Inverse Closedness of Approximation Algebras

J. M. Almira and U. Luther

Abstract. We prove the inverse closedness of certain approximation algebras based
on a quasi-Banach algebra X using two general theorems on the inverse closedness
of subspaces of quasi-Banach algebras. In the first theorem commutative algebras
are considered while the second theorem can be applied to arbitrary X and to
subspaces of X which can be obtained by a general K-method of interpolation
between X and an inversely closed subspace Y of X having certain properties. As
application we present some inversely closed subalgebras of C(T) and C[—1,1]. In
particular, we generalize Wiener’s theorem, i.e., we show that for many subalgebras
S of I'(Z), the property {cx(f)} € S (cx(f) being the Fourier coefficients of f)
implies the same property for 1/f if f € C(T) vanishes nowhere on T.

1 Introduction

Let X be a quasi-normed space and let {A4,}7°, be a sequence of subsets of
X. We say that the pair (X, {4,}7°,) defines an approximation scheme if the
following conditions are satisfied:

{0} =AyC Ay CAyCA3C---,
AA, C A, for all scalars X and all n € N,

An+ Ay C Ag(n), where K(0)=0andn < K(n) < K(n+1) foralln € N,
Un2y A is a dense subset of X.

An approximation space based on (X, {A,}22,) is a set of elements f of X
for which the sequences {E(f, Ay)}>2 of best approximation errors,

E(faAn) = En(f) = f:ggn Hf - fn”a
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belong to a given sequence space S. (We use the notation f for the elements of
X, since we are mainly interested in approximation theory in function spaces.)
Particularly, for the case K(n) = 2n, the classical approximation spaces (see
[Pie]) are defined for each 0 < s < oo and 0 < ¢ < oo by

o0
a500 = {7 € X1l = {4 07 0B} || <00}
where ||. ||, denotes the /9-norm. (Sometimes we also write AJ(X,{Ax}), but
usually the sequence {A,} is viewed as fixed so that it is not necessary to include
it in the notation.)

Remark 1.1 In the literature (e.g., in [AL1] and [Pie]) it is often not supposed
that |J Ay, is dense in X. But we do not lose a lot of generality assuming this
property, since usually the considered sequence spaces S contain only sequences

—_—X
which converge to zero and this means that, in the case |J A, # X, the corre-

—X
sponding approximation spaces do not change if X is replaced by |J Ay, .

Classical approximation spaces are useful for the study of a classical conver-
gence order like O(n™7) for approximation methods in which elements of A,, are
used as approximation elements. Another reason for the importance of classical
approximation spaces is the fact that, up to a certain upper bound for s, they are
classical interpolation spaces (obtained by the classical (0, q)-method) between
X and another quasi-normed space Y C X if the so-called Jackson and Bernstein
inequalities of order r > 0,

En(f) <cen™|[flly and |fully <cen|[fullx (f €Y, fo€ An, neN), (L1)

hold true ([DL, Theorem 7.9.1]). But meanwhile there appeared several appli-
cations in which more general approximation spaces are needed (see [AL1, AL2,
AL3, JL, LR, Lu2, Lu3, Lu4, Lub]) which are non-classical interpolation spaces
between X and Y if Jackson and Bernstein inequalities hold true (see [Lu]). These
spaces are defined as follows.

Definition 1.2 Let S be a real linear space of sequences {on}o, C R (with
element-wise defined operations), equipped with a quasi-norm || -||s. We say that
S is admissible (with respect to the approzimation scheme (X, {An})) if

e All finite sequences {an}2_o belong to S (Here, {an}N_ denotes a sequence
{a}o° such that o = oy, for alln < N and o, =0 for alln > N).

e S is a solid. This means that if 0 < a,, < B, for alln and {B,} € S then also
{an} € S and [{an}lls < [{Bn}ls-



e The following control condition holds: If cg > a1 > ag > --- > 0 and
{armytnzo € S then also {an}yzy € S and [[{an}nloll < Csl{axm)tnzolls
where the constant Cs > 0 only depends on S and {K(n)}22,.

Given an approximation scheme (X,{A,}) and an admissible sequence space S
(with respect to (X,{An})), we define the approximation space A(X,S) by

A(X,S) ={f e X {E(f, An)};Z0 € S}

and its quasi-norm by ||f||A(X75) =|{E(f, An)}|s-

Let us give a list of some properties of these spaces (see [AL1, Prop.3.8,
Theo.3.12, Theo.3.17, Rem.3.18, Cor.4.14]). Of course, the admissibility of S is
assumed in all of the following theorems.

