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1. Introduction and main result

Georgii Semyonovich Litvinchuk’s favorites included singular integral equations
with Carleman shifts, that is, with diffeomorphisms « for which the mth iterate o™
is the identity map. My favorites are Toeplitz matrices and hence, when receiving
the invitation to contribute to this volume, I thought it might perhaps be an
interesting problem to look for all Toeplitz matrices A whose mth power A™ is
equal to the identity matrix I.

The spectrum of an infinite Toeplitz matrix A that generates a bounded
operator on £? is always connected [6]. Consequently, such a matrix satisfies A™ =
I if and only if A = e2™%/™] for some j € {0,1,...,m — 1}, and thus the question
is not interesting for infinite matrices.

So let us consider finite matrices. We denote by R™*™ the set of all real
n X n matrices and define O,,, S,, T, as the subsets of R™*™ constituted by the
orthogonal, symmetric, and Toeplitz matrices, respectively. We also put

0S,=0,nS,, 0T,=0,nT,, ST,=S,NT, OST,=0,NS8,NT,.
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The number of elements of a finite set F will be denoted by |E|. Throughout
the paper we assume that n > 2. The following three simple propositions will be
proved in Section 2.

Proposition 1.1. For m > 2, there are uncountably many matrices A € T, such
that A™ =1 and A* #1 for 1 <k <m — 1.

The infinite set we encounter in Proposition 1.1 seems to have no nice de-
scription. Well, letting w, := €>™/™ and T,, := {1,wm,...,w” '}, one could
describe the set as the set of all diagonalizable Toeplitz matrices with eigenvalues
in Ty, \ Ui<k<m—1Tk, but this is not what I understand by nice. However, the
problem becomes charming when restricting the search to symmetric matrices.

Proposition 1.2. (a) For m > 3, there is no A € S, such that A™ =1 and A* # I
for1<k<m-—1.

(b) The set of all A € S, for which A2 = I but A # I coincides with
OS5y \{I}.

This result shows that if A € ST,,, then A”™ = I can only happen if A is in
OST,, in which case A2 = I. We are thus led to the set OST,, = T,, N OS,, =
ST, N OT,.

Proposition 1.3. The sets Ty, OS,,, ST,,, OT,, are all uncountably infinite.

In spite of this proposition, the following fact, which is our main result, is
quite remarkable.

Theorem 1.4. The set OST,, is finite and

3.9n/2 _9 if n is even,
|OSTn| = { 2\/5.271/2 —2 if n is odd.

Our proof of Theorem 1.4 is constructive and will yield all matrices in OST,.
Here is a simple consequence of Theorem 1.4 that concerns the inverse eigenvalue
problem for Toeplitz matrices.

Corollary 1.5. Let o and B be two prescribed distinct real numbers. The number
of all matrices in ST, which have both o and (B as eigenvalues and no other
eigenvalues is 3 - 2™/2 — 4 if n is even and 2v/2 - 2"/% — 4 if n is odd.

The paper is organized as follows. Section 2 contains the proofs of Proposi-
tions 1.1 to 1.3. In Section 3 we show that every matrix in OST), is a circulant or
a skew circulant. This is enough to conclude that OST;, is finite. Theorem 1.4 is
proved in Section 4, examples revealing the structure of the matrices in OST,, are
given in Section 5, and Corollary 1.5 is the subject of Section 6.
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2. Proofs of the surrounding results

We denote by circ (aq,...,a,) the n X n circulant matrix whose first column is
(ai ... a, )" and by F, the n x n Fourier matrix,
11 1 o1
1l w w2 coo wit
F, = (wgljfl)(kfl))?’k:l =l . . ! : " : ! ,
1wt w2nmH )
where w, = €2™/" Tt is well known [2] that the eigenvalues of the circulant
circ(ay, ..., a,) are a(l),a(wy), . .., a(wn 1) where a(z) := a1 +azz+...+a,2z" 1.
The equations a(w ') = u; (j = 1,...,n) may be written in the form
aj M1
F, | = ; (1)
an L

or, equivalently,
ai 241
n =F . (2)
QA Hn
Lemma 2.1. Let a, 8 € R and \1,...,  \x € C. If n = 2k+2, there exists a circulant

