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Abstract. For an integer d > 3 let a(d) be the supremum over all & with the property
that for every e > 0 there exists some g(€) such that every d-regular graph of order n and
girth at least g(e) has an independent set of cardinality at least (o — €)n.

Extending an approach proposed by Lauer and Wormald (Large independent sets in
regular graphs of large girth, J. Comb. Theory, Ser. B97 (2007), 999-1009) and improving
results due to Shearer (A note on the independence number of triangle-free graphs, II, J.
Comb. Theory, Ser. B 53 (1991), 300-307) and Lauer and Wormald, we present the best
known lower bounds for a(d) for all d > 3.
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1 Introduction

In the present paper we consider the independence number «(G) of finite, simple and
undirected graphs G = (V, F) which are d-regular for some d > 3 and have large girth.

For integers d > 3 and g > 3 let G(d, g) denote the class of all d-regular graphs of girth
at least g and let

a(d, g) :=sup{a | a(G) > a-|V|forall G=(V,E) € G(d,g)}.

Clearly, a(d,g) is monotonic non-decreasing in g and bounded above by 1 and we can
consider

a(d) = lim «a(d, g).

g—0o0

Note that this definition implies that for every e > 0 there exists some g(e) such that
a(G) > (a(d) —€) - |V] for every graph G = (V, E) € G(d, g(¢)).

Our aim is to prove lower bounds on a(d).

While the first result on the independence number in regular graphs of large girth is
due to Hopkins and Staton [5] who proved a(3) > L ~ 0.3888, for quite a long time the
best known estimates of a(d) were due to Shearer [§].

Theorem 1 (Shearer 1991) If

ég—g ~ 0.4139 ford =3 and
Bshearer (d) 1= s e
dﬁ‘i‘““ for d > 4,
then
a(d) > Bsnearer(d)
for all d > 3.

Only very recently Lauer and Wormald [6] improved Shearer’s result for d > 7.
Theorem 2 (Lauer and Wormald 2007) For alld > 3

1—(d— 1)~
5 .

From a very abstract viewpoint their approaches are actually similar. On the one hand
Shearer constructs an independent set by carefully selecting vertices according to some
degree dependent weight function, adding them to the independent set, deleting them
together with their neighbours and iterating this process. On the other hand Lauer and
Wormald construct an independent set by randomly selecting vertices, adding most of
them to the independent set, deleting them together with their neighbours and iterating
this process.

In order to get some intuition about how to improve these approaches it is instructive
to see that a very simple argument allows to improve Shearer’s bound on «(3).

a(d> > ﬁLauWo(d) =
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Proposition 3 «(3) > 0.4142 > Sspearer(3) =~ 0.4139.

Proof: Tt follows from Theorem 4 in [8] that for every € > 0 there is some g(¢) such that:
If G = (V,E) is a graph of order n and girth at least g(€), with ny vertices of degree 2 no
two of which are adjacent and ng = n — ny vertices of degree 3, then

a(G) > (% - e) ns + (% - e) ns. (1)

For a cubic graph G of order n and sufficiently large girth g(e) the 9-th power G? is
(3+3-2+4+3-22+...43-2%) = 1533-regular. Therefore, G° has an independent set I°
with |[I°] > n/ (A (G%) +1) = n/1534 where A (G?) denotes the maximum degree of G°
(cf. e.g. [4,9]).

Let H arise from G by deleting all vertices within distance at most 3 from I°. We
construct an independent set of G by adding all 7|I°| many vertices at distance 0 or 2 from
a vertex in I and by applying (1) to H. It follows that

a(G) > 7P|+ a(H)

12
7|17 + (ﬁ — (—:) 24| 1°| + (—5 — (—:) (n — (224 24)|I°))

v

151 302
> (0.4142 — ¢)n

which completes the proof. [

The proof of Proposition 3 suggests that it is worthwhile to consider the iterative deletion
not just of a vertex and its neighbours — which would induce a rooted tree of depth 1 —
but of rooted trees of larger depths. Locally this should allow us to pack the vertices of
the independent set more densely which hopefully yields an overall improvement.

We follow exactly this intuition by generalizing the random procedure and its analysis
using differential equations proposed by Lauer and Wormald in [6].

2 The Algorithm TREFE(k,l,p, f)

In this section we describe a random procedure TREE(k,l,p, f) which depends on two
integers k, 1 > 0, areal value p € [0, 1] and a function f which maps rooted trees T' with root
r to independent subsets f(7',r) of their vertex set. We assume that |f(T,r)| = |f(T",7")]
for isomorphic rooted trees, T rooted at r» and T” rooted at r’.