Theorem 1.3 A(X,S) is a quasi-normed space which is continuously embedded
in X. If X and S are normed spaces then A(X,S) is even a normed space.

Theorem 1.4 Suppose that S has the property

{an}meolls < Cklim {an Y _olls for all {an} € S with ag > oy > -+ >0,
—00
where C > 0 is a constant depending only on S. If X is complete and one of the
following conditions (a), (b) or (c) is satisfied, then A(X,S) is also complete.

(a) X is a Banach space, all A, are linear subspaces, S is complete, and
lanlls = [{lanl}]s for all {an} € S.

(b) A decreasing sequence {a,}5°, C [0,00) belongs to S if and only if the limit
limy, oo [{an }ioolls is finite.
(c) limg_o [[{1}E_olls = oo. Moreover, a decreasing sequence {ay,}3%, C

[0,00) belongs to S if and only if limy_o limg o0 [[{an}F_,||s = 0.

Theorem 1.5 Let D(S) be the set of all decreasing sequences {E,} C [0,00)
with {E,} € S. If

{1} 5 &S and llim I{En}olls =0 forall {E,} € D(S), (1.2)
then |J Ay, is dense in A(X,S). If, in addition to (1.2), S and X are complete,

llanlls = [I{|an|H|s for all {a,} € S, and limy_. o H{l}fL:OHS = 00, then A(X,95)
is complete.



Theorem 1.6 Let 0 < g < oo and B = {b,}22, C (0,00) such that ||Bl|; = oo
and by < const |[{by }1—ollq- Then, the quasi-Banach space

§=11(B) = {{on}nZo C R : [{an}Hlus) = [{an bu}nZollq < o0}

is admissible if and only if H{bm}g(nqu < const |[{bm }r—ollq-

Example 1.7 Theorem 1.6 can be used to construct quite general examples of
approzimation spaces based on an arbitrary approrimation scheme (X,{An}).
To do this, let A = {an}3>, be a sequence of nonnegative numbers such that
O=agy<l=a1<ax<az<---,lim, .o ayp =00 andaK(n)+1 < Kay, n €N,
for some constant K > 1. Finally, let us set

1/q .
A(q) ={an(q)}22y, where an(q) = { (agl-i-l - a%) ! if 0<q< o0,

An+1 if q=o0.

Then we can apply Theorem 1.6 just taking B = A(q). The corresponding ap-
proximation space is denoted by

X' = A(X,1(A(9)))

For example, if we set a, = (n+1)° (s > 0 fized), then an(q) ~ (n+ 1)°~1/9)
and we obtain that X;‘ = AJ(X) (in the sense of equivalent quasi-norms).

Remark 1.8 One can easily show that for any admissible sequence space of the
form S = 19(B) (B as in Theorem 1.6) there exists an A as in Example 1.7
such that A(X,S) = X;l in the sense of equivalent quasi-norms. The notation
X;;‘ is introduced because of the following embedding theorem which shows that A
(and not B) or, more precisely, the class of all sequences equivalent to A, is the
parameter which characterizes the space X;l if we identify spaces X;‘ and X;‘

(A and A as in Ezxample 1.7) with equivalent quasi-norms:

If ay, < consta, , then X(;Z 1s continuously embedded into X;‘

(see [AL1, Theorem 4.12]).

If X is an unitary algebra and GX denotes the group of its invertible elements,
then the following natural question arises: Is A(X,S) an algebra and does f €
GX NA(X,S) imply f~! € A(X,S)? (Shortly: Is A(X,S) an inversely closed
subalgebra of X7) The question whether A(X,5) is an algebra can be answered
easily (see [AL3, Theorem 1]).



Theorem 1.9 Let A(X,S) be an approzimation space based on a quasi-normed
algebra X and suppose that A,A, C Ak, for alln € N. Then A(X,S) is
a quasi-normed algebra (a normed algebra, if X and S are normed spaces and
the sets A, are linear subspaces of X for all n) with the product induced by the
product in X.