C € R™" having the eigenvalues o, B, A1, .., Ay M,y -3 Mk, and if n =2k +1,
there exists a circulant C € R™ ™ whose eigenvalues are o, A1, ..., Mgy A1y« -y Ak

Proof. Let first n = 2k 4+ 2. We define a1, ..., a, by (2) with

(Mla"wﬂﬂ) = (a;)\h"'a)‘k7ﬁ7xl7"-7)\k)-

It remains to show that ai,...,a, are real. But, for j =0,1,...,n — 1,

k k
naji = o+ w4 (wﬁf’Ap - w{}”—p)X,,) =a- B+ 2Re@l),)
p=1 p=1

and this is a real number. If n = 2k + 1, we take

(ul,...,un) = (a,Al,...,Ak,Xl,...,Xk)

and define aq,...,a, by (2). The same argument as before shows that these are
real numbers. O

Proof of Proposition 1.1. If n > 3, Lemma 2.1 yields the existence of a circulant
C € R™ "™ with the eigenvalues wy,,Wm,1,...,1. It follows that C™ = [ and
Ck #1for 1 <k<m-—1. For ueR\{0}, put D, =diag(1,u,...,u""1). Then
A= DMC'D;1 is a matrix in T}, for which A™ =T and A* # I for1 <k <m—1.
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As different p’s produce different A’s we get the assertion. We are left with the
case n = 2. The eigenvalues of

A<i 2>€T2

are a + v/be. Letting a,b, ¢ be any real numbers such that a = cos(2w/m) and

be = — sin®(27w/m), we obtain uncountably many matrices A with the eigenvalues
wm and @, and thus with the desired property that A™ = I and A* # I for
1<k<m-1. O

Proof of Proposition 1.2. (a) Let m > 3 and A € S,,. Then A = UTDU with an
orthogonal matrix U and a diagonal matrix D which contains all eigenvalues of A.
If A™ = I then sp A, the set of the eigenvalues of A, is contained in T,,, NR. Since
T,, "R = {1} for odd m, we see that A = I in this case, which contradicts the
requirement that A% # I for 1 < k < m—1.If m is even, we have T,,,NR = {—1,1}
and hence 42 = . As necessarily m > 4, this is again a contradiction to the
requirement that A* # I for 1 <k <m — 1.

(b) Let A€ S, \{I} and A%2 = I. Write A = U DU as above. The entries of
D are all —1 or 1 and hence D is orthogonal. This implies that A is orthogonal,
too. Conversely, if A € OS, \ {I} then spA C TNR = {—1,1}, which shows that
each diagonal entry of D is —1 or 1. It follows that A% = I. (I

Proof of Proposition 1.3. The assertion is trivial for T}, and ST,,. Since each matrix
of the form U " DU with U € O,, and a diagonal matrix with sp D C {—1,1} is in
0S,,, we see that OS,, is uncountably infinite. Lemma 2.1 tells us that if 7 € T
is any given number, then there is a circulant C' € R™*™ (n > 3) having the
eigenvalues 7,7,1,...,1. Since C € OT,, we conclude that OT,, is uncountably
infinite for n > 3. Finally, the matrix

a b
( -b a ) €Ty
is orthogonal whenever a? 4+ b2 = 1. This shows that OT% is an uncountable set. (]

Remark 2.2. Let UHT,, be the set of all unitary Hermitian Toeplitz matrices in
C™*". The symmetric Toeplitz matrix B with the top row

(2 -2 . -2)

belongs to OST,,. Let D, = diag (1,4, ..., u"'). If yu € T, then D,, is unitary and
hence D#BD;1 is in UHT,,. This shows that U HT,, is uncountably infinite. The
matrices in OST5 are

(on) (o a) (Fo) (4 5)

and it is easily seen that UHT, equals

{(g g):ueT}U{( e i\/la—aQ):ae[—l,l]\{O}}.
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This reveals that not every matrix in U HT5 is of the form D#AD;1 with A € OST,,
and p € T.

