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Abstract

This paper deals with a method for the numerical solution of parabolic initial-
boundary value problems in two-dimensional polygonal domains §2 which are allowed
to be non-convex. The Nitsche finite element method (as a mortar method) is applied
for the discretization in space, i.e. non-matching meshes are used. For the discretiza-
tion in time, the backward Euler method is employed. The rate of convergence in
some H'-like norm and in the Ly-norm is proved for the semi-discrete as well as for
the fully discrete problem. In order to improve the accuracy of the method in presence
of singularities arising in case of non-convex domains, meshes with local grading near
the reentrant corner are employed for the Nitsche finite element method. Numerical
results illustrate the approach and confirm the theoretically expected convergence
rates.

1 Introduction

The mathematical modeling of many problems in science and engineering leads to time-
dependent differential equations. Therefore, methods for the approximate solution of
initial-boundary value problems for parabolic or hyperbolic equations are of special in-
terest. For solving parabolic problems numerically, the finite difference method (see [28]
for an overview) as well as combinations of spatial discretization by finite elements with
some finite difference time stepping method (see e.g. [23, 29]) or discontinuous Galerkin
method (see e.g. [15, 22, 29]) are applied.

In this paper, a combination of the Nitsche finite element method (as a mortar method)
with the backward Euler method for solving initial-boundary value problems for the heat
equation in 2D-domains is defined and analyzed. The finite element method with Nitsche
mortaring has been investigated for several classes of elliptic problems in 2D, see e.g. [4,
12, 16, 17, 18, 19, 25, 27|. For solving elliptic problems in axisymmetric domains in 3D,
a combination of Nitsche mortaring with the approximating Fourier method is presented
in [20, 21]. The finite element method with Nitsche mortaring provides several advantages.
Since this method is based on a decomposition of the original domain into subdomains with
non-matching triangulations, the mesh generation in these subdomains can be carried out
independently from each other. Moreover, it allows different discretization techniques in
the subdomains. Further, in comparison with the Lagrange multiplier mortar technique
(see e.g. [5, 8, 11, 32]), the saddle point problem, the inf-sup condition and the calculation
of additional variables (Lagrange multipliers) are circumvented. Concerning the imple-
mentation of the Nitsche finite element method, existing software tools for the standard
finite element method can be slightly modified since the bilinear forms in the variational
equation differ only by interface terms, see Section 2 for more details.
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The aim of this paper is to derive convergence results for the presented approach which
is applied to solve initial-boundary value problems for the heat equation in polygonally
bounded domains. Thereby, convex domains as well as domains with reentrant corners are
taken into account. As it is known from [14, chapter 5], reentrant corners of the domain
cause singularities of the solution which can be represented by means of the singularities of
the corresponding elliptic problem. The approximation errors of the investigated approach
are estimated in the Lo- and {1, h}-norms. The latter is an H'-like, mesh-dependent
norm which is introduced because of the discontinuity of the approximate solution along
the interface of the subdomains provided with non-matching meshes. In order to obtain
the error estimates, the Ritz projection (cf. [1, 29, 31]) is now adapted to the bilinear
form occurring in the Nitsche finite element discretization. Moreover, the knowledge on
singularities of the solutions of elliptic problems in non-convex polygonal domains ([13, 14])
and their approximation by finite elements is used. Some a-priori estimates for the norms
of the exact solution of the parabolic problem and its derivatives in time, given in [9, 29],
allow to state the error estimates in such way that only norms of the given data are
involved. It can be shown that the presented method yields the same convergence order as
the combination of the standard finite element method with the backward Euler method,
cf. [29, chapter 19]. In case of a solution with singularities, an appropriate grading of
the mesh around the reentrant corner leads to the same convergence order of the semi-
discretization (in space) and of the fully discrete method as in case of a regular solution.
Moreover, the convergence order of discretization in time is not affected by singularities.
In [6], using some results of [1], the Nitsche mortaring for parabolic problems with regular
solutions and under more restrictive assumptions than in our paper is considered.

The paper is organized as follows. In Section 2, the model problem is given and its semi-
discretization (in space) by finite elements with Nitsche mortaring is described. The next
section deals with approximation properties of the Ritz projection and error estimates for
the semi-discretization in case of regular solutions (i.e. convex domains). Section 4 contains
respective estimates for solutions with singularities arising in case of non-convex domains,
where meshes with local grading are employed. In Section 5, the fully discrete method is
defined and its convergence is investigated. Finally, in Section 6 two numerical examples
illustrating the approach and the convergence rates are presented.

2 The model problem and its semi-discretization

We consider the following initial-boundary value problem for the heat equation,

u—Au = f in Q, for 0 <t<T
u=0 ond for 0<t<T (1)
u(,t=0) = up in £,
with u = u(x,t), as a model problem, where 2 C R? is supposed to be a polygonally
bounded domain. In the following we assume that the compatibility condition uy = 0 on
0f) is satisfied.

Subsequently, for functions defined on X, let H*(X) (s > 0, s real, H® = L,) denote
the usual Sobolev-Slobodetskii space. The usual scalar product in Ly(X) will be denoted
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by (-,-). Further, let v € H=*(Q) be the dual space of Hq(Q), with duality pairing (-, )
over the space Ly(€2). Moreover, we shall need the spaces H*(€2) (see [9, 29]). For s > —1,
H#(Q2) denotes the space of functions defined by

o0 1/2 B
ol ey = (X4, 000%) <00, ve HT(Q), 2)
j=1

where \; (j = 1,2,...) are the eigenvalues and ¢; (j = 1,2,...) the corresponding or-
thonormal eigenfunctions of the operator —A.

For an arbitrary Banach space B, let Ly(0,T; B) be the space of functions u : (0,7) — B
satisfying

7 ) 1/2
oz i= ([ Tty de) ™ < oc. (3
0

For some given f € Ly(0,T; Ly(2)), a function u = u(x,t) is called a weak solution of the
problem (1) if the relation

(ug,v) + (Vu, Vo) = (f,v) Yo € Hy(Q) (4)

holds with w € Ly(0,T; H}(Q2)) and w; € Lo(0,T; H~Y(Q)) and if u(-,t = 0) = ug € Lo(Q)
(see e.g. [15, 23, 29]).