Remark 1.10 By a quasi-normed algebra X we mean an algebra endowed with
a quasi-norm having the property || fgll < C||fll lgll, f,g9 € X, where C > 0 is
some constant. At some places we will use the fact that || .|« = C|| .| defines an
equivalent quasi-norm satisfying || fgll« < ||f|l<llg|l«. But we will not assume C' =
1 in advance, since, in general, this property gets lost if we consider approximation
algebras A(X,S) based on X.

We reproduce the proof of the above theorem for the sake of completeness.
Thereby, we use the notation ¢ for positive constants. Here and in all that follows
c may have different values at different places.

Proof of Theorem 1.9. Let f,g € A(X,S). For all f,, g, € A, we have

”fg - fngnHX < C(H(f - fn)g”X + ”fn(g - gn)HX)
clIf = fallxllglx + (1fa = fllx + 1f11x)g = gnllx] -

IN

IN

Consequently, Ex(,)(fg) can be estimated by

c[En(Hllgllx + 1 fllxEn(9)] < c[En(Hllgllacx.s) + 1 fllacc.s)Enlg)] -

The sequence on the right hand side belongs to S and its quasi-norm is bounded
by ellfllacx,s)llgllacx,s)- Hence, {Exm)(fg)} € S with the same upper bound
for the quasi-norm. Using the admissibility of S we obtain {E,(fg)} € S and

I{HEw(F9)}ls < Csl{Exm)(f9)}s < cllflacx.s)llgllacx.s)- O

Remark 1.11 If there appear different numbers Ki(n) and Ka(n) in the re-
lations Ap + Ay C Ag (n) and AnAn C Ag,(n) then we should take K(n) =
max{Ki(n), Ka(n)} in the assumption of the theorem above, i.e., S must be ad-
missible with respect to this function K(n). We call this property algebra admis-
sibility. Of course, this property is more restrictive than the usual admissibility
condition.

The aim of this paper is to tackle the problem of inverse closedness of A (X, S).
In the case of a commutative quasi-Banach algebra X there already exists a very
general and nice result (see [AL3, Theorem 2]), which we will present, in a more
general version, in the next section. Unfortunately, the proof given in [AL3]



contains an error. For this reason, we also give in this paper a corrected version of
this proof. This proof is based on a general result about the inverse closedness of
subalgebras of commutative quasi-Banach algebras which is also of own interest.

In the third section of this paper we introduce a general version of the K-
method of interpolation of quasi-Banach spaces inspired by the work [BK] of
Brudnyi and Krugljak in which the idea of parameter spaces ® is used, and we
prove that if X is a unitary quasi-Banach algebra and ¥ C X is an inversely
closed and dense subspace of X which satisfies certain estimation for || f=!|y,
f € Y NGX, then the associated interpolation space (X,Y)s is an inversely
closed subspace of X.

In the fourth section we will consider the inverse closedness of approximation
spaces of the type X 54, where X is a quasi-Banach algebra which does not have
to be commutative. To obtain a corresponding theorem, we will use a result
by Luther [Lu] (see Lemma 4.1 of this paper) which shows that, under certain
conditions, X, (;4 is an interpolation space to which the results of Section 3 can be
applied.

As application we will present scales of inversely closed subalgebras of C(T)
(T={z€ C:|z| =1}) and C[—1, 1]. One of these scales contains the well-known
Wiener algebra of all f € C(T) the Fourier coefficients of which belong to I*(Z).

Other applications, in particular the study of the inverse closedness of ap-
proximation subalgebras of C'(K) based on nonlinear subsets A,, (like in the case
of n-term approximation) will be given in a forthcoming paper.

The inverse closedness problem, in the context of approximation and interpo-
lation theories, has an interesting interpretation. It is well known that both ap-
proximation spaces and interpolation spaces, when defined over function spaces,
produce scales of function spaces of a certain prescribed degree of smoothness.
Thus, when we ask if A(X,S) or (X,Y ) are inversely closed subspaces of X
what we are asking is: Assuming that f € GX, do f and f~! have the same de-
gree of smoothness? And our answer is: yes, at least for a wide class of definitions
of smoothness.

2 Inverse closedness of commutative approximation
algebras
In this section we give a very general result about inverse closedness for commu-

tative quasi-Banach algebras and we use it to study the corresponding problem
for approximation algebras.



Theorem 2.1 Let B be a commutative quasi-Banach algebra with unit e # 0 and
let A be a dense subalgebra of B with e € A. Moreover, let A be equipped with
a quasi-norm which turns A into a quasi-Banach algebra which is continuously
embedded into B. If there exists a dense linear subspace Ay D {e} of A such that
f € Ay is invertible in A if and only if it is invertible in B, then A is an inversely
closed subalgebra of B.