3. The set OST,, is finite

We denote by T'(aq,...,a,) the symmetric Toeplitz matrix whose top row is
(aj ... an). Let A=T(ay,...,ay) be a matrix in OST,.
Suppose first that n = 2k + 1 is odd. Consider, for example,

a b ¢ d e
b a b ¢ d
T(a,b,c,d,e)=| ¢ b a b c
d ¢ b a b
e d ¢ b a

Since each row has ¢? norm 1, it follows that e? = b2 and d? = ¢?. Thus, d = dc
and e = eb with €, € {—1,1} and therefore

T(a,b,c,d,e) =T(a,b,c,dc,eb).

In the general case we see in this way that T'(aq,...,a,) must be of the form
A= T(ala SRR an) = T((l, bla RS bk; Ekbka cee 7€1b1) (3)
with e; € {—1,1}. If e; = ... = g = 1, then (3) is a circulant. For instance,
a b ¢ ¢ b
b a b ¢ c
T(a,b,c,e,b)=| ¢ b a b c
c ¢ b ab
b ¢c ¢ b a
is a circulant. If e; = —1 and b; = 0, we change ¢; to 1. This does not change A.
Thus, we may assume that b; # 0 whenever ¢; = —1.

Lemma 3.1. If —1 € {e1,...,ex}, then b; = 0 whenever e; = 1.

Proof. We denote the rows of A by r1,...,795+1. Since A is orthogonal, the scalar
product (r;, ;) is zero for i # j. Let ¢; = —1 and thus b; # 0 for some 4.

Step 1. We show that if i > 2 and ¢;_1 = 1, then b;_; = 0. Let us first
consider the example

A:T(aa b,C, daeaf77f7€7d7ca 7b) (4)

in whiche; = —1l,e9=1,e3=1,e4=1,e5=—-1, f #0,b# 0. We have i =5
and we want to show that e = 0. The rows 4 to 6 of (4) are

T4 d ¢ b a b c d e f —f e
5 = e d ¢ b a b c d e f —f
T f e d ¢c b a b ¢ d e f
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Thus,

0= (ra,r5) = (de + ...+ (=f)f) +e(= 1),
0= (rs,76) = (de + ...+ (=f)f) +ef,

which gives e = 0 as desired because f # 0. In the general case we have
0= (ri—1,75) =X +bi—1(=b;), 0= (r5,rip1) =X+ b;i_1b;,

which implies that b;—; = 0. Analogously one can show that b;11 =0ifi <k —2
and ;41 = L.

Step 2. Suppose ¢ > 3 and consider b;_o. If ;9 = —1, we have nothing to
prove. So assume that €;_5 = 1. We want to show that b;_o = 0. If ;.1 = —1,
then b;_o = 0 by Step 1. Thus, let ¢;_1 = 1. From Step 1 we know that b;_1 = 0.
Example (4) for ¢ = 5 illustrates just this situation. We have (with e = 0)

r3 c ba b c d 0 f —f 0 d
ra | | d ¢ ba b c d O f —f 0
s | | 0d ¢ ba b cd 0 f —f
re f 0 d c b a b c d 0 f

and hence
0= (rs,rs) = (bd+...+ fd) +d(—f),
0= (ra,76) = (bd+ ...+ fd) + df,
which yields d = 0 as desired. In the general case,
0= (ri—2,mi) =X +bi—2(=bi), 0= (ri—1,7i41) =X+ bi_2b;

and thus b;_o = 0. Similarly one gets b;1 0 =0if ¢ <k — 3 and g,492 = 1.
Step 3. Continuing as above we see that b;+y = 0 whenever i ¢ € {1,...,k}
and g;40 = —1. O