In order to define an approximate solution to the problem (1) (resp. (4)), we first define a
semi-discretization in space, i.e., we approximate the solution u(z,t) of (1) by means of a
function uy(x,t) which, for each fixed ¢, belongs to a finite element space. For this semi-
discretization, the Nitsche finite element method will be employed. For the characterization
of this method we shall need a subdivision of 2 into subdomains. Throughout this paper
we restrict ourselves to the case of two subdomains Q!, Q2. with some interface T,

Q=0'ud’, a'n2=p, T=0n0"

Moreover, assume that these subdomains are polygonally bounded. There are different
cases for the position of the two subdomains: Figure 1(a) shows the case 9Q' N T # ) for
i=1,2, and in Figure 1(b) we have 9QNT = @, I' = 9Q2. In view of the subdivision of

(a) (b)

Figure 1: Domain € with subdomains Q*, 02

we introduce the restrictions v’ := v|g: of some function v on €’ as well as the vectorized
form v = (v!,v?), i.e. v'(z) = v(x) holds for x € Q' (i = 1,2). It should be noted that
for simplicity we use here the same symbol v for denoting the function on €2 as well as the



vector (v!,v?). Using this notation we obtain that the solution of the BVP (1) is equivalent
to the solution of the following problem: Find (u!,u?) such that
ul—Au' = f in Q' (i=1,2), for 0<t<T
u' =0 on IV NN (i=1,2), for 0 <t <T

u'(t=0) = up in Q (i=1,2) (5)
uwl'=wu? onT, for 0<t<T
ou'  ou?

—+— =0 onTI, for 0<t<T,

ony  Ong -

are satisfied, where n; (i = 1,2) denotes the outward normal to 9Q' N T.
Further we introduce the 'broken’ space V) by

Vo=V x V2, with Vi :={ve H" Q) : v|pginan = 0} fori=1,2

(note that Vi = H'(Q) if Q' N oQ = 0).

Now we describe the finite element discretization of (5) with non-matching meshes. We
cover ) (i = 1,2) by a triangulation 7;' (i = 1,2) consisting of triangles K (K = K ), where
7, and 7,2 are independent of each other. Moreover, compatibility of the nodes of 7, and
7,2 along the 'mortar interface’ T' = 90! N 902 is not required, i.e., non-matching meshes
on I' are admitted. Let h denote the mesh parameter of the triangulation 7, := 7,} U 7,2,
with 0 < h < hg and sufficiently small hy. Take e.g. h = max{hg : K € 7}, where hg
denotes the diameter of the triangle K. In the sequel, positive constants C' occurring in
the inequalities are generic constants.

Since in the next section, the case of a regular solution of (5) will be considered, we
start with quasi-uniform meshes, i.e., we suppose that the following assumption on the
triangulations 7;* (i = 1, 2) is fulfilled.

Assumption la

(i) For i =1,2, it holds a0 = Uker: K, and two arbitrary triangles K, K’ € 7 (K # K')
are either disjoint or have a common vertex, or a common edge.

(ii) The mesh in Q (1 = 1,2) is quasi-uniform, i.e. the relation

max i (min pg) ™' < C (i =1,2) (6)
KET} KET}

holds for h € (0, hy], where px denotes the diameter of inscribed circle of K.
For i = 1,2 and according to Vj we introduce finite element spaces Vi, of functions v},
on Q' by
Vo = {0, €CQ): v, e PUT) VK € Ty, vhloninan =0},

i.e., employ linear finite elements. The finite element space Vp, of vectorized functions vy,
with components v; on Q' is given by

) 1 2 1.2y, .1 1 .2 2
Von = Vo, X Vo, = {vn = (vy,v3) = v, € Vo, vp, € Vb
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It should be pointed out that the functions vy, in Vpy, are in general not continuous across I'.
Further we introduce a triangulation &, of the mortar interface I' by intervals £ (E = E),
i.e., ' = Ugeg, E, where hy denotes the diameter of E. We suppose that two segments E, £
are either disjoint or have a common endpoint. A natural choice for the triangulation &, is
En =&l or &, := &P, where &} and &7 denote the triangulations of I' defined by the traces
of 7.} and 7,2 on T, resp.:

& ={E:E=0KNT, if Eis a segment, K € T,'} fori=1,2. (7)
Subsequently we use real parameters a; and ay with
OSOélgl (z:1,2), Oé1—|—042:1. (8)

The asymptotic behaviour of the triangulations 7;}, 7,2 and of &, should be consistent on I'
in the following sense.

Assumption 2

(i) For £ € &, and K € 7' with 0K N E # 0, i = 1 and ¢ = 2, there are positive
constants Cy and C5 independent of hg, hgy and h (0 < h < hg) such that the
following condition is satisfied

Cihx < hg < Cohy. (9)

(ii) In the special case &, := &/ and a; := 1 (cf. (7), (8)), where i = 1 ori =2, for E € &,
and K € 7,>" with 0K N E # (), instead of relation (9) the following condition is
required

Cihk < hg. (10)

Relation (9) means that the diameter hx of the triangle K touching the interface I' at E
is asymptotically equivalent to the diameter of the segment E, i.e. the equivalence of hg,
hg is required only locally. In contrast, condition (10) is weaker and admits even locally
at T a different asymptotics of the triangles Ty € 7.}, Ty € T,2: Ty NTy # 0.

For the Nitsche finite element approximation of the function wu(t) = u(:,t) we shall need
bilinear forms By (-, -) and functionals F(t). The definitions of B (-,-) and F(¢) are moti-
vated by the related definitions in case of elliptic problems (cf. [4, 16, 17, 18, 27]). Thus
we introduce

; ; out(t Ou?(t
Bi(u(t),v) := Z(Vu (), Vo') — <a1 8n(1) — 8n(2)’vl — 1)2>F (11)
i=1
ovt ot 2 1.1 2 1 2
= gy~ 2y 0 O 7 2 W) —ae) o' =)
h

(F(t),v) == (f(t),v), with u(t),v € Vy, t € (0,T].

1 1 1

Here, (-,-)r denotes the H, *(I") x HZ?(I')-duality pairing, where HZ(I") (also written
1

HE(T)) is defined as the trace space of HJ(f) provided with the quotient norm (see



e.g. [13]), and H*_%(F) is the dual space of H*%(F) If 9Q' N 9N = 0 holds for i = 1 or
1

i =2, we have HZ(I') = Hz(I'). Moreover, 7 is a sufficiently large positive constant (the
restriction of v will be given subsequently) and «; as well as ay are taken from (8). The
Nitsche finite element approximation uy, : [0, 7] — Vo, of u(t) is defined to be the solution
of the equation

(unt(t),vn) + Bp(up(t),vn) = (F(t),vn) Vo, € Vo, Vt € (0,T] (12)
satisfying the initial condition
uh(()) = Uph, (13)

where ugy, is some approximation of ug in Vyy,.