Before proving this result we present two properties of commutative quasi-Banach
algebras (A, | .||) which are well known if || .|| is a norm, but less known if || .|| is
only a quasi-norm.

Lemma 2.2 The following properties hold true for every commutative quasi-
Banach algebra (A, ||.]]) over K=R or K = C with unit e # 0:

i) The unit e belongs to the interior of GA.

it) M C A is a mazimal ideal of A if and only if M = ker(y) for some
v € M(A), ¢ # 0, where

M(A) :={7: A — C: 7 is K-linear, continuous and 7(xy) = 7(x)7(y)}.

Proof. Without loss of generality we assume that ||zy|| < ||z||||y|| for all z,y € A
(see Remark 1.10).

Let us prove claim i). From the theory of quasi-normed spaces it is well known
that there exists some p € (0,1] and an equivalent quasi-norm || - ||« such that

[z + gl < )% + llyll

for all z,y € A (this is the so-called Aoki-Rolewicz theorem; see [KP, Theo.1.3]).
Let x € A such that ||z|| < 1. Then

Mo L. R o A » L A

P p I p I p
> @ D =D L =B il =i D
k=N k=N k=N k=N k=N

where we have obviously used that C|| - || < || - ||« < D| - || and that ||zy| <
|z|l|ly||. Hence the series > 7%, a* converges in the quasi-norm || - ||. Moreover,
(e —z) S ozF = e — 2N *! 5o that

p p

1
<
= Op

*

N

e—(e—a:)Zxk

k=0

= |2V < |z VT - 0 for N — oo.

Consequently, e — x is invertible (With (e—2) 1 =372, xk) and 1) is proved.



Let us now prove ii). To start, let us assume that ¢ € M(A) and ¢ # 0.
Obviously, im¢ = R or imp = C, so that A/kerp is a field and M = ker¢
is maximal. Now we prove that all maximal ideals of A are of this form. If
I # A is a closed ideal of A (i.e., it is an ideal which is also a closed subset of A)
then it is well known from the theory of quasi-normed spaces that the algebra
A/I is a quasi-Banach space with ||z + I|[4,; = infyes ||z + y||. Obviously,
[(x+ D) (y+ Dlayr < llz+Illayrlly + Illayz, ie., A/ is a quasi-Banach algebra.
Let M be a maximal ideal of A. Then M is closed, since M C mt # A (note that,
by i), mt # A since M C A\ {e}, and that M is an ideal, since x = lim,, 0 Tp,
with {z,} C M and y € A implies that {z,,y} C M and zy = lim,,_.oc z,y € MA).
Hence A/M is a quasi-Banach field and M = ker ¢ where ¢ : A — A/M is the
natural projection ¢(z) = xz + M. It follows from the Gelfand-Mazur-Zelazko
theorem [KP, Theorem 7.2] that A/M is isomorphic to C if A is a complex
quasi-Banach algebra and A/M is isomorphic either to R or to C if A is a real
quasi-Banach algebra. [The idea to prove this theorem is as follows: Firstly, by
using the Aoky-Rolewicz theorem, one proves that in any quasi-normed algebra
A the spectral radius p(z) := Hn_,oouznui is a seminorm. Secondly, note that
I ={x € A:p(x) =0} is an ideal of A, since p(zy) < p(z)p(y). Hence, if A
is a field, then I = {0}, p defines a norm on A and one can use the classical
Gelfand-Mazur Theorem]. This proves ii). O

Remark 2.3 Note that if (A,| - ||) is a complex commutative quasi-Banach al-
gebra with unit e # 0 then it follows from i) of the Lemma above that there
are non-zero continuous linear functionals defined over A, a fact that does not
hold for arbitrary quasi-Banach vector spaces. Moreover, we remark that every
multiplicative linear functional defined on a unitary quasi-Banach algebra A is
continuous. This fact can be proved in the same way as in the well known case
of a Banach algebra A (using assertion i) of Lemma 2.2 and the proof of this
assertion, which also works in the non-commutative case.)

Proof of Theorem 2.1. Let M be a maximal ideal of A and suppose, without
loss of generality, that ||zy|p < ||z||ly|ls for all ,y € B (see Remark 1.10).