The algorithm TREFE(k,l,p, f) will be applied to a graph G = (V, E) of girth at least
2(1 +1). It executes k rounds and determines disjoint rooted subtrees of G of depth at
most [. The value p will serve as a probability.

We need a little more notation to describe the algorithm. Let u € V be a vertex of
the graph G. For an integer i > 0 let N (u) and N5'(u) denote the sets of vertices of G



within distance — measured with respect to G — exactly 7 from u and at most ¢ from wu,
respectively, i.e.

Ni(u) = {veV |distg(v,u) =i} and
NG'(u) = {veV|distg(v,u) <i}.

Furthermore, let B, (u) denote the set of vertices v € NE'(u) which are not adjacent to a
vertex in V' \ N5'(u), i.e.

Biy(u) = {v e V| N5'(v) € N§'(w)}

For a set U C V of vertices of G the subgraph of G induced by V' \ U is denoted by G — U
or GV \U].

TREE(k,l,p, f) proceeds as follows:
(1) Set Go = (Vo, Ey) :== G, Zy := D and i := 0.

(2) Whilei < k select a subset X; of V by assigning every vertex of G to X; independently
at random with probability p.

Set
<l
Git1 = (Visr, Bia) = Gi— U Ne, (w), (2)
ueX;NV;
X = {veX;|distg(v,u) >20+1Vue X;\ {v}}, (3)
Ti(w) = G, [BL (u)], (4)
ue X NV;
Ziyn = ZiUAZ, (6)
1 = 1+ 1.

(3) Output Z.

There are some subtleties we want to stress: The definition of G;41 in (2) and AZ; in
(5) use neighbourhoods within the graph G; while X} is defined in (3) with respect to G.
Furthermore, the construction of Z; ;1 in (4), (5) and (6) does not influence the evolution
of the G;. By the girth condition, T;(v) is a tree and f (T;(v),v) is a well-defined subset of
B, (v).

We first observe that TREFE(k, [, p, f) really produces an independent set of G.

Lemma 4 7}, is an independent set of G.



Proof: For contradiction, we assume that v, w € Z, with vw € F.

Let v € AZ; and w € AZ; with, say, i < j. Let v € f(T;(u),u) for some u € X NV;.
Since, by the definition of X/ in (3), the set NGSZZ(U) N Néj(u’ ) is empty for all distinct
u,u’ € X/ we obtain that w € V; is a neighbour of v outside of Nél(u) which implies the
contradiction v & B, (u). O

3 The Analysis of TREE(k,l,p, f)

Throughout this section we will assume that G = (V, E) is a d-regular graph for some
d > 3 and sufficiently large girth. We consider the behaviour of TREFE(k,l,p, f) when
applied to this graph. We will specify the necessary girth conditions which are all in terms
of k and [ more exactly whenever they are explicitely needed.

It is one of the key observations made by Lauer and Wormald in [6] that for a sufficiently
large girth the probabilities which are suitable to describe the behaviour of their randomized
algorithm can be well understood. The next lemma corresponds to Lemma 2 in [6].

Lemma 5 Let k > 2 and 0 < i < k. Let the girth of G be at least 2(k + 1)l + 2 and let
weV and v € E.

(1) The probabilities Plu € V;], Pl(v € Vi) A (v € V)] and Plu € AZ;] as well as the
conditional expected value E|[|f (T;(u),u)| | uw € X} N V;] do not depend on the choice
of the vertex u or the edge vv'.

(i) Conditional upon the event (v € V;), the event (v' € V;) depends only on the inter-
section of the sets Xo, X1, ..., X;_1 with Ngilv(v’).

Proof: Tt follows immediately, by induction on 4, from the description of TREE(k, L, p, f)
that the events (u € V;) and (v € V;) A (v/ € V) depend only on the intersection of
the sets Xo, X1, ..., X; 1 with N5"(u) and N5"(v) U N5"(v'), respectively. Furthermore,
the event (u € AZ;) depends only on the intersection of the sets Xy, Xi, ..., X;_1 with
Né(iﬂ)l(u) and the intersection of the set X; with N5*(u). Finally, conditional upon the
event (u € X} NV;), the cardinality of f (T;(u), u) depends only on the intersection of the
sets Xo, Xl, ey Xi—l with Né(z—i_l)l(u)

Since, by the girth condition, the induced subgraphs G [Ngm(u)} , G [Né(iﬂ)l(u)] and

G |:NG§H(U) UNG* (o' )] are isomorphic for all choices of the vertex w or the edge vv', we

obtain (i). Similarly, (ii) follows immediately by induction on i. [J



By Lemma 5, for 0 < i < k the following quantities

ri = Plue V],
_ PlloeVi)an@eV) _ / ‘
w; = Bl e V] =Plve V) AV € V))|ve V],
fitwy) = E[|f (Ti(u),w)] |ue XNV,

AZ,’ = P[U € AZl] and

are the same for every vertex u € V' and every edge vv’ € E.
Using Lemma 5, we can determine the following recursions for these probabilities.