In order to state the boundedness and ellipticity of the forms By (-, ) we impose the re-
striction v > C7 on the parameter v from (11), where the constant C7 is taken from the
estimate (see [17, ineq. (17)])

2
(91)1 8’02 i
Z hE } Oéla—n}; - Ozza—n]; La(E) S C] ZafHVvhHQM(Qi) for Vp € Vbh, (14)
Eeé, i=1
with ay, oy from (8). Moreover, we shall need the h-dependent norm || - ||;, defined by
2 .
lorllip =D VUil Loy + D2 k' llvn — villi, m)- (15)
=1 Eegy,

Lemma 1 Let Assumptions la and 2 be satisfied for T, (i = 1,2) and for &,. Then there
exists a constant 1 > 0 such that the following estimate holds,

|Br(wn, vn)| < pal|wnllipllonllie - Ywn, vn € Vop. (16)

If the constant v in (11) is independent of h and fulfills v > C; (Cy from (14)), then the
inequality
By (vn, vn) > pallonlls Yo € Von (17)

holds with a positive constant ps. The constants iy, o are independent of h.

For the proof we refer to [17]. _
Furthermore, for functions w € Vj satisfying g—;’j: € Ly(I") (i = 1,2), the estimate

|Br(w, vn)| < pallwl[ngllonlln (18)
(see also [17]) can be stated for all functions vy, € V. Here, the norm || - ||.q is defined by
2 ow' 112
2 )2 —1[,1 2)12
lwlif o = Y {1V @ + S he i} 37 At =l

i=1 E€&), i 1 L2(E) E€é&),
The norms || - |14 and || - |50 are equivalent on the space Vyp:

[vrllin < llonllne < Cllvnllin Yo € Von. (19)



3 Convergence of the semi-discretization: case of a
regular solution

In the following we also consider the elliptic problem
—Au = f in Q

20
u = 0 on 0, (20)

which is the corresponding stationary problem assigned to (1). The variational formulation
of (20) reads:

Find u € Hy(Q) such that a(u,v) := (Vu, Vo) = (f,v) VYo € Hy(Q). (21)

Throughout this section we assume that the domain €2 is convex. Then, it is well-known
that for f € Ly(2), the solution u of (21) belongs to the space H*((2).

In order to derive convergence estimates for the semi-discretization, we introduce for v €
the Ritz projection Rpv € Vy,. Usually the Ritz projection is defined by means of the
bilinear form a(-,-) from (21), see e.g. [23, 29]. But we introduce it by means of the
h-dependent bilinear form By, (-, ) (see (11)) of the Nitsche finite element approach,

Bh(RhU,Uh) = Bh(v,vh) Y, € V()h. (22)

Moreover, let Iv := (Ivt, I,v?), where Iv* (i = 1,2) denotes the usual Lagrange inter-
polant of v’ in the space Vj,. In the next two lemmas, estimates of the error Ryv — v are
given. They generalize the results well-known for the bilinear form a(-, ) like in [23, 29).

Lemma 2 Let Assumptions 1a and 2 be fulfilled for T, (i = 1,2) and for &,. Moreover,
assume that v > Cr holds (see Lemma 1). Then, forv € H*(Q)NH(Q), the function Ryv
from (22) satisfies the estimate

[Brv — vllin < Chl[v]| 2. (23)
Proof: First we obtain the inequality
[Rrv = vllin < [|RBhv = Invllin + Jo = Ipvllin < |Bav = Iyollin + lo = Loflne. (24)

Using the abbreviation x := Rpv — [v, the first term on the right-hand side of (24) can
be estimated by means of relations (17), (22), and (18):

||X||%,h < CBh(X?X) = C(Bh(RhU>X) - Bh([h'U7X)) = C(Bh('U7X) - Bh(IhU>X))
= C(Bn(v — Iyv, x) < Cllv — Iyv||nallx|n- (25)

The interpolation error can be bounded by ||v — [v|no < Ch||v||m2(q), which follows
from [17, proof of Theorem 2]). This, together with the estimates (24) and (25) leads
to (23). m

Lemma 3 Under the assumptions of Lemma 2, for v € H?*(Q) N HY(Q) the following
estimate holds,
| Rrv =l za0) < O [[o]l m2(0)- (26)



Proof: We introduce the auxiliary elliptic problem: find © € HJ(€2) such that
a(®,w) = (v — Ryv,w) Yw € HI(Q), (27)

with a(-,-) from (21). Owing to the assumptions on the domain €2, the solution o of this
problem belongs to H?(€2). The Nitsche finite element approximation @, € Vpy, of ¥ is then
given by (cf. [17]): Bp(0p,vn) = (v — Rpv, vp) Yo, € V. As a result of [17, Lemma 1], the
solution v is consistent with this variational equation, i.e.

Bh(f),’llh) = (U — Rh’l}, Uh) ‘v’vh € ‘/Oh. (28)

Taking into account the definitions of By(-,-) and a(-,-) and using v as a test function
in (27), we obtain
B(0,v) = a(d,v) = (v — Ryv,v). (29)
Choosing v, := Rpv in (28) and using (29) we are led to
|v — thl|i2(m = (v— Rpv,v) — (v — Rpv, Rpv) = By(v,v) — By(0, Ryv)

(30)
= Bh(v - th,@ - [hfj),

where the last equality follows from symmetry of By (-, -) and relation (22) with v, := I;0.
Employing the Holder and Cauchy-Schwarz inequalities, the interpolation error estimate
[ 1h0 — 0[|n,0 < Ch||0]| g2(q) as well as the a priori estimate ||0]| g2y < Cllv — Rpv||1,) of
the solution o, the term on the right-hand side of (30) can be bounded as follows,

Bh('U — Rh’l}, v — Ih’lN}) S ||U — RhUHh,QHIN) — ]h27||h79 S ChH’U — Rh””h,QHU — RhUHL2(Q). (31)

Therefore it remains to find an estimate for |[v — Rpv||50. Inserting Iv and using (19) we
obtain
H’U — RhUHh’Q S H’U — [hUHh,Q + C'||]hv — RhUHI,h- (32)

Thanks to (17), (22), and (18) we get |[[,v — Ryv|7, < CBu(Iyv — Ryv, v — Ryv) =
CBh(IhU — U,[h’U - Rh’U) < C'||]hv — U||h7QH[hU — RhUHI,h- This implies H[hU - RhUHI,h <
C|[Ipv—v/|p,0, and together with the interpolation error estimate || [,v—v|[n.0 < Chl|v|| g20)

as well as relations (30)—(32) we obtain (26). |
In the following, the error between the solutions of the semi-discrete and continuous prob-
lems is estimated in the Ly-norm and the norm || - || ,. These error estimates are based on
the splitting of the error (see e.g. [23, 29]):

up(t) —u(t) = 0(t) + p(t), with 0 = u, — Ryu, p = Rpu — u, (33)

and Ry, defined by relation (22).

