/siny and hence

dn —on

|CyW 7S, < KiKo

sing

In case z € {1/uy,,...,1/us,}, say z = 1/us,, we have |S,, ;.| < Ks|u,,|™, which

gives

dn —on

< K Ksdle ™" < K K3

|CyW S, | < Ky Kadie " -2
[uy, | singp



The only other possibility for J is to be of the type
J={tyys oy, €9 10, 11U, }

with k+¢ <r—1,k <r—2 ¢ > 1. (The case where ¢! is replaced by
e?? is completely analogous.) This time, |C;| < K,/ sin¢ and (15) holds again.

For z € {u,,,...,u,,€e*?} we have |S,, ;.| < Ky and thus get the assertion. If
z = 1/uy for some s € {s1,...,s¢}, say s = sy, then |9, .| < Kglus,|™, and the
assertion follows as above, too. [

Let

1 r—1 1 -1
di(A) = |h>\(ei<p1(>\))h)\(eie02(>\))| k,ls_ll (1 a m) .

It is easily seen that d;(A) > 0 for all A € [0, M].

Lemma 3.2 If A = A" € (0, M), then

dydnt . .
CnWi S eier = slirfgp [(—1)7 Ae™"™ + O(e™™™)],
n dldgil i+1 o —im _én
CJQWstm,JQﬁi‘P? = [(_1)] Be 2 4 0(6 )}

sin ¢
uniformly in m and X.

Proof. We abbreviate [[;_} to [],. Clearly,

Wi, = (=1)ar <H Uk) e = (=1)"a, (H m;) e'7e" = dye'?.
K K

We have
(IT; up) e
Cn = } . A }
(e = e2) T, (e = &) T (e — ) TT, (e — &)
eimpl
(e —ei#) [T, (1= ) T (1= 52 et I (1 57
el

2 sing ], (1= 55 ) e h(em)

and because

h(eiW)W _ ’h(ei@1)h(ei@2)|67i9’ (16)
it follows that i(o+0)
de"¥
O = G
7 sin @



Furthermore,

g _ _ 1 1
melLeT Ty, eime [1.(er — uy)
1 e~ ime
e (S0 (ewe) TL(1 — € fug)
efim(aJrga) efim(a+<p) el

(—=1)ra, (ITyue) he'#r) — doh(e#)

Putting things together we arrive at the formula

dydi "

: A e—im(a—i—so)ei((n-&-l)go—i-e)‘
sin @

n —
OJI WJ1 Sm,Jl,eivl -

Obviously, o + ¢ = ¢1. By virtue of (5),
A Det0) — pimi (] 4 O(e7™)) = (=1 (1 + O(e™™)).
This proves the first of the asserted formulas. Analogously,

dle—i(go-i—e) e—im(a—ap)eia

WJ2 = doe_iw’ 0]2 = — W,
0

) Sm,J27ei‘P2 -

2i sin
which gives the second formula. [J

Lemma 3.3 If1<v<r—1and )= )\5-”) € (a, B), then

n " dydp? : 1 _én
Cr W3 St + C, Wi Sy, = Sm“@ (~1Y Dy 40l on)
uniformly in m and \.
Proof. By definition,
1 1
Sy, = —— .
T a w (uy, — €%1) [T, (= us)
u—m

Since —h/(z) equals

1 1
—(1—i>...(1— © >+...+ (1—i>...(1— : >
Uy Uz Ur—1 Upr—1 Uy Up—2

we obtain that




Thus,

—-m —m ,i0
u,, u, e

Sy, = . = . .
S (=)rap (T we) (w, — €01 () do(w, — €90l (u)
Changing ¢1 to ¢ we get

—m ,i0
u, e

do(u, — e°2)l (u,)’

These two expressions along with the expressions for C'y,, W, ,Cy,, W, derived
in the proof of Lemma 3.2 show that the sum under consideration is

Sm7J27uV -

dldn 1 fmew' 6i((n+1)gp+9) 67i((7l+1)§0+0)
u, — el u, — ez

2i singp h(u,)
Because of (5), the term in brackets equals

(—1)j[ ! — — ! . +O(e‘5”)]

U, — ey, — e
€24 sin
(u, — e¥1)(u, — e%?)