Lemma 6 Let the girth of G be at least 2(k + 1)l + 2.
(i) ro=wo =1 and zi41 = z; — Az; for 0 <i <k —1.
(ii) For0 <i<k-—1

!
iyl = Ty (1 —p- (1 +Zd(d_ 1) wf) +O(p2)> ;

J=1

l
Wity = Wi (1 -p- (1 +) (d=2)(d—17"- w?) + O(p2)> and
j=1
21 .
Az, = filw;)-ri-p- H (1-— p)d(d—l)J’
j=1

where the constants implicit in the O(-)-terms depend only on d and [.

Proof: (i) is immediate from the definitions and we proceed to the proof of (ii).
Let u € V be fixed. For v € N5'(u) let P, denote the vertex set of the unique path of
length at most ! from u to v. The event (u € V;41) holds if and only if

weVynwgx)n A <(U¢Xi)v((UEXi)/\(PUgV;)>>.

v:1<distg (u,v)<l

Expanding this representation of the event (u € V;;1) to a disjunction of conjunctions, all
events corresponding to the conjunctions are disjoint because they differ in

X;n{v: 1 <distg(u,v) <1}



Furthermore, all of those events for which two of the independent events (v € X;) for some v
with 1 < distg(u, v) <[ hold, will contribute together only Plu € V;]- O(p?) to Plu € V]
where the constant implicit in the O(-)-term depends only on d and [. Therefore,

PueViyl= P |(weVi)A(udX;)A A weX)| +PucVi] 0@

v:1<distg (u,v)<l

- ¥ P |(weV)A(weX)A (P ZV)A A (v € X))

v:1<distg (u,v)<l v’ (v #v)A(0<dist g (u,v") <)

= Pluc V] (1—p)(itEimdd-1y7")
+ Z PllueV)NP, LV)]-p-(1— p)zéﬂd(d—l)j*l
'Ullgdistg(uﬂ))gl

+P[u € Vi] - O(p?)

— PlueVj- (1— (1+Zd(d—1>j‘1>p

+ ). PlueV)A(P,ZV)]p

v:1<distg (u,v)<l

+P[u € Vj] - O(p?).

In order to evaluate P [(u € V) A (P, € V;)] let w = wpuqus...u; = v be the unique path
from u to v for some 1 < j < [.
By Lemma 5 (i) and (ii), we have for 0 <v < j —1

P [(ug,u1, ..y, € V) A (ups1 € Vi)] = Plug € Vi
Pluy € Vi | ug € Vi
P lug € Vi | ug,uy € V)
e Plu, € Vi | ug, ug, ..., uyq € Vi
Pluy1 € Vi | ug,ug,...;u, € V]
= Py € V]
Pluy € V; | ug € Vi
Plug € Vi |uy € V]
o Plu, € Vi uy—q € Vi
(1 =P luyy1 € Vi | u, € Vi])

= rw; (1 —w)



and we obtain

Pllue V)N (P, V)] = Pllug € Vi) A((uo Vi) V (un g Vi) V... V (u; € Vi)))]
= P(uo € V) A (1 & Vi)
+P [(ug, u1 € Vi) A (u2 ¢ V;)]
+P [(uo, w1, us € Vi) A (us & V)]

+P [(uo, ur, oy uj1 € Vi) A (uy & Vi)
= (1 —wy) + rawi(1 — w;) 4 .+ ! 71— wy)
= (1 —w?).

Putting everything together, we obtain

rip1 = Plu € Vig]
I !
= 1 (1 - <1 —i—Zd(d— 1)j1> p) + Zd(d— D7t (1 —wl) - p 41 - Op?)
: ‘=
!
= ;- Zd D cw! - p4ri - O(p?)

J=1

_— (1 —p- <1+Zd(d— 177! -wi) +O(p2)> :

By the same type of argument, it follows that for every edge vv' € F

Pl(v € Vis)) A (v € Viga)]
= PlveV)AW eV <1 —p- (2 +Y (2d—2)(d— 1) wg'> + O(p2)> .