Lemma 3.1 implies that if at least one of the numbers €1, ...,¢x is —1, then
A is a skew circulant, that is, a matrix that results from a circulant by multiplying
all entries below the main diagonal by —1. For example,

a 0 ¢ —c O
0 a O c —c
T(a,0,c,—c,0) = c 0 a 0 ¢
- ¢ 0 a O
0 —¢c ¢ 0 a
is a skew circulant. Let scirc (aq, ..., a,) be the skew circulant whose first column
is(aj ... a,)". Thus,
al —as —a9
scirc (a1, az2,a3) = | a9 a; —as

as a2 ay
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The eigenvalues of scirc (ay,...,a,) are a(oy), a(onwn), ..., a(c,w?~1) where
on = €™™ and w,, and a(z) are as above (see [2]). The equations a(o,w) ') = ;
(j =1,...,n) now take the form

ai M1
Ona2 M2
F, : = : ) (5)
o La, Ln
which is equivalent to
ai M1
a2 § Tp 2
n . =F) - (6)
an an i

At this point we are in a position to prove the following weakened version of
Theorem 1.4.

Proposition 3.2. If n is odd, then OST,, is a finite set and |OST,| < 2"+! — 2.

Proof. We have seen that a matrix A in OST, is a circulant or a skew circulant. The
eigenvalues of A belong to {—1,1}. Thus, if A = circ(ay,...,a,), then a1,...,a,
are given by (2) with each p; being —1 or 1, and if A = scirc(a1,...,an), then
ai,...,ay are determined by (6) with each p; in {—1,1}. The two matrices I and
—1I are counted both as a circulant and as a skew circulant. This gives at most
22" — 2 solutions. (That |OST,| will actually turn out to be much smaller than
27+ — 2 is due to the circumstance that not every right-hand side of (2) and (6)
with p; € {—1,1} gives a left-hand side with real numbers.) O

Now suppose n = 2k + 2 > 2 is even. The case k = 0 was disposed of in
Remark 2.2, where we observed that OST5 consists of exactly four matrices. So
let £k > 1. We denote the rows of A by ry,...,rak4+2. Consideration of the scalar
products (r;j,r;) = 1 shows that A is of the form

A=T(a1,...,a,) =T(a,b1,...,bg, ¢, bg,...,b1)

with ; € {—1,1}. Again we will assume without loss of generality that ¢; = 1 if
b; = 0. If all €; are 1, then A is a circulant. For example,

a b d c d b

b a b d ¢ d

d b a b d c

T(a,b,d,c,d,b) = c db ab d

d ¢ d b a b

b d ¢ d b a

is a circulant. Thus, assume there is a —1 among €1, ..., €k.

Lemma 3.3. Let —1 € {e1,...,ex}. Then ¢ =0 and b; = 0 whenever e; = 1.
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Proof. It can be shown as in the proof of Lemma 3.1 that b; =0 if ; = 1. Let us
prove that ¢ = 0. Again we first do an example. If

a 0 d ¢ —d 0
0 a 0 d c —d
d 0 a 0 d c
A=1T(a,0,d,c,—d,0) = c d0a o 4l
—d ¢ d 0 a O
b —d ¢ d 0 a
with d # 0, then 0 = (r3,r4) = 2¢d = 0 gives ¢ = 0. In the general case the
argument is as follows. If ¢, = —1 and hence by # 0, then

(ks k1) = (P41, Tht2) — 2¢by;,
and since (g, Tk+1) = (Tk+1,7k+2) = 0, it follows that ¢ = 0. So let ¢, = 1 and
thus by, = 0. If g1 = —1, then by_; # 0 and
(Th=1,Tk1) = (Th, Thy2) — 2¢bp—1,

which gives ¢ = 0 as before. If e, = 1, by =0, eg—1 = 1, bj—1 = 0, ep—_2 = —1,
bg—2 # 0 we have
(Th—2.Tkt1) = (Th—1,Tkt2) — 2¢bip—2

and so on. Eventually we get ¢ = 0. g
Lemma 3.3 reveals that if —1 € {e1,...,ex}, then A is a skew circulant. For
example,

a b d 0 —d -b

b a b d 0 —d

d b a b d 0

T(a,b,d,0,—d,—b) = 0 d b a b d

—-d 0 d b a b

-b —d 0 d b a

is a skew circulant.
Proposition 3.4. If n is even, then OST, is finite and |OST,| < 2"t — 2.