= (-1
Lemma 3.4 For 1 <v<r—1and X € (o, 3),

dldn—l e—i(n+1)a
n 0
CroWioSm g01/m, = —

. [/ — —m
sin ¢ un+1 m

Proof. We have Cjo = ([], uy,) /(u;, P P, P3) with

7 o1\ (77 . o2
P, = i _ plpt i _el2 | — (ul’ € >(UV € )
1 = — (& — (& = —5 o y
[ Uy, u, et

P2 _ H(Uk _ewl)H( Up — 61902 _ (Huz> 1901 61902)7

k k

- H(—:—ﬂﬂﬂ(m-ﬁ

s#V k s#v
1
v s#tv k s;ézz

1
) (H“ >d\he““) (o] T (1 — 1/ (i)

Thus, Cj equals

. dye o h(e# ) h(ei)| Y
u,(u, — e~%1) (@, — e~ 2) W (u, )h(e?1)h(e¥?) H ( Ukﬂu>
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Since W0 = doe™"’ /u, and

s 1. 1
m u, - __uy —
S ar " T8, —w)

u u

(=D)ra, (11, uk;Hk <1 - uklﬂ) d [T (Vl - ukla) |

we obtain that C;0W7.S,, jo 15, is equal to

620’

d1d8_1 e—iae—ina|h<€i¢1)h<€ig&2)| 0
T (@, — e~ (@, — e~i#2) 1/ (u,, ) h(ei#1 ) h(eivz)
Lemma 3.5 If1 <k <r—1and X € (o, 3),
. dldn—l 5n
CJBWJL)Sm,JB)uk = SiIlOL,D O<€ ’ )
uniformly in m and X.
Proof. This time
11 1
CrWhSm 00, = ———
AR g (s — 1/1) T (0 — )
_ u,
(=0rorin (1= 55 ) (TLosw ) T (1 - 2)
1 1

douf <1 - u:ﬂ) Tzt (1 - Z_k>

Expressions for Cjo and Wjo were given in the proof of Lemma 3.4. Tt follows

that
dydi™t 1

sing wrtur

n _
CroWi0Sm.10.u, = Guk

where G, equals

€217 =7 | (i1 ) b (2 )| sin [Tosn (1 — ﬁ)
(w, — e 1) (u, — e~¥2)1/ (u, ) h(e*r)h(ei¥?) I < — %)

Us

Since

we see that G, remains bounded on [«, 3]. Finally,

1 1 —on

< < .U
] =

15



Corollary 3.6 If A= \" € (o, 3), then

j aNdg ()

[adj To(a = Ay = (1) == ()

[wjm(X) + O]

uniformly in m and .

Proof. This follows from Theorem 2.1 and Lemmas 3.1 to 3.5 along with the fact
that d; is bounded and bounded away from zero on [a, §]. O

4 The asymptotics of the eigenvectors

We now prove Theorem 1.1. There is a finite constant K; such that |D,| < K,
and |F,| < K for all v and all A € («, #). Thus, summing up two finite geometric
series, we get

2

n 1 (_1)j+16—i(n+1)0 ) 1 1— 1/’uV’2(n+1)
D,— + F, < 2K <K
Z ur + goti-m 1 w2 1—1/|u2 — 2

m=1

for all v,n, \. We further have

n n
E |Ae_im‘p1 — Be_im‘”}2 = E
m=1

m=1

- (T * )

m=1

Zn: e~ 2imep e2ime
= \4h(etr)h(et2)  4h(eier)h(ei#?)

The first sum is of the form ) " _,(v/4) and therefore equals (n/4)y. Hence,
because of (16) we are left to prove that

e—imgpl e—imapg 2

2h(ei#r)  2h(ei2)

< K; (17)

n
Z ei@(kgm) eQimap(A§">)
m=1

for all n and j such that )\gn) € (a, B). The sum in (17) is

) Sin ngp(A§n))

6i[(n+1)¢(xgn>)+e@§"> '
sin @(Agn))

Thus, (17) will follow as soon as we have shown that

sin ngo()\g»n)) <5
— 3

(n))

J

sin p(A

16



for all n and j in question. From (5) we infer that
np(") = mj = (") = 00") + O(e™™),
which implies that
sin ngp()\gn)) = (—1)"*!sin <¢(A§")) + 9()\(”))) +O(e™™).