Since w; = P[(UEV)A(” €Vl the desired equation for w; follows.

Finally, we consider AZZ By the definitions in (3) and (5) and Lemma 5, we have

E[[AZ;]
V]
= filw;)-Plu € X* NVi] = filw;) - Plu € V] - Plu € X]

_ wl 7y pH d(d 1)7

which completes the proof. [



Setting

Z;W;
a; ‘= : Z:P[UGZ]C\ZZ|U€V;]U%§U)Z
Ty
for0<i<kand
Arg = Tig — T,
AU}Z‘ = Wi — Wy and
Aa; = a1 —a

for 0 < i < k — 1, we obtain the following.

Lemma 7 For0<:<k-1

d—Dw;)'—1
Aa;  flwi) =20, Gt

Awi 11 (d— 2)w, EDmIT

Wi Tyw;—1

+O(p)

where the constant implicit in the O(-)-term depends only on d and I.

Proof: Note that, by definition, Az; = z; — z;,1. Immediately from the previous definitions
it is straightforward to verify that

Aw 1 Arg
Aai Wy <O/ Wi Tit1 Tit+1 Azi wi+1 T; )
i — .

Aw;  Aw; w; T W Tiyl
By Lemma 6,
il — 1 0O(p) and
w;
ooy O(p).
Tit1
Furthermore,
Aw -1 A
= - (1 +(d—2w; > (wi(d — 1))J) p+O0(p?),
1 7=0

A _ (1 + dw; i (w;(d — 1))j> p+ O(p®) and

r; -
7=0

AZZ'

P fitwi)p + O(p?)

which implies that also

Aar; = — (1 + dw; i (w;(d — 1))j> p -+ O(p?).

T
i+1 =0




Putting everything together, we obtain

Ag; _ filwi) —2a > o((d = Dwi) + O(p)
Aw; 1+ (d—2)w; Z;_:B((d — Dw;)? + O(P)'

Note that f;(w;) is bounded from above by the order of a d-regular tree of radius [, i.e. it is
bounded above in terms of d and [. Clearly, <2ai Zé;]g)((d — Dw;)? > is bounded from above

in terms of d and [ while (1 +(d—2)w; Y40 ((d — l)wi)j) is bounded from below by 1

§=0
and bounded from above in terms of d and [. Altogether this implies the stated equation
for 24 O

Awi

We proceed to our main result which extends Theorem 1 of [6].
Theorem 8 Let d >3 andl > 0. If fi(w) is continuous on [0, 1], then
a(d) = by(1)

where by ¢ is the solution of the linear differential equation

wp(w) = agolw) + e pi(w)bg(w) and by p(0) =0 (7)
with
fi(w)
afrolw) = Py and
2((d—1)w)l—1
ap(w) = — (d_l)u(}(_dl—l)w)l—l :
L+ (d = 2)w G

Proof: Note that by definition,

ZpWo

ag = :z():P[UEZk\ZO|uEV0]:P[u€Zk]

To

Therefore, TREE(k, [, p, f) produces an independent set of G = (V, E) of expected cardi-
nality ao|V| and hence, by the first moment principle, a(d) > ao.
Whenever we use the O(+)-notation, the implicit constants will be in terms of d and .
Similarly as in [6], we will prove that for every € > 0 there is some ¢y = ¢o(€) and a
function py(c) > 0 such that for pk = ¢ > ¢y and p < py(c) we have

ap > by (1) — O(e)

which clearly implies the desired result.

10



Let some € > 0 be fixed. By Lemma 6, we have
Wit < w; (1 -p+0 (pQ))

for 0 < i < k. Therefore, for sufficiently small p,

we < (1-p/2) = ((1=p/2))". )
Thus for p small enough and ¢ — oo we have wyp — 0. Furthermore, by Lemma 6,
Aw; = O(p) (9)
and hence Aw; — 0 as p — 0 uniformly for every 0 <1 < k.

Since f;(w) is continuous, the function co(w) = ¢ ro(w) is continuous and bounded on
the compact set [0,1]. (Note that fj(w) is always bounded in terms of d and [ as already
noted in the proof of Lemma 7.) Furthermore, the function ¢;(w) := ¢ r1(w) is Lipschitz
continuous on [0, 1]. Hence the solution b(w) := b, s(w) of (7) is also Lipschitz continuous
on [0, 1] where all bounds and Lipschitz constants are in terms of d and .