Then, by ii) of Lemma 2.2, there exists ¢ € M(A) such that M = ker .
Step 1. M is an ideal of B.

Let z € M and y € B. Then there exists {z,} C M such that ||z —z,|g — 0
and {y,} C A such that ||y — yn|lp — 0, since A is a dense subset of B. Thus,

. —B .
zy = B-lim,, o Thy, € M , since x,y, € M.

Step 2. M # B.



Assume that M~ = B. Then e € M and there exists {my} C M such that
|lmi —ellg — 0. It follows from the density of Ag in A that there exists {ax} C Ag
such that ||ay — mglla — 0. Now, M = ker ¢ and the continuity of ¢

p(ar) = plar, —mg) — 0

Now we show that, without loss of generality, it can be assumed that ¢(ax) € K
for all k. Indeed, if K = R and ¢(Ag) ¢ R, then there exists an a € Ag with
v(a) =1i. Hence, p(ax) = ay + B 1 — 0 implies that a = ar — B a € Ag satisfies

p(ar) =or — 0 and |Jap —mpl|, <e(llar —milla + Bellalla) — 0.

Since go(ﬁk) € R, we may suppose ¢(a;) € K without loss of generality. Set
fr = a — p(ax)e. Obviously, fr € M since ¢(fr) = 0. Moreover,

fe = mi + (ak —my) — plag)e — e in B,

since my — e in B, ay, —my — 0 in B (here we used that the embedding A C B is
continuous) and ¢(ay) — 0. It follows from i) of Lemma 2.2 that fj is invertible
in B for all sufficiently large k. On the other hand, f; € Ag for all k. Hence,
for all k& > kg, fk_1 € A and, consequently, e = fkfk_1 € M (since fk_1 € A and
fr € M). This is nonsense, since M is a proper ideal of A.

Step 3. M = M* N A for a certain maximal ideal M™ of B.

It follows from Steps 1,2 and Zorn’s lemma that M is contained in a certain
maximal ideal M* of B. M is a subset of M* N A and M* N A is a proper ideal
of A (since e € M*). Thus, M = M* N A because of the maximality of M.

Step 4. A is an inversely closed subalgebra of B.

If x € ANGB, then x € M* for all maximal ideals M* of B. By Step 3 this
implies x ¢ M = M* N A for all maximal ideals M of A, i.e., x € GA. a

As a consequence of the result above we can prove the following theorem
about approximation algebras.

Theorem 2.4 Let A(X,S) be an approzimation space based on a commutative
quasi-Banach algebra X over K (K =R or K = C) with unit e # 0 and suppose
that ApAy C Ag(n) for all n € N (compare Theorem 1.9 and Remark 1.11).
Moreover, assume that e € A(X,S), that S satisfies (1.2), and that

Ag:={de: e K} + | JAn satisfies AgnGX C GA(X,S). (2.1)



If A(X,S) is complete (cf. Theorems 1.4,1.5; for example, this is satisfied if S is

complete, limy o |[{1}E_olls = o0, and ||[{an}lls = [{|an|}s for all {an} € S),
then A(X,S) is an inversely closed subalgebra of X.

Proof. Just take B = X, A = A(X,S5), Ag = {de : A € K} +JA, and
use Theorem 2.1. In view of Theorem 1.9 and the assumed density of (J A, in
X, A = A(X,S) is a quasi-Banach algebra which is continuously and densely
imbedded into X. Moreover, by Theorem 1.5 and assumption (2.1), Ag is dense
in A and f € Ag is invertible in A if and only if it is invertible in X. Thus, all
assumptions of Theorem 2.1 are satisfied. O

Corollary 2.5 Let X;l be the approximation space from Exzample 1.7, based on
an approzimation scheme (X,{A,}) satisfying all assumptions of Theorem 2.J.
If e € X;‘ and q < oo then X;‘ is an inversely closed subalgebra of X.