Proof. Proceed as in the proof of Proposition 3.2. O

4. The matrices in OST,,

In this section we prove Theorem 1.4.
Let first n = 2k + 1 > 3 be odd. By the results of Section 3, a matrix A is in
OST, if and only if sp A € {—1,1} and A is a circulant of the form

A =circ(aq,...,a,) = circ(a,by,...,bg, by, ..., b1) (7)
or a skew circulant of the form

A =scirc(aq,...,a,) = scirc(a, by, ..., bk, —bgy ..., —b1) (8)
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Suppose A is the circulant (7). We denote the right-hand side of (1) by

(781 ...gkék 51)T.

The numbers 7, ¢;,d; are all —1 or 1. Abbreviating w,, to w we then get from (1)
that

k P
Ej:a+sz (wPJer(nfp)J) :a+ZbP (ij+w*pj)7
k=1

p=1
k P
5i=a+> by (wpmfj) i w(nw)(n—j)) =at+ by (WP WP,
p=1 k=1

whence ¢; = §; for 1 < j < k. Conversely, choose v,¢1,...,¢; in {—1,1}, insert

(/1/15"'7/j/n) = (77517"'725]%5]%"'751)
in (2), denote the column on the left of (2) by
(ab1 bkck ... )T

)

and pass to complex conjugates. Clearly, a =y + 2 ¢; is real. Furthermore,

k k
nbj=v+> & (ij —|—wj(”_”)> =7+ & (W +w ),
p=1

p=1

k k
ne; =1+ e (wmn—j) n w(n—j)(n—p)) =7+ ey (W F W),
p=1

p=1

It follows that b; = ¢; for 1 < j < k, and since w?? + w™P7 is real, the numbers b,
are also real. As there are exactly 281 choices of v,¢e1,...,ex in {—1,1}* and as
different right-hand sides of (1) give different (a1, ..., a,), we conclude that OST,
contains exactly 25! matrices of the form (7).

Now suppose A is of the form (8). Put ¢ := 0, and notice that

(1,0,...,0") =(1,0,...,0%, =1 .. —o2F).
We denote the columns on the left and right of (5) by
(a oby ... b, — "ty ... —o%Fhy )T and (&1 ...exy0k ... N )T7

respectively. The numbers v, ¢;,d; are all in {—1,1}. From (5) we infer that

k
gj=a+d by (w(j—npap _ w(j—l)(n—p)a%-&-l—p) 7
p=1

k
Gi=a+d b (w(n—map _ w(n—j)(n—p)a%ﬂ—p) .
p=1
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Since w™ =1, 0?1 = —1, w = 02, we have
w=Dpgp — g2ip=p =D (n=p) g2k t1=p — ,=p(G=1) =P — 5P=2iP
=P gp — ,—IPSP — Jp—2jp’ _y(n=0)(n=p) ;2k+1-p _ ip,—P _ 0-2110—10’

which shows that ¢; = ¢; for 1 < j < k. Conversely, choose v,¢1,...,e; in {—1,1},
insert,

(U1y e pin) = (E1y ey €y Yy Ehs -5 E1)s
in (6), write (a,...,a,) as (a,b1,...,bk,Ck,...,c1), and pass to complex conju-
gates. It follows that a =+ 2> e is real and that

k
nb; = 0wty + Y e, (ijj(pfl) n ij]-(n,p)> 7
p=1

k
ne; = 0" I ky 13 e, (Un—jwm—j)(p—l) n Un—jwm—j)(n—p)) ,
p=1

2k+1 2

Taking into account that w” = 1, ¢ = —1, w = o°, we see as above that
cj = —bj for 1 < j < k and that by,..., by are real. Thus, what we obtained is a
real matrix of the form (8). This proves that there are exactly 2¥+! matrices of
the form (8) in OST,.