Clearly, a; = 0. Let b(w) be the solution of the differential equation with modified initial
condition

V' (w) = co(w) + ey (w)b(w) and  b(wy) = 0.

By the mentioned continuity/ Lipschitz continuity conditions, it follows from standard
results (cf. Corollary 4 and Corollary 6 in §7 of [2]) that the solution of (7) depends
continuously on the initial contition. Hence, by (8), for p small enough and ¢ large enough,

b(wg) = b(wy) + O(€) which implies

b(1) = b(1) + O(e).
By Lemma 7, we have for 0 < i < k that
a; = a1 — Aa; = a4 — (co(w;) + c1(w;)a; + O(p)) Aw;
which implies

air1 — (co(wi) + O(p))Aw;
1+ 1 (w;) Aw;
Qi1 — CO(wi)Awi
1+ ¢ (w;) Aw;

a; =

+ O(p)Aw; (10)

for p small enough. 3
Similarly, the differential equation for b together with the mean value theorem imply
for 0 <1 < k and some w; ;1 < w; < w; that

b(ws) = b(wip) — (co(ﬁ)i) n cl(wi)i)(d)i)> Aw.

11



By (9) and the continuity of ¢y, ¢; and b, this implies that for every ¢ > 0 there is some
p1(6) such that for p < p1(9)

b(w;) = b(wisr) — (co(wi) + e1 (w;)b(w;) + 0(5)) Aw;

and thus

b(w;) = b(wii1) — (co(w;) + O(6))Awy;
l 1+ ¢1(w;) Aw;
i)(wi—&-l) — co(w;) Aw;
1+ ¢1(w;) Aw;

+0(6) Aw; (11)

for p small enough.
In view of (10) and (11), we deduce

b(wy) —ar = 0and for 0<i<k
7 _ B(wu-l) — (41

Since for p small enough

1
1+ C1 (wl)AwZ

=1+ O(Aw;) =1+ O(p),

we obtain, by induction,

k—1

b(wo) —ag = (O(p) +0(8)) Y Awy(1+O(p))

1=0

We have N
(1+0()* = ((1+0()?)

which is bounded in terms of ¢. Therefore, choosing § small enough in terms of ¢ and
choosing p small enough in terms of ¢ (and ¢§), we finally obtain

b(1) = ag + (b(l) - 13(1)) + (b(l) - ao) = ap+ O(e)

and the proof is complete. [

3.1 Some Instructive Choices for [

It is very instructive to consider the behaviour of TREE(k,l,p, f) for I € {0,1} and
appropriate choices for f.

12



For [ = 0 we have NGSZ,O(U) ={v} and X} = X; for all 0 <i < k — 1. Furthermore, the set
B, (v) contains the vertex v exactly if all neighbours of v in G are not contained in V; and
is empty otherwise.

Choosing f(T,r) = Vp whenever the vertex set Vi of T satisfies |Vr| < 1 and f(7,7) =0
otherwise, TREE(k,0,p, f) produces an independent set by Lemma 4. Conditional upon
the event (u € X7 NV;), the expected value of |f(7T;(u),u)| equals

folw;) = (1 —w)?,

because, by Lemma 5 (ii), each of the d neighbours of w are in V; independently at random
with probability w;. The differential equation (7) simplifies to

o.5(w) = fo(w) and b (0) =0

which has the solution by f(w) = 1—(11—+—wd)d+1 and thus
1

bof(l) = ——.

or () = 14

Therefore, by Theorem 8, asymptotically TREFE(k, 0, p, f) produces an independent set of
G which contains exactly the same fraction of the vertices, namely ﬁ, as guaranteed by
the lower bound on the independence number of d-regular graphs proved by Caro [4] and
Wei [9].

The reason for this is that for pk — oo and p — 0, TREE(k, 0, p, f) essentially processes
the vertices of G according to a random linear ordering vy, vy, ..., v, and adds an individual
vertex v; to the constructed independent set exactly if all neighbours of v; are among
{v1v9, ...,v;_1}. Applying this algorithm to a random linear ordering, the probability that
an individual vertex v belongs to the constructed independent set equals exactly 1/(1+d),
because this is the probability that v is the last vertex from Nél(v) with respect to the
linear ordering. In fact, this is exactly the argument used in [1] to prove the bound due to
Caro and Wei [4, 9].

For [ = 1 the set B, (v) always contains the vertex v itself and we can choose f(T',r) = {r}
in order to obtain an independent set according to Lemma 4.