Proof. S = 19(A(q)) satisfies (1.2) and limy_o [|[{1}F_,|ls = oo, since ¢ < oo
and |[{1}%_,|ls = ap+1. Consequently, X;l is complete (see Theorem 1.5). Thus,
all assumptions of Theorem 2.4 are satisfied. O

The case ¢ = 0o is not considered in Corollary 2.5, since (1.2) is not satisfied
for S = 1*°(A(c0)). But if we restrict on the subspace

1°(A(0)) = {{an}  lim agay, = o}

(note that a,, is equivalent to a,4; = a,(00)) and the corresponding approxima-

tion space X O“io, then Theorem 2.4 is applicable and we obtain

lim a,E,(f~1) =0 forall feX2,NGX (2.2)
n—o00 ’
ifee X of}v,O and if the approximation scheme (X, {A,}) satisfies the assumptions
of Theorem 2.4. Now we prove that, since A can be chosen more or less arbitrary,
it even follows that Corollary 2.5 remains true in the case ¢ = oo:

Corollary 2.6 If we have e € Xéi,o in the case ¢ = oo, then the restriction
q < oo can be omitted in Corollary 2.5.

Proof. Let f € X;‘JHGX . For any decreasing sequence {&, } with lim, &, =0
and
1 =¢c1a1 <e0a9 <egzaz < ..., lim e,a, = 0, (2.3)

n—oo

(2.2) can be applied to f and to B = {e,a,} instead of A. Hence,
lim e,a,F,(f71) =0. (2.4)

n—oo

10



Let us assume that a, E,(f~!) # O(1). Then,

-1
- B
En = | max ai k()

is a decreasing sequence with limit zero. Moreover, it is clear that
~ —_1y71—1 /
En = [anEn(f )] for all n e N, (2.5)

where N’ = {n;}¢, is some subsequence of N with n; = 1. Thus,

{Enantpen = { [En(fil)] _1}

neN’

is increasing and converges to infinity, since E,(f~!) — 0 (because of (2.4) with
en = (an)~?). Without loss of generality we may assume that {Z,a, }nen is
strictly increasing. Now we define {e,}22; by

En = El(ffl)évnj for nj<n<niy (j=1,2,...).
This sequence is decreasing, converges to zero, and satisfies (2.3). In view of (2.5),
enanEn(f~1) = E1(f71) for all n € N, which is in contradiction with (2.4). O
3 Inverse closedness of certain interpolation spaces

Let X and Y be two compatible quasi-normed spaces (i.e., they are continuously
embedded in a certain Hausdorff topological vector space) and let f € X 4+ Y.
The so-called K-functional K(f,-): (0,00) — [0,00) is given by

K(f,t)=Kxy(f,t) = inf ([z]x+1tlyly),
f=z+y

where the infimum is taken over all decompositions f = x 4+ y with € X and
yey.

Definition 3.1 Let u be a non-trivial positive measure on the Borel subsets of
(0,00) and let F be the quotient space F =V / ~, where V denotes the real vector
space of all functions K : (0,00) — R and ~ is the equivalence relation given by

Ky ~ Ky if and only if 3A C (0,00): u(A) =0, {t: Ki(t) # Ka2(t)} C A

In all that follows we identify a function K € V with its equivalence class [K] € F.
We say that the quasi-normed vector subspace ® C F is a parameter space (with
respect to the measure p) if it satisfies the following two conditions:

11



o If K1,Ks : (0,00) — R are increasing functions with Ko € ® and 0 <
Ky (t) < Ka(t) for allt € (0,00) then K1 € ® and ||Ki|le < Cs|K2||o for
a certain constant Cy depending only on ®.

e The function min{1,t} belongs to P.

Given a parameter space ® and a compatible couple of quasi-normed spaces
(X,Y), the space

(X,Y)e ={f e X+ Y : K(f,-) € @}, [[fllxy)e = 1K )lle

is called interpolation space associated to the parameter space ®. (This name
is justified since it is possible to prove (see [Lu, Theorem 3.3], [BK, Proposition
3.3.1]) that the map (X,Y) — (X,Y)s defines an interpolation method.) For
interpolation theory, the parameter spaces ® play a role quite similar to the role
of the admissible sequence spaces S in the context of approximation spaces.

Lemma 3.2 Let X be a quasi-Banach algebra with unit e and let Y be a quasi-
normed space which is densely and continuously embedded into X and which
contains e. Moreover, suppose that Y 1is inversely closed in X and that there is
a constant C = C(X,Y) such that

Iy <Clfly forall fe€YNGX with|fx <1. (3.1)

Then there is a constant ¢ = ¢(X,Y) such that the K-functional with respect to
X and Y satisfies

K(f~4Lt) <c|fYAK(f.t) forall feGX and all t € (0,ty(f)],

where to(f) is some positive constant depending on f.