The matrix A is both of the form (7) and of the form (8) if and only if
by =...=br =0, that is, if and only if A =1 or A = —I. Thus, in summary the
number of matrices in OST,, is

2.9k _9—29.200+1)/2 _9_9,/2.97/2 _9,
In addition, we have proved the following.
Theorem 4.1. Let n = 2k + 1 > 3. The set OST,, consists of the 2k+1 circulants
T(a1,...,an) which are given by (2) with (i1, ..., tn) = (Y€1, -y EkyEky -+ -5 E1)

and
(77€1a s 7516) € {713 1}k+1

and the 281 —2 skew circulants T'(ay, . . ., ayn) which result from (6) with the choice
(M1, spin) = (E1s v €k Vs Ehy - - -, €1) and
(517 s 751677) € {713 1}k+1 \ {(13 L..., 1)a (*17 -1,... 71)}

Now suppose n = 2k +2 > 4 is even. We know from Section 3 that A belongs
to OST, if and only if sp A C {—1,1} and A is a circulant of the form

A =circ(ay,...,a,) =circ(a,by, ..., bk, ¢, bgy ..., b1) 9)
or a skew circulant of the form
A = scire (aq,...,a,) = scirc (a, by, ..., bk, 0, —bk, ..., —b1) (10)

Proceeding as in the case where n is odd, we see that if A is given by (9), then the
right-hand side of (1) is

(/1/1;-"7/1%) = (’77517"'7Ek7ﬁ75ka"'751)
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with v, 8,¢; € {—1,1} and that different such right-hand sides produce different
real matrices of the form (9) via (2). Analogously, a matrix of the form (10) yields

(M- pin) = (E1y oy €kyYs By ERy - - -, E1) (11)
with v, 8,e; € {—1,1} in (5). If we insert such a right-hand side in (6), we obtain
a left-hand side with

(a1,...,an) = (a,b1,...,bg,d, iy ... C1).

The numbers by, ...,b; and c1,..., ¢ are real if and only if v = 3. (This is not
obvious but requires a computation, which, however, is straightforward.) If v = 3,
then ¢; = —b; for all j and d = 0, that is, we get indeed a real matrix of the form
(10). Different choices of (11) with v = (3 lead to different left-hand sides of (9),
and A = I and A = —I are the only matrices that are both of the form (9) and
the form (10). Thus, we arrive at the conclusion that the number of matrices in
OST, is
2FF2 4 okt 9 =3. 2k _2=3.97/2 2

and that, moreover, OST,, can be described as follows.

Theorem 4.2. Let n = 2k + 2 > 4. The set OST,, consists of the 2872 circulants
T(a1,...,a,) which result from (2) with (1, ..., pn) = (7,615« 1€k, By Eky -+ -, €1)
and

(77€1a <5 €k 6) € {717 1}k+2
and the 28T — 2 skew circulants T(ay, ..., a,) which are obtained from (6) with
(Mla"wﬂﬂ) = (51;---agk‘7ﬁ7575k7"'751) and

(517 s 751676) € {713 1}k+1 \ {(13 17 CERE 1)3 (717 717 B 71)}

5. Examples

OST;. By Theorem 1.4, |OST7| = 30. Theorems 4.1 and 4.2 in conjunction with
some obvious simplifications provide us with all matrices in OST7. Formula (2)
with
(1, .. p7) = (7,€1,€2,€3,€3,€2,€1)
and (v,e1,€9,63) € {—1,1}* yields the 16 matrices
cire (a, b, b2, bg, b3, b2, b1) = T'(a, b1, bz, b3, b3, ba, b1)
with
Ta =+ 2e1 + 2e9 + 2¢3,

2 4 6
Thy = v+ 2¢ COST7r +2€2cos—ﬂ +2€3cos—7r,

7 7
4 2
Tby = v+ 2¢; COST7r +2€2c05677r + 2e3 cos 77T,

6 2 4
Tbs = v+ 2¢; COST7r +2€2cos7ﬂ + 2e3 cos 77T
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The remaining 14 matrices are delivered by (6) with
(H1y- ..y pr) = (€1,€2,€5,7,€3,€2,€1)
and (e1,e2,¢3,7) € {—1,1}*\ {(1,1,1,1),(—1,—1,—1,—1)}. These matrices are
scire (a, by, ba, bs, —bs, —b2, —b1) = T'(a, by, ba, bs, —bs, —ba, —b1)
with
Ta =+ 2e1 + 264 + 2¢3,

3 2
Thy = —v + 21 cosg + 2e3 cos 77T — 2e3 cos TW’