For this choice TREE(k,1,p, f) essentially coincides with the randomized p-greedy
algorithm used by Lauer and Wormald in [6] for p = (p1,p2, ..., k) = (P, P, .-, »). Solving
the differential equation (7) yields the same values for by f(1) as obtained by Lauer and
Wormald. In the next section, we consider a choice of f which generalizes their p-greedy
algorithm.

3.2 A Reasonable Choice for f

A reasonable choice for f is to select all vertices within some even distance from the root.
Therefore, let [ = 2h + 1 for some integer h > 0 and let

feven (T, 1) = {u € Vp | disty(r, u) is even}.

13



Note that BZ'"'(u) contains all vertices of NGthH(u) within distance at most 2h from w.
Conditional upon the event (u € X NV;), the probability for the event (v € Bgfrl(u))
for some vertex v with distg(u,v) = 27 for some 1 < j < h equals exactly the probability
that all vertices of the unique path from u to v within N5*"*!(u) lie in V;. Using Lemma 5
in the same way as for the calculation of P [(ug, w1, ...,u, € V;) A (u,41 € V;)] in the proof
of Lemma 6, this conditional probability equals wf a,
By linearity of expectation, we deduce

h
(feven)2n1(w) = 14+ d(d— 1) w¥
j=1

h—1
= 14d(d-Dw ) ((d-1)w)¥
:0_ w)2h —
— 14d(d—1)u? % _11)>w)>2 —

Now the differential equation (7) reads as follows.

d—1)w 2h_1 d—1)w 2h+1_1
<1 +d(d — 1)w2W) = 2bohi1, foven () 4, (dzl))w—l

b/2h+1 f. (w) = (12)
sJeven ((d—l)w)2h+1—1
1+ (d — 2)MW

62h+1,feven (O) = O

The algorithm proposed by Lauer and Wormald in [6] corresponds to the choice h = 0 in
which case (12) simplifies to

b/ — s Jeven .
Lo () = T30 )0

The solution of this differential equation is

1— (14 wd—2w) 22
blafeven (w> - 2

which together with Theorem 8 immediately implies one of the main results from [6].

Corollary 9 (Lauer and Wormald, cf. Theorem 1 in [6]) For every d > 3, we have

1 (d— 1)@
a(d) > (d 2) :

Next we consider the behaviour of bopt1 f.... (w) for b — co. Our analysis naturally splits
into the two cases (d — 1)w < 1 and (d — 1)w > 1.

The intuitive reason for this is that for values of w; with (d — 1)w; < 1 the sets Nél(u)
typically contain no vertices far from u, while for values of w; with (d — 1)w; > 1 the sets

14



Nél(u) may contain vertices up to distance [ from u, i.e. the trees induced by the sets
B, (u) “die out” quickly for small values of the “probability of survival’ w;.

Considering the two intervals [0, ﬁ) and (ﬁ, 1} it follows from standard results (cf.
Corollary 6 in §7 of [2]) that for h — oo the solutions of (12) converge to the solutions of

(1_ Li(li*l)?ég >+2b00,feven(w)
—1w)2— d—1)w—1
s for 0 <w < 1/(d—1)
, T @d-DHw-1
Oo7feven (w) = 2
(%) 72b00afeven (’LU) (;iI)lzzzlil
@D T for1/(d—1) <w <1
(d—1)w?+1 2
| @ et T Bl (@) for 0w <1/(d-1) )
d 2
(@ Tot 0@ — gl feen(w)  for 1/(d—1) <w <1
boogfeven (0) = 0
Corollary 10 For every d > 3, we have a(d) > buo f.... (1).
Solving (13) for d = 3 yields
%4_%24_%111(%) for 0 <w<1/(d—1)
bOO,feven (w) -
%“’T_l + # (% —l—%ln(Qw—l— 1) — %ln(?)) for 1/(d—1) <w<1

and hence in this case

2 2
boo, feven (1) = 9—g +3/81n(3) — 7—2 In (2) ~ 0.4108.

Similarly, we obtain
0.3579 for d =4

boo foven (1) = ¢ 0.3201 ford=5
0.2911 for d = 6.

3.3 An Optimal Choice for f

In this section we consider a function f,, for which fou¢(7,7) is a maximum independent
set within the rooted tree T'. For some tree 7' with root r the set f,¢(7,7) is obtained
by applying the following algorithm A.u: Start with fou(T,7r) = 0. Iteratively add to
fopt (T, 7) all vertices at mazimum distance from the root r within the current tree and
delete them together with their parents.