Suppose first that 0 < <p()\§")) < /2. Then

sin (A £ oA (n) (n) (n)
e s 53 (e o) oo
PLA; PLA;

In [2], we proved that |#/¢]| is bounded on (0, M). Thus, the right-hand side of
(18) is bounded by some K3 for all n and j. If 7/2 < go(/\g-n)) < m, we may replace
(18) by the upper bound
(n
: (1 Ll

2 T — A§")I)

We know again from [2] that |6/(m — )| is bounded on (0, M). This completes
the proof of Theorem 1.1.

Here is the proof of Theorem 1.2. By virtue of Theorem 1.1, ||wj()\§n))||2 > 1
whenever n is sufficiently large. Corollary 3.6 therefore implies that the first
column of adjT,(a — A§n)) is nonzero and thus an eigenvector for )\gn) for all
n > ng and all 1 < j < n such that Agm € (a,8). Again by Corollary 3.6, the
mth entry of this column is

di(Ndg (), (n)
sin SD()\) I:wjam<A) + g_],m] A:A;")

o] 3

where |£ ;7;)1| < Ke™%" for all n and j under consideration and K does not depend
on m,n,j. It follows that

o)+ (60) = wi () + One(e™™)

m=1

is also an eigenvector for )\gn). Consequently,

(A + O (e (A
w]( (‘?n) ) (6 - ) _ w]( (_?n) ) + Ooo(e—(sn) (19)
[w; (A7) + Oco(e™) 2 [lw; (A7) ]2

is a normalized eigenvector for A§"). From (5) we deduce that all eigenvalues

of T,,(a) are simple. Thus, v](-n) is a scalar multiple of modulus 1 of (19). This
completes the proof of Theorem 1.2.

17



9 Symmetric matrices

The matrices T),(a) are all symmetric if and only if all a are real and a = a_y
for all k. Obviously, this is equivalent to the requirement that the real-valued
function g(z) := a(e™®) be even, that is, g(x) = g(—=z) for all . Thus, suppose g
is even. In that case

vo=m, w1(A) = —p(A) = (), () =0.

Moreover, for t € T we have

a,t " [ ]t = 2(N) = a(t) — A = a(1/t) — A
= at” [J(1/t = %) = ar (H Zk:(/\)> e = 1/20),

which in conjunction with (4) implies that

{ur(A), - uea (N} ={w V), - wa (M)} (20)

The coefficients of the polynomial hy(t) are symmetric functions of

1/ur(N), - -, L, ().

From (20) we therefore see that these coefficients are real. It follows in particular
that hy(e=N) = hy(ei*™), which gives () = 2arg hy(e**M) and thus

h,\(ei‘p(’\)) — |h>\(€i4p(>\))|ei9(>\)/2, h)\(e—i<ﬂ(>\)) — |h>\(ei@(>\))|€—i9(>\)/2‘

We are now in a position to prove Theorem 1.3. To do so, we use Theorem 1.2.
Consider the vector wj()\g-n)). We now have

) ) e—imgo 6im<p
Ae "1 — BeTVMP2 =

T 2ih(e®)  2ih(e—i¥)

1 e”imy  gime 1 , N 0
== - - - - = ————— SIin{m —].
2ih(eiw)| \ 2 et [h(ei#)] 73

Furthermore,
Lo sin _Q
’ (uy — €9)(w, — e ) (uy) — [h(e??)]’
. sin o [h(ei?)h(e)
T @ — )@ — e )W (w,) Ale)h(e)
sin ¢

(U, — e%)(u, — e “)h'(u,)

18



Consequently, from (20) we infer that

r—1

r—1
Sy =3 z

- urti-m u"“ m | (et® ]u”“ m’
v=

14

In summary, it follows that

w(A") = ———— 4, (A"). (21)

Thus, the representation

X )\(n)
oo o]
ly; (A

is immediate from Theorem 1.2. Finally, put h;, = |h(e"*™ )| = |h(e _w(’\(n)))\.
Theorem 1.1 shows that

1 1
(AME== . _
s =3 e * e

whence, by (21), [ly;(A\{™)[3 = h2,llw;(A"™)[3 = n/2 + O(1). The proof of
Theorem 1.3 is complete.

n
+0(1) = =+ O(1),

Here is the proof of Theorem 1.4. We first estimate the “small terms” in y](-").