We require in the following that the solution (resp. the given data) of the parabolic problem
has such a regularity that all norms arising on the right-hand sides of the estimates are
finite.

Lemma 4 Let the assumptions of Lemma 2 be satisfied. Then, for the solutions u and uy,
from (1) and (12), with uo, = Rpuo, the following error estimate holds,

t
Jan(®) = @ sey < CH{ ol + [ Noliwordr} fort <12 (3)
0



Proof: In view of Lemma 3 and the fact that u € H?*({2), the summand p(¢) occurring in
the splitting (33) can be bounded by

lp®llza = [1Rhu() — u(t)l|zo) < CH*|u(t)]lm2(e)

IN

O (u(0) sz /||ut||H2(Q dr). (35)

In order to find an estimate for the remaining summand 6(t) we use (12) and (22) leading
to

(O, vn) + Br(0,vn) = (uns, vi) + Bp(up, vp) — ((Rpw)e, vn) — Br(Rpu, vp,) (36)
= (f,vn) = (Bpug, vn) = Bp(u, vn) = (ue, vn) — (Rpug, vn) = —(pr, on)
for v, € Vi, With the special choice v, := 6 this yields
(61,0) + Bu(0,0) = —(p1,0),
and by means of (17) and the Cauchy-Schwarz inequality we get

1d d
— 1101170 = 1100l Loy = 101 o) < Mol Lo 101|220
2dt dt

After dividing by [|0||z,@) and integrating this implies in consideration of the assumption

uon = Rpup (i.e. 6(0) =0),

t t
10 2oy < 1000)]|acey + / ol Laeydr = / Lol Loy dr, (37)
0 0

and thanks to (26), the norm of p; can be bounded as follows,
lpell o) = | Buue — well o) < Ch*Juel () (38)
Finally, the assertion is a result of relations (33) and (35)—(38). |

Lemma 5 Under the assumptions of Lemma 2, the solutions u and uy, from (1) and (12),
with ug, = Rpug, satisfy the following error estimate,

Jun(®) = w®)ll < Ch] gl e + / lullydr},  for t <T. (39)

Proof: Owing to (15) we have
||uh( ) —u®)lin=
ZHV u )1y + D b lun(t) — u' () = (ui(t) — wO) 1, (40)

Ec&y,



For any vy, € Vy, the first term on the right-hand side of (40) can be estimated as follows,

2

Z!IV(UZ(t) —u' () L) < 2 Z(IIV(U?}(t) — Ul L@ + IV (0, — ' ()L, 00)

=: QZ(Si + S%), (41)

i=1

where S} and Si are abbreviations for the corresponding norm terms. Since the mesh is

supposed to be quasi-uniform in ﬁi, the term S} from (41) may be bounded by means of
an inverse inequality (see e.g. [10]), i.e. we obtain for i = 1, 2:

S1 < Ch7?lup(t) = villZyn < CR72(lup (1) — w' ()17, + 10/ (8) — villTy@e)- (42)

Setting v, = [u(t), i.e. vi = Lyu'(t) (i = 1,2), using Lemma 4 for estimating the first
summand on the right-hand side of (42) and employing some interpolation error estimate
for the second summand we arrive at

. . . 2 .
Sy < Ch2{||“6“§{2(m) + [/ HuiHHz(Qi)dT} + Hul(t)H%ﬂ(m)}a =12 (43)
0

For estimating S% (i = 1,2) from (41), these terms will be considered in combination with
some terms arising from the second summand in (40). With the notation

= 3" hgtlun () — villi ). Si= D hEvh — w7, i = 1,2,

E€é€y E€é&y
we obtain for the second summand in (40)
2
> g lun(t) = u' (1) = (ui(t) — w* () L) < 2 Z (S5 + S3). (44)
Eecé&y, =1

Taking into account that v, = [,u(t) and using the estimate for ||u — Iul/nq from [17,
Proof of Theorem 2] leads to

2

> (S3+8;) < ChQZ I )20y < CR*u(®) 72 0)- (45)

i=1 i=1

Hence it remains to find an estimate for S from (44). The summation over E € &, can
be rewritten such that the estimates of u} (t) — I,u'(t), i = 1 or ¢ = 2, involve the side F

of the triangle T C Q' (T = Tr) with Tr N T = F € & (£} from (7)):

Sy =Y i llup(t) = I ()L, ey < C Y bl () — Tt (D)L, - (46)

Eeg, Fegl

Then we get by means of [30, Theorem 3| for i = 1, 2:
lui, () = vl 2o ry < C(hw) " Hlub () = vl 2z (47)
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where hp is the height of the triangle T over the side F. Using h' < Ch~! and (hgy)~! <
Ch™!, relations (46) and (47) imply

Sy < C Y h72ug(t) — It ()|, < Ch2|Jug(t) = Inw (8)17 400
KeT}:
TNT#)

< Ch™H{Jlui,(t) = W' (O)lIL, 0, + 10" () = I ()|, 0 }-

Then, employing once more Lemma 4 and some interpolation error estimate we obtain

t
. . , 2 . _
szsom@mw#mg+L/meWMM}+wwam#m5}z=1ﬂ. (48)
0

Finally, relations (40), (41), (43)—(45), and (48), together with

t
[u' (8) || 2y < ||ubl] 2o +/||ui’|H2(Q)dT
0

lead to the desired estimate. [
The terms on the right-hand sides of (34) and (39) still comprise norms of the derivative
of the solution u. The next aim is to establish an estimate in terms of data of the problem.
For this purposes we apply some results from [29].