For this algorithm it follows immediately from the definition of B, (v) that

Font(T(0), 0) = B, () 1 fops (Gi [N (0)] 0)
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for every v € X7 NV,.
By Lemma 5, for 0 <i < k and —1 < j <[+ 1 the probability

(i) =P [v € font (Ngj“(u),u) | <(u e XFNV) A (v e Ngfl—j(u)))}

does not depend on the choice of u,v € V with distg(u,v) =1+ 1 — 7, i.e. p(j,4) is
well-defined.
Furthermore, by Lemma 5 (ii), the events

(v € font (Ngj+1(u),u)) | <(u e XFNV) A (v € N1 (u>))
. (U’ € fonr (Ngj+1<u),u)) | ((u e XFNV;)A (2/ € N1 (u)))
are independent for different v, v € N5/ (u).

Let t;(w) be defined recursively for integers j > —1 by

£(w) = 0 for j = —1 and
W)= (1 —wt;_y(w))*1 for j > 0.

Obviously, by definition and the first step of the algorithm Ay,

t_l(wi) = ( 3 ) =0 and
to(w;)) = p(0,i) =

For j > 0 the event
(@ € font (N§j+1<u),u>) | ((u e XFNV) A <v € N1 <u)))

is equivalent to the event that none of the vertices v € NA(v) N NZGH*(J' 71)(u) is in the

set fopt (Néf“(u), u), i.e. either they are not in V; or they are in V; but not in the set
Jopt ( <l+1(u), u)

By Lemma 5 (ii), conditional upon the event ((u e X;NV;) A <U € Ng;l_j (u))), the
probability that v' € N} (v) ﬂNlGH_(j_l)(u) is not in V; equals (1 —w;), and the probability

that such a ¢ is in V; but not in fyy (Néf“(u),u) equals w;(1 — p(j — 1,4)).

Hence, the probability that such a v" is in not f, ( G<,l+1(u), u> equals

(1 —wi) +wi(1 = p(j = 1,4)) =1 —wipi(j — 1,2)
and, by Lemma 5 (ii),

pl(j; ’l) = (1 _ wlpl(] — 1.4 ‘Ncl;(v)m]vgrlf(]’fl)(u)‘ .
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For 0 < j < the values p(j,7) satisfy the same recursion as the t;(w;) starting with the

same value 0 at j = —1 and altogether we obtain
] ti(w) for —1<j<Iland
p(j,1) = { (1 — wits(w)) for j =1+ 1
(for 7 = I + 1 remember that the root u has d possible children while all internal vertices
have d — 1.)
By linearity of expectation,
(fOPt>l(wi> = Hfopt (BG )| ’ UEX*QV}
= Z P [v € fope(Bg,(u),u) | u € X NV
vGNél(u)

l
:pﬂ+Ln+Zﬁu— YT (5, 4)

== l+1l +sz _1w1>l J pl(.]vll)
= (1 —wity(w;)) d 4 Zwl -1 wl)l It (w;)
= (1 —wity(w;))* + wldz — D) -t (wy). (14)

In the case w(d —1) < 1 and [ — oo the limit behaviour of the recursion for ¢;(w) becomes
important. The function
t s (1 —wt)™?

maps the unit interval [0, 1] into itself and the absolute value of its derivative (d — 1)w(1 —
wt)42 is strictly smaller than 1 for ¢ € [0,1] and w(d — 1) < 1. Hence the recursion for
t;j(w) is a contractive map and converges to a unique fixed point ¢(w) which solves the

equation
t(w) = (1 — wt(w))* .

Because for w(d — 1) < 1 the factors preceeding t;(w) in (14) decrease exponentially in j,
we obtain

Jimn (fop) () = (1 = wi(w) wdz
= t(w) (1 — wt(w) + %)
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and

Coo’foptyo(w> = lli}/& Clvfoptyo(w)

_ Hw)

= = (dw + (1= wi(w))(1 = (d = w)).

Because in this case

Cooafoptyl(w> = lli)m Clvfoptvl

we are able to solve the differential equation for [ — oo in the interval [0, 745) and obtain

COO fopt 0
boo,fopt( w—l / t—l

w1y /t( w) (dw + (1= wt(w))(1 = (d = Yw)) o

(
(- w)(t - 1)

The integral is solveable at least for d = 3 in which case we obtain

b (w)_1—|—6w—\/4w+1
OOafopt - <1 + \/m)z .

The most interesting value in this case is at ﬁ =z

1\ 11
Doo fone (5) =5 - 6v/3 =~ 0.3038.