Summing up finite geometric series and using the assumption that |u, ()| are
separated from 1 we come to

QAA)(UAiyw+uiﬁyffm>2

< Ksin? o(\)

v=1

where K is some positive number depending only on a. since @(Agn)) =0 (j/n),

it follows that
J
— 2. 22
o(Z).

(S (o ams)|

We next consider the difference between the “main term” of yj( and sin
Using the elementary estimate

mjm
n+1"

- B A+ B
|sin A — sin B|* = 4sin? 5 cos” ;

- B

< 4sin® =2—2cos(A — B),

19



we get

, (n) (n) mjm
mE:1 sin <mg0()\j ) + 0N )) —sin_——
§n ' (n) J (n)
< 9n—2 COS (m (QO(/\] ) — ?) + Q(AJ )) .

To simplify the last sum, we use that

n sin %ﬁ CcoS (% + w)
Z cos(mé +w) = z
m=1

S11 )

= n(14+0(n*?)) <1+O((nzl)§+w) )

In our case

Consequently,

n
m=1

sin <mgo()\§n)) + 6\

that is,

' <sin (o) +6(A")) ~ sin mjn )n

Combining (22) and (23)we obtain that

J J J
=0|= O(—=—=|=0(—F% 24
2 ()rolz)-o(ZH) e
which implies in particular that

ly§ 2 = ";Ll (1 +0 <%>) . (25)

Clearly, estimates (24) and (25) yield the asserted estimate. This completes the
proof of Theorem 1.4.

(n) ntl o
R VA S
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6 Numerical results

Given T, (a), determine the approximate eigenvalue )\

(n+ 1)900‘]‘,* ) + 9()‘]',*) =J.

In [2], we proposed an exponentially fast iteration method for solving this equa-
tion. Let w(n)(/\) € C" be as in Section 1 and put

) from the equation

We define the distance between the normalized eigenvector v;

w)) =

J Js*

5%

w(ﬂ)(/\(n))

lwl™ (Ao

) and the normal-

ized vector w by
() )y ™ .
o(v; ", w;) == 1;%1%1”7‘0 —w \/2—2 )
and put
Al = max [\ = Al
1<j<n ’
n) _ (n) . (n)
Al = pax o0, ;).
(n) _ )y _ (), (n)
A'r - 1@]82{ ||T ( ) ]*) Aj,* wj,* ||2

The tables following below show these errors for three concrete choices of the

generating function a.
For a(t) =8 — 5t — 5t ' +t* + t~2 we have

n =10

n =20

n = 50

n = 100

n = 150

A
A
Al

If a(t) =8+ (

5.4-1077
2.0-10°6
8.0-10°°

—4 =20Vt + (=4 — 2i)t7 L + it — it~

n =10

1.1-1074
1.1-10710
2.7-10710

n =20

52-107%
2.0-107%
3.4-1072

n = 50

1.7-1046
1.9-10~*
2.2.10744

I then
n = 100

9.6-10798
2.0-1079
1.9-1079°

n = 150

NG
Al
Al

In the case where a(t)

3.8-107%
1.8-1077
5.4-1077

n =10

2.8-10713
4.7-10713
1.3-10712

n =20

2.9-1073Y
2.0-1072
2.7-107%

n = 50

5.9-1078
7.0-10757
6.7-107°7

=24+ (=12 = 3i)t + (=12 + 3t~ +

n = 100

1.6-107%
2.4-107%
1.9-107%
it3 —it™3 we get

n = 150

A(n)
A
AW

6.6-107°
1.9-107¢
2.5-107°

1.2.10710
1.3-10710
8.6-10°10

7.6-107*
2.0-107%
7.3-107%
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1.4-107%
721074
1.9-10~%

3.3-107%7
2.8-107%
5.9-107%
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