Theorem 1 Let Assumptions 1a and 2 be fulfilled for T;' (i = 1,2) and for &,. Moreover,
assume that vy > C holds (see Lemma 1), and let the function g be defined by

g = u(0) = f(0) + Aup. (49)

Then the solutions u and wuy, from (1) and (12), with ue, = Rpug, satisfy the following
error estimates,

t
Jun(®) = s < CH{ ol + gl + [ Nl dr} €< 7Y, (0
0

t
Jun(®) = @)l < Oh{ ol + oy + [ Iflwdr} <) (51)
0

for any € € (0,%) and with C = C(,T).
Proof: According to [29, Lemma 19.1], the estimate
t

[l + el dr < & {lgllnee /wmp(h ST ()

0

with C' = C(e, T) holds for € € (0, 5) and convex domains 2. This, together with Lemmas 4
and 5, yields the assertion. |
Consequently, if for the semi-discretization of the initial-boundary value problem (1) the
Nitsche finite element method is applied, then the same convergence rate as in case of a
semi-discretization with the standard finite element method is achieved, see [29, chapter 19].
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4 Convergence of the semi-discretization: solution with
singularities

Throughout this section we consider non-convex domains 2. For simplicity we assume

that there is only one reentrant corner P, with angle 3, # < # < 27. Then, according

to [13, 14], the solution u of the elliptic problem (21) in general does not belong to H*((2),
but admits a splitting into a regular and a singular part:

w=w+s, with we HX(Q), s=s(r,0) =n(r)rsin(A), \:=_, % <A<1. (53)

|

In (53), (r,0) denote polar coordinates with respect to the reentrant corner, and 7(r) is a
smooth cut-off function with

0<n<1, n=1 fOTOST’S%O, nZOfOITE%.

For the singular part s of the solution holds s € H'**~(Q) with any & > 0. Furthermore,
according to [9, 29], the singular part s belongs to the space H?(Q) defined by (2). This
regularity statement will be essentially needed for subsequent estimates.

As it is shown e.g. in [2, 3, 7, 24, 26|, the convergence rate of the standard finite element
method on quasi-uniform meshes is reduced when this method is applied for the solution of
boundary value problems with singularities of the type (53). This gives reason to modify the
assumptions on the meshes given in Section 2 such that meshes with some local grading are
admitted. Instead of Assumption la we suppose from now on that the following assumption
is fulfilled.

Assumption 1b

(i) Fori = 1,2, it holds Q= Uker: K, and two arbitrary triangles K, K’ € 7} (K # K')
are either disjoint or have a common vertex, or a common edge.

(ii) The mesh in aQ (1 = 1,2) is shape regular, i.e., the following relation holds (pgx :
radius of inscribed circle of K),

thK_l <(C for K € 7;:, h € (0, ho] (54)

Relation (54) means that the triangulations 7,° (i = 1,2) do not have to be quasi-uniform
in general. Moreover, for providing a framework for graded meshes, we introduce the real
grading parameter u, 0 < g < 1, the grading function R; (i = 0,1,...,n) with some real
constant d > 0, and the step size h; for the mesh associated with layers [R;_;, R;] x [0, 6]
around the reentrant corner P:

Ry :=d(ih)¥ (i=0,1,...,n), hi:=Ri— Ry (i=1,2,...,n). (55)

Here n := n(h) denotes an integer of the order h™!, n := [6h™!] for some real § > 0 ([]
means the integer part). We shall choose d and ¢ such that %ro < R,, < rg holds.

Using the step size h; (i = 1,2,...,n) from (55) we define a mesh which is graded locally
in the neighbourhood of the vertex P of the reentrant corner and quasi-uniform in the

12



remaining part of the domain 2. The diameter hy of a triangle K € 7, is now characterized
by the mesh size h (0 < h < hg), by the distance R of K from P, and by the grading
parameter u, with fixed p: 0 < p < 1. The properties of 7, are summarized in the following
assumption.

Assumption 3

Let the triangulation 7;, satisfy Assumption 1b. Furthermore, 7}, is provided with a local
grading around the vertex P of the reentrant corner such that hx := diam K depends on
the distance Rx of K from P, Rg := dist (K, P) in the following way:

Clh% < hg < Cl_lh% for K € ,];L : Ry = 0,
ehRi" < hg <c;'hRi " for K €T, : 0< Ry < R,, (56)
cghgthcglh for K € 7« R, < Rk,

with some constants ¢;, 0 < ¢; < 1 (i = 1,2,3) and some real Ry, 0 < R, < R, < R,,
where Eg,ﬁg are fixed and independent of h.

In (56), R, is the radius of the sector with mesh grading, and w.l.o.g. we may assume
R, = R,,. The value p = 1 yields a quasi-uniform mesh in the whole domain (2, i.e.
the relation maxyeri hi(minger: pr)"' < C (i = 1,2) holds instead of (54). Owing to
Assumption 3, the asymptotic behaviour of hx is determined by the relations

€1hj < hKS&?l_lhj for KG%Z Rj_lgRKSRj (j:1,2,...,n),

57

82h§h}{§€2_1h fOIKGZLIRnSRK, ( )

where 0 < ¢, <1 (I =1,2) holds, and h;, R; as well as n are taken from (55). Examples
of meshes with local grading as described in Assumption 3 will be given in Section 6.

It should be noted that the total number of nodes of 7, satisfying Assumption 3 is always

of the order O(h™2). In [7, 17, 24, 26], related methods of mesh grading are given. In [9],

a mesh grading is described which guarantees an optimal convergence rate even in the

C(€2)-norm.

Under the Assumptions 1b, 2, and 3, the definitions of the spaces Vj, and V, remain the
same as in Section 2. Moreover, the Nitsche finite element approximation wuy, : [0,7] — Vo,
of the solution u is defined by (12), (13) as before. The statement concerning boundedness
and ellipticity of By(-,-) (see Lemma 1) is also valid in case of graded meshes, cf. [17].
Now we turn to error estimates of the semi-discretization. In view of the splitting (33) of
the error u;, — u, we need estimates for u — Rju in the case that the solution u of (21) has
singularities.

Lemma 6 Let u be the solution of (21), where the representation (53) holds. Further,
let Assumptions 1b, 2, and 3 be satisfied for T;' (i = 1,2) and for &E,. If v > C; (see
Lemma 1), then the inequalities

|Rpuw — ullin < Cr(h, p)||Au| £y (58)

| Rut — ull ooy < CR2(hy )| At oo (59)
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hold, with

B for A< p<1
k(h,pu) = hlInh|2  for p= A\ (60)
h for 0 < p <A

Proof: We find by analogy to the proof of Lemma 2 that
[Rru = ull1p < Cllu = Tnul|no- (61)
Further, due to [17, Lemma 7] and since —Au = f € Ly(2) we obtain
[ = Thullno < Ck(h, @)l fll o) = Cr(h, Wl Aull Ly, (62)

with k(h, 1) from (60). Then, inequalities (61) and (62) lead to (58).
In order to prove (59), we observe that the estimate

Bh(u — Rhu, U — [hﬁ) S CHU — RhuHh@Hﬁ — Ih'fLHh@ S CHU — Ihu||h,Q||ﬂ — IhﬁHh,Q (63)

holds. This inequality is obtained by analogy to the proof of Lemma 3, now with @ as the
solution of the auxiliary elliptic problem with the right-hand side u — Rj,u. Using again [17,
Lemma 7] we are led to (59). [

Further, according to [29, Lemma 19.3], the estimate [|Aul|z,@) < C|lul|g2q) holds with
|+ [| 2y defined by (2). This, together with Lemma 6 yields the inequalities

B =l < Cnh )l oy, 1B = ullaey < Ok, )l ey (64)

Now we are ready to give estimates of the error between the solutions of the semi-discrete
and continuous problems.