2 3
Thy = 'y+25100577r — 252(;05% — 2e3 cos 77r7

3 2
Tbs = —v + 21 cos 77T — 2e5 COS 77r + 2¢e3 cos g

This “parametrization” of OST7 indicates that our approach perfectly fits with
the problem and that any attempt to tackle the problem straightforwardly seems
to be a hopeless venture. For instance, a matrix A of the form T'(a, b, c,d, d, c,b)
is orthogonal if and only if

a? +20% + 22 +2d° =
2ab+ 2bc+ 2¢d + d*> =
2ac 4+ b% + 2bd + 2¢d =
2ad + 2bc + 2bd + ¢ =

o o o =

(Incidentally, the same system is produced when applying the results of Gu and
Patton [4] to the equation AT A—1I-T = 0.) Thus, we arrived at four equations with
four unknowns. This makes us expect that the set of solutions is finite. However,
proving that the system has indeed only finitely many solution and even finding
the solutions is another story. The skeptical reader is invited to try and solve this
system “directly” and to find the 16 solutions listed above.

OST,. We have |OSTz| =4 and OST, = {T'(¢,0),T(0,¢) : € € {—1,1}}.

OSTs. The 6 matrices in the set OST3 are T'(g,0,0) and T(%, %,72{) with
g,0 € {-1,1}.

OSTy. The set OSTy consists of the 10 matrices

e d €96 € €
T T T(=,2,-2,2), T(0,—,0,——
(67 03 07 0)’ (0’ 07670)7 <25 2’ 27 2> b (07 705 )

with e,6 € {—1,1}.



Orthogonal Symmetric Toeplitz Matrices 13

OSTs. A list of the 14 matrices in OST5 is
3e 20 2¢ 20 2
T T|(— —,—,—,——
(530703070)’ <5’ 57 5’ 57 5>7

1 1 1-— 1-— 1
T<5s, +57\/55, 57\/557 57\/56, +57\/55>

with €,6,v € {—1,1}.
OSTg. The set OSTg is constituted by the 22 matrices
T(e,0,0,0,0,0), 7(0,0,0,¢,0,0),

2 € 2¢e € 26 2¢e
T(0,—=—/,0,-,0, —— T(-=,0,—,0,——,0
() b} b 3)7 (37)3)7 ))7

p(ede 20e0y . 206¢c0¢ed
373)3) 37373 ) 3)3)3737373 b

e 0 e € 1)
T _7_77_a07_a7_
<3 V3 373 \/§>

with e,6 € {—1,1}.

6. An inverse eigenvalue problem

The inverse eigenvalue problem for symmetric Toeplitz matrices consists in finding
all A € ST, for which sp A is a prescribed set of at most n points on R. The
pioneering work on this problem is due to Delsarte and Genin [3], who in particular
solved the problem for n < 4. Henry Landau [5] proved that if E C R is any set
with |E| < n, then there exists a matrix A € ST,, with sp A = E. In connection
with the problem studied in the present paper, we mention the paper [1] by Chu
and Erbrecht, which deals with the question of finding all matrices in S7;, that
have two prescribed pairs of eigenvalues and eigenvectors. The following result in
conjunction with Theorems 4.1 and 4.2 provides us with all matrices A € ST, for
which sp A4 is a given doubleton.

Proposition. Let a < 3 be two real numbers. The set of all matrices A € ST, with
spA={a,B} is

a+pf pB-a«a
2 * 2

where OST,, .= OST,, \ {I,—I}.

OST!,

Proof. Let f(A) := a—;ﬁ + ﬁ%"‘)\ and f~1(\) := 22— ()\ - a—ﬁ) If A e ST, and

B—a
sp A = {a, 3}, then f~1(A) € ST,, and sp f 1 (A) = {f (), f1(B)} = {-1,1}.
It follows that f~!'(A) € OST) and hence A € f(OST}). Conversely, if A is in
f(OST)) then Aisin ST, and spA = {f(-1), f(1)} = {a, B}. O

Clearly this proposition and Theorem 1.4 yield Corollary 1.5.
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