Clearly, (feven)s (W) < (fopt),, (w) and we can use (feven)o, (w) in order to determine a
lower bound for b, s, (1) in the case d = 3 by solving (13) on the interval [}, 1] using as
initial condition the value by f, (%) at w = 1/2. We obtain for w € [%, 1} the following
lower bound

25 — 12v/3 — 12w + 12w? + 6 1In(3 + w)
16w? '

boovfopt (w)

25—12v/3+61n(2)

6 ~ 04155 > 6Shearer(3)'

Corollary 11 «(3) > by, (1) >

In general the following observations are useful for estimating llim Clfope,0(w) in the case
—00
w(d—1) > 1.
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e Observation 1
Because the recursion for ¢;(w) is based upon a strictly monotonic decreasing function
which contracts the unit interval, and starts with ¢_;(w) = 0 we obtain

taj(w) > taja(w),
tag+ny(w) < tyj(w) and

a1 (w) >ty (w)
for 5 > 0.

e Observation 2
Consider a modified algorithm A~ applied to a tree T" with root r which behaves like
Aopt up to some distance j+ 1 from r, chooses less vertices at distance j from r than
Aopt and continues like A, for smaller distances to r.

For distances larger than j to r the output of A~ coincides with the output of A,;.
For distances at most j to r the output of A~ coincides with the output of A,,, when
applied to a proper subtree of the tree induced by the vertices at distance at most j
to 7.

Therefore, the set produced by A~ will contain at most as many vertices as the set
produced by Agp.

Conversely, if A" chooses more vertices at distance j from r than A, — possibly
neglecting independence — and behaves like A,y otherwise, then the set produced
by A" will contain at least as many vertices as the set produced by Aops.

Iteratively applying these observations allows to derive lower and upper bounds on ( fopt), (w)
for (d — 1w > 1:

We choose an integer j*.

If for all j > j* we replace in (14) ty;_1 by ta;+—1 and ty; by ta;+, then Observation 1
and Observation 2 for A~ imply that we obtain a lower bound on (fopt), (w).

If for all j > j* we replace in (14) t9;41 by toj+41 and ta; by t9;«, then Observation 1
and Observation 2 for A* imply that we obtain an upper bound on (fop), (w).

Therefore, we obtain

(fophi(w) (1 —wty(w))* L t(w)
W=Dy~ wa-nr Tl

2j*—2 t(w) toj« (W) toje—1(w)
2wl X G-y T o - 0P 2 -
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and

(fopt)l(w) < 1

(wd=1)" = (w(d=1)

2571 5] | 5]
tj(w) toj+(w) tojei1(w)
N O Ry e DY ey A R e

Using these inequalities it is possible to derive lower and upper bounds for ¢ 7., o(w).

'LU(d — 1) -1 1; (fopt)l(w)

ot W) = =y R (w(d - 1))
dw(d—1)—1) (L= t(w) >ty (W) + w(d — 1)tgje s
e (Z -7 T (@ )
o d [ tye(w) Fw(d = Dyea(w) RS (w(d = 1) = Dt (w)
- d=2 ((w(d— D+ Dw(d— 1) 2 Z (w(d— 1)) )
and
dw(d—1)—1) (L= t(w) L w(d — 1)taje st (w) + toje (w)
s 0(12) < d—2 (JZI (w(d— 1)y * ]ZJ wld—1)7" >
o toie (W) + w(d — Dtgjesr(w) o (w(d—1) — 1)t;(w)
o d-2 ((w(d— D+ D(w(d— 1))z ]2_; (w(d— 1)) ) '

Choosing j* sufficiently large and numerically solving the corresponding two differential
equations, we can obtain estimates for bu s, . (1) with any desired precision.

Corollary 12 For d > 3 we have a(d) > boo z.., (1).

The next table summarizes the numerically obtained values for selected values of d. The
entry v(d) is an upper bound on a(d) which is derived from the analysis of random d-regular
graphs [3, 7].

’ d H maX{ﬁShearer(d>7ﬁLauWo(dﬂ’ ‘ boo,fopt(:l) ‘ V(d) ‘
3 0.4139 0.4193 | 0.4554
4 0.3510 0.3664 | 0.4136
5 0.3085 0.3279 | 0.3816
6 0.2771 0.2982 | 0.3580
7 0.2558 0.2744 | 0.3357
8 0.2386 0.2548 | 0.3165
9 0.2240 0.2382 | 0.2999
10 0.2113 0.2241 | 0.2852
20 0.1395 0.1455 | 0.1973
50 0.0748 0.0770 | 0.1108
100 0.0447 0.0457 | 0.0679
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