Theorem 2 Let Assumptions 1b, 2, and 3 be fulfilled for T;" (i = 1,2) and for &, and
let v > C (see Lemma 1). Then, for the solutions u and uy from (1) and (12), with
uon, = Rpug, the error estimate

t
Jan(®) = () sey < €20 | Sy + gl + [ Wl dr} (¢ <) (65)
0

holds, with r(h, p) from (60), g from (49) and any ¢ € (0,3). The constant C' in (65)
depends on € and T.

Proof: Taking into account relations (33) and (37), the error can be estimated by

t
lun(®) = u(®)llza@) < lp@)lza@) + 10 22) < [[p(0)]| 220 +2/ pellzz@dr. (66)
0

In view of Lemma 6 and the assumption ug, = Rjug we obtain
12(0) [ o) = 1u(0) = Ruu(0) | o) < Cr?(h, )| Ato]| Ly (e (67)
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such that it remains to estimate the integral on the right-hand side of (66). Using the
second relation from (64) we get

/ loillaceydr = / e — Bl oy < Cr2(h, p) / lledr. (68)
0 0 0

The right-hand side of this inequality can be bounded in terms of data of the problem
when the estimate (see [29, Lemma 19.5] or [9, Lemma 3.1])

t

/<||ut||g2m)+||utt||L2m>>deo gl / [hlw@dr}. <7 (69)
0

with C' = C(e, T is applied. Hence, the assertion of the theorem can be deduced from (66)—
(69). n

Theorem 3 Under the assumptions of Theorem 2 we have fort < T the error estimate

[[un(t) = u(@)1.n (70)

t t
1/2
< Crh i { | Aol + ol + ([ 1l dr) 4 [ 1Aloyar},
0 0

with e € (0,3) and C = C(g,T).

Proof: Since we consider meshes which are not quasi-uniform, the technique of the proof
of Lemma 5 based on an inverse inequality cannot be applied. Therefore we use the
splitting (33) and derive estimates for the norms of p(t) and 6(t).

First we obtain by Lemma 6, relation (58),

o6l < Cnth )| Au(t) o) < Cothos) {| Buliaey + [ NAwiliaaydr}. (71

Using [|Aul|r,0) < Clluel 2oy and inequality (69), we are led to

ool < Cotho{I8unliuor + [ Tullee 7}
’ (72)

< Cuth. {1 8walla + ol + [ 1l dr ).
0

Further, relation (36) with v, := 6, yields (6, 0;) + Bn(0,6;) = —(p¢,0:), and by means of
the Cauchy-Schwarz inequality we obtain

1d

1
2 2
thBh(e 0) < ||pt||L2(Q) + §||9t||L2(Q)

16:11Z, 0
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which implies

1 1d 1
§H9t||L2(Q) + ith(ﬁ,H) < §||pt||L2(Q)’

After omitting the first term on the left-hand side, integrating and using the ellipticity
of Bp(+,-) (see Lemma 1) as well as the assumption ug, = Rpug (i.e. 8(0) = 0) we arrive at

t
1O()1IT 5 < CBL(B(2),0(1)) < C/ ol 2 e d- (73)
0
Lemma 6, relation (59), yields an estimate for the norm of p, leading to
4
002 < O ) [ Nl
0

and by the use of [29, Lemma 19.6] for bounding the integral on the right-hand side of this
inequality we obtain

t
10603 < C ) { ol + [ 11t} (74)
0
Finally, we deduce from (33), (72), and (74) that the estimate (70) holds. |

5 Estimates for the fully discrete method

For the discretization in time of the spatially semi-discrete problem (12), the backward
Euler method is applied. The constant time step is denoted by k. Further we use the
notation U™ = U}', where U}’ means the approximation in Vg, of the exact solution u(t) =
u(+,t) from (1) at time ¢t = ¢, = nk, n = 0,1,..., Np. The fully discrete problem then
reads

(5U”7Uh) + Bh(Un,Uh) = (]—"(tn),vh) Vvh c Vbh, 1 S n S NT,
(75)
U° = uon = Ryuo,
with U™ = (U™ — U™ 1) /.
First we give error estimates in case of a convex domain, i.e. the results from Section 3 for
the semi-discretization will be used. The Ls-norm of the error for the fully discrete method
can be bounded as follows.

Theorem 4 Let Q) be a convexr domain and let the assumptions of Lemma 2 be satisfied.
Then, for the solution U™ of (75) and the solution u(t,) of (1), with 0 < n < Np, we
obtain the error estimate

tn
0 = alto) ey < O + 1) { ooy + Nl + [ Ufllweandr ) (76)
0

with g from (49), € € (0, %) and C = C(e,T).
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Proof: We follow the techniques of [29, Proof of Theorem 1.5, with the necessary mod-
ifications due to By(+,-). By analogy to (33), we employ the following splitting of the
error

U™ —ulty) = (U™ — Ryu(ty)) + (Rpu(ty) — u(ty)) =: 0" + p". (77)

The estimate of the term p" = p(t,,) can be deduced from relations (35) and (52). Further,
for bounding the term 6™ we introduce w™ as follows,

W' =W+ wh = (R, — Iou(t,) + (Ou(t,) — w(ty)). (78)
Some calculations analogously to (36) show that w™ satisfies the relation
(59”,1)};) + Bh(é’",vh) = —(w",vh) \V/Uh c ‘/Oh, 1<n< NT, (79)

where 90" is defined by 96" = (6" — ¢"~')/k. Taking 6" for v, in (79) and using the
Cauchy-Schwarz inequality we are led to (96",0") < ||w"||Lo) |0 ||o()- Then, by means
of the definition of 99" we get the inequalities

1671170 — (0", 0") < Ellw™ | La@ 10" o), 10" zoi@) < 167 o) + Kllw™ [l (- (80)

Applying the second relation in (80) repeatedly and using 6(0) = 0 (since ug, = Rpug) as
well as (78) we arrive at

1607 | 2oy < N6°| o) + Dl o) < B NwdllLa@) + D _llwdllo@ =: St + S2. (81)
j=1 j=1 j=1
In order to bound S, we use the definition of w] (cf. (78)) leading to
ty t

— (Rp— Dk~ / updr = k1 /(Rh — Dy dr, (82)

tj—1 ti—1

wy

and by means of Lemma 3 (applied to u;) we obtain

tj tn
ES ol < 3 /Ch2||ut||H2(Q) dr — ohz/nutnm(m ar. (83)
j=1 j:1tj,1 0

To find an estimate of the term Sy from (81) we use
ty

kw% = U(tj) — U(tj_l) — kut(t]) = — / (T — tj_l)utt(T) dT,
tj,1

which implies

t tn
E> Nwdlla@ <7 /(T—tj—l)utt(T)dTHL o S k/||utt||L2(Q)dT. (84)
= = o 2(2) )
Relations (81)—(84), together with inequality (52), yield the estimate for 6™. |
The next theorem contains the error estimate in the norm || - ||1 5.
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Theorem 5 Under the assumptions of Theorem 4, the following error estimate holds for
the solution U™ of (75) and the solution u(t,) of (1), 0 <n < Nr,

tn

tn
n 1/2
0" = utlhn < O+ B luollay + lallgion + ( [151 @) "+ [1fil-wdr}. (85)
0 0

with € € (0,1) and C = C(e, T).

72
Proof: According to (77), we have to find estimates for " and p". By means of (23) and
(52) we obtain

tn
1671 < Ch{ ol + gl + [ 1 llnecn (86)
0

Further, relation (79), now with the special choice v, := 90", together with the linearity
of By (-, ) and the Cauchy-Schwarz inequality, leads to B, (6", 0") < [|w™[|7, (- A repeated
application of this estimate, taking into account §(0) = 0 and the ellipticity of By(-, ) (see
Lemma 1), yields

16712 < LRSIt I 0 + kY Il |- (87)
j=1 j=1

Then, using relations (83) and (84) we are led to

tn tn
B Nl + B lwdll?,@ < Ch4/ e 32 d7+0k2/”utt”%g(ﬂ)d7' (88)
i=1 i=1 0 0

For the integrand in the first term on the right-hand side of (88) holds (cf. [29, Proof of
Lemma 19.1]): ||ut||%12(9) < C’(||utt||%2(g) + ||ft||%2(g))- Therefore it remains to find a bound
for the second integral on the right-hand side of (88). Here we make use of 29, Lemma 19.6]
which yields, together with inequality (87),

tn
1/2
161 < €062 + 1) {lglgon + ([ 150 umrdr) ). (89)
0
The assertion of Theorem 5 is a consequence of (77), (86), and (89). [

Now we turn to the case of a non-convex domain, i.e. consider solutions with singularities.
For this case, the convergence of the semi-discretization has been analyzed in Section 4.
We start with the error estimate for the fully discrete method in the Ls-norm.

Theorem 6 Let ) be a non-convexr domain, with the interior angle 3 at the reentrant
corner, and let the assumptions of Theorem 2 be satisfied. Then, for the solutions U™ and
u(ty,) from (75) and (1), the error estimate

tn
0 = alta) ey < €20 ) + R { Dol + Nl + [ Ul ) (90
0
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holds with € € (0,=), C = C(e,T), and k(h,p) from (60) (with A == %)

1
2
Proof: In view of (66)-(69), we can state that the term p™ = p(t,,) from (77) satisfies the

following inequality,

tn
16" o) < €2 hes) { | Sy + gl + [ il . (1)
0

The norm of ™ can be estimated by means of (81), with w’ defined by analogy to (78).
For the term S on the right-hand side of (81) we obtain by using (82) and (68),

t; tn
S = K el <30 [ €l geqadr = Ok (hp) [ unllmaydr,  (92)
j=1 =17 2

whereas inequality (84) remains valid for the term Sy = l{:ZHw%H L2(0)- Summing up these
j=1
estimates for S; and Sy and applying (69) yields the desired bound for 6. |

Finally, the error of the fully discrete method is to be estimated in the norm || - ||1 .

Theorem 7 Under the assumptions of Theorem 6, the solutions U™ and u(t,) from (75)
and (1) satisfy the estimate

10" = ultn)ll1.n (93)

tn tn
1/2
< C(k(h, )+ W){18v0lg0) + lollyien + ( [151 yadr) "+ [ Il -adr}.
0 0

1
2

with e € (0,=2), C =C(e,T), and (h,p) from (60) (with X := %)

Proof: The term p" from (77) can be bounded by means of relations (58), (64), and (69)
as follows,

tn
1" |10 < Cﬁ(haﬂ){HAuoHLz(ﬂ) + 119l =) + / | fell 220 dT}- (94)
0

In order to estimate 6", we start from inequality (87). Then, by means of (82), (58), (84),
and [29, Lemma 19.6] we obtain

tn tn
kZHW{H%Q(Q) +kZ||ng%2(Q) < C:‘i4(h'nu’)/||Aut||%g(Q) dT+Ck2/’|Utt’|%2(Q)dT
=t =1 0 0

t7l
< Ot (h ) + 1) {1y + 16y -
0
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This, together with (94), yields the assertion of Theorem 7. [

Theorems 6 and 7 imply that for solutions with singularities, the presented method has
the same convergence order as in case of regular solutions if an appropriate mesh grading
parameter is chosen.

6 Numerical results

For verifying the convergence rate of the investigated approach, some numerical experi-
ments were carried out. Some hints concerning the implementation can be found in [6].
First we observe the convergence in case of a convex domain, i.e. for regular solutions. We
consider some initial-boundary value problem of type (1) in the domain Q = (—1,1) x (0, 1).
Let the two subdomains €;, 7 = 1, 2, be given by ; = (—1,0)x(0,1) and Q5 = (0,1)x(0, 1),
cf. Figure 2. We take t € [0, 1] for the time interval. The right-hand side f and the initial
function ug are chosen such that the solution of (1) is

u(z,t) = (1 —23)(1 — z)wo(1 + 1) 7%,

The initial mesh shown in Figure 2 is used for the semidiscretization in space. This mesh
is refined globally by dividing each triangle into four equal triangles such that the mesh
parameters form a sequence {hy, ho, hg, h4} given by h;11 = 0.5 h;. The mortar parameters
(cf. Section 2) are chosen as follows: ay = ap = 0.5 and v = 6. The triangulation &, of the
mortar interface I is defined as

En:={E: E=0T,NoT,if E is a segment; T; € T,' with T, \T" # () for i = 1,2}, (95)

i.e. the nodes of both triangulations 7,', 7,2 lying on I' establish the endpoints of the
intervals E € &,. For the discretization in time we employ three levels k;, i = 1,2, 3, where
k‘l = % and ki-i—l = 05]{32

T2

2 Q2

—1 0 1 T

Figure 2: Initial triangulation (first example)

For the approximate measuring of the convergence rates stated in Theorems 4 and 5, the
hypothesis for the tests is that

U™ — u(t,)] 1) = COh7 + COk™, (|U™ — ult,)|in =~ CVRT + CVk™, (96)
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with U™ defined in Section 5 (n = 0,1,..., Ny). The parameters Cfi) and Céi) (1=0,1)
are assumed to be approximately constant for three consecutive levels of h and k. Then,
the exponent ¢ in (96) can be approximately computed by means of relation

60(hi, k’j) — eo(hi—i-b k])
eo(hir1, kj) — eo(hita, kj) ’

where eg(h;, k;) denotes the Lo-norm of the approximation error for discretization param-
eters h; for the Nitsche finite element method and k; for the backward Euler method, i.e.
three consecutive levels of the mesh parameter h and a fixed time step k are used. An
analogous relation holds for the convergence rate oy if in (97) the errors eg(+, ) are replaced
by e14(+, ) denoting the approximation errors in the {1, h}-norm. Further, the exponent
To in (96) is approximately calculated by using the relation

eo(hi, kj) — eo(hi, kji1)
60(hi, k’j+1) - 60(hia kj+2) ’

with eg(-,-) as in (97), i.e. three consecutive levels of the time step k and a fixed mesh
parameter h are included. An analogous relation holds with 7y instead of 75 and e (-, )
instead of eg(, ).

Table 1 shows the approximation errors eg(h;, kj) and eq 5 (h;, k;) fori =1,...,4and j =3
at the level t, = T as well as the observed convergence rates oQ” and %" which are
obtained by using formula (97) and its analogue for oy, with i = 2 and j = 3. According to
Theorems 4 and 5, the theoretically expected convergence rates are g = 2 and 07 = 1, and
the observed rates af’bs from Table 1 are approximately equal to o;, ¢ = 1,2. In Table 2

we represent the approximation errors eg(h;, k;) and ey ,(h;, k) for i = 4 and j = 1,2,3

og = ].Og2 (97)

70 = log, (98)

at the level ¢, = T as well as the observed convergence rates 79" and 0P obtained by
formula (98) and its analogue for 71, with ¢ = 4 and j = 1. The observed values confirm
approximately the expected convergence rates 7o = 71 = 1, ¢f. Theorems 4 and 5.

level eo(hi, k‘g) 617h(hi, k‘g)

hq 3.13072e-2 | 1.88140e-1
ho 1.01964e-2 | 9.59374e-2
hs 5.07436e-3 | 4.92381e-2
hy 3.88784e-3 | 2.68348e-2

ooP5 =211 | o9P8 = 1.06

Table 1: Error norms and convergence rates for h = hq,...,hy and k = k3

In order to investigate the convergence rate in presence of singularities arising in case of
non-convex domains, we consider the initial-boundary value problem (1) in the L-shaped
domain ©Q = (—1,1) x (=1,1) \ [0,1) x (—=1,0]. We choose ©; = (—1,0) x (—1,1) and
Q2 = (0,1) x (0,1) as subdomains. The time interval is again [0, 1]. Let the right-hand
side f and the initial function ug be given such that the solution of problem (1) is

u(z,t) = (1 —22)(1 — 22) r* sin(\0) (1 + % e ), A= %’
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level eo(ha, kj) | ern(ha, kj)

ky 3.92313e-3 | 2.68924e-2
ko 3.89884e-3 | 2.68527e-2
ks 3.88783e-3 | 2.68348e-2

TP =114 | P8 =115

Table 2: Error norms and convergence rates for h = hy and k = ky, ks, k3

where (r,6) are polar coordinates centered at (0,0), cf. Section 4.

(a) (b)

Figure 3: Triangulations on the levels h = hy; and h = hy (second example)

For the Nitsche finite element discretization, the initial mesh (with mesh parameter h;)
depicted in Figure 3(a) is employed. Near the reentrant corner, this mesh is provided with
local grading as defined in Section 4, the grading parameter is p = 0.7\ =~ 0.47. The
subsequent meshes (with mesh parameters h;, i = 2,3,4, h;y1 = 0.5h;) arise by dividing
each triangle into four equal triangles in the quasi-uniform part of the mesh and by local
grading with g = 0.7\ &~ 0.47 near the reentrant corner, see Figure 3(b) for the mesh with
h = hs. The mortar parameters are the same as in the first example, the triangulation &,
is defined by (95). For the discretization in time we take the three levels ki, ko, and k;
with k1 = &, ki1 = 0.5k;. For the computation of approximate convergence rates we use

207
again (97), (98), and analogous relations for oy, 71.
Table 3 contains the approximation errors eg(h;, k;) and ey 5 (h;, k;) for i = 1,...,4 and
j =3 at the level t, = T as well as the observed convergence rates o9 and o9Ps.

The observed values ang, a{’bs are approximately equal to the expected convergence rates

o9 = 2 and 07 = 1 stated in Theorems 6 and 7. The errors ey(h;, k;) and ey ;(h;, k;) for
1t =4 and j = 1,2,3 at the level ¢, = T are reported in Table 4. The convergence rates
resulting from these errors are very close to the expected values 79 = 71 = 1.

The numerical examples presented in this paper illustrate that Nitsche mortaring combined
with the backward Euler method is a suitable approach for the numerical treatment of
initial-boundary value problems for the heat equation in polygonally bounded domains.
In particular, for solutions with singularities, the use of meshes with a grading parameter
1 < X leads to the same convergence rates as for regular solutions.
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level EQ(hi, k‘g) 617h(hi, k‘g)
hy 3.83180e-2 | 3.82840e-1
ho 1.46901e-2 | 1.90226e-1
hs 9.48033e-3 | 9.84876e-2
hy 8.23570e-3 | 5.32338e-2

odPs =2.07 | o9P8 = 1.02
Table 3: Error norms and convergence rates for h = hq,...,hy and k = ks

level 60(h4, k‘]) 617h(h4, k‘])
k1 8.26364e-3 | 5.32740e-2
ko 8.24468e-3 | 5.32467e-2
ks 8.23570e-3 | 5.32338e-2

TP = 1.08 | 7P = 1.08

Table 4: Error norms and convergence rates for h = hy and k = ky, ks, k3
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