Proof. Since Y is inversely closed in X, we have

K(f ' t)< inf “1_ g7t tllg™t t ) 2
(f a)_ge;%cx(\lf g x+tlgly), ¢t>0 (3.2)

From assumption (3.1) (applied to ||g~!||x g instead of f) it follows that

lg My <Cllg % llglly forall ge Y NGX. (3.3)

Moreover,

1F =g x = 17" 9= Ny~ x <elfHixlg = fllxllg ™ x. (3:4)

12



If we fix some arbitrary constant D > 0, then (3.2) obviously implies

K(f 1t < inf g x +tlg
f )_gEYﬂGX,H9‘1||XSD||f‘1||x (Hf g o™ )

and together with the estimates (3.3) and (3.4) we obtain

K(f~h0 <clf 'k Uf =gllx+2tlgly), ¢>0.

inf
geYNGX, g~ H|x<D|f~x

It remains to prove that, at least for a sufficiently large constant D independ of
f, the last infimum equals K (f,t) for ¢t < to(f). For this aim we remark that

lim K (f,) = 0. (3.5)

Indeed, choose g, € Y with g, — fin X and t; > t5 > ... > 0 with ¢,, — 0
and [|gnlly < ()~ V2. Then, K(f.tm) < [l — gillx + tm llgmlly converges to
zero, which implies (3.5), since K (f,t) is increasing in ¢. Now it is clear that, for
sufficiently small ¢ < ¢y(f) and for all g € Y which play a role in the infimum

inf (I = gllx +tllglhy) = K(£,8).

the distance || f —g||x is small enough such that g € GX and ||g7!||x < D|f~ ! x
if D is chosen large enough (because of f € GX, g = f(e — f~!(f — g)) and the
proof of assertion i) of Lemma 2.2 which remains true in the non-commutative
case). O

Theorem 3.3 Let ® be a parameter space and let X, Y satisfy the assumptions
of Lemma 3.2. Then (X,Y)q is inversely closed in X .

Proof. Let f € (X,Y)s NGX. Then, in view of Lemma 3.2,
K(f7ht) <c|fTHEKK(f,t) for 0<t<ty(f)

and, since min{1, ¢} ||/~ |x < e (lf 7! = gllx +tllgllx) < c(If 7" —glx +tlglly)
forallgeY,

E(f74t) < 17 x < e min{l to(£)} K (F 7 to(f)
< cmin{Lto(/)} I THRE(S ) for t>to(f).
Thus, K(f~1,.) € ®, since K(f,.) € ®. O

13



4 Noncommutative approximation algebras

Until now, to study the inverse closedness of approximation spaces A (X, .S) we as-
sumed that X is a commutative quasi-Banach algebra. In this section we treat the
analogous problem for approximation algebras based on arbitrary quasi-Banach
algebras X which do not have to be commutative. Gaining such a generality,
we will loose in the possible choice of the sequence space S. Indeed, what we
do is to use the fact that many approximation spaces can be identified with an
interpolation space of the type just described in the preceding section.

In [Lu], the author proved the following nice result (even under more gen-
eral assumptions; here we consider the special case b, = an(q), v, = 1 of [Lu,
Theorem 4.3]):

Lemma 4.1 Let X;‘ be an approximation space as in Example 1.7 and let Y
be a quasi-normed space which is continuously embedded into X and which sat-
isfies U,—g An C Y. Further, suppose that the so-called Jackson and Bernstein
inequalities

(J) En(f) <chnlflly, fEY,nEN,
(B) anHY < Chgln.anXa fn c€cA,,neN

are satisfied with certain constants ¢ > 0 and hy > ho > hg > ... > 0. If there is
an « € (0,1) such that hia, is equivalent to some decreasing sequence, then

@ = {K: {h )32y = R Ko = [{an(@)K ()} |, < o0
is a parameter space (with respect to the measure pu(A) = #(AN{hn}22,)) and
XA =(X,Y)s
in the sense of equivalent quasi-norms.

Remark 4.2 We would like to recall that two sequences {oy }o2 | and {B,}5>, of
nonnegative numbers are said to be equivalent if there are constants C, D > 0 such
that Cay, < By, < Day, for alln. Moreover, a sequence {a, 152, C [0, 00) is named
almost decreasing if it is equivalent to some decreasing sequence. Obviously, this
1s the case if and only if oy, < const ay, for alln < m.

Theorem 3.3 and Lemma 4.1 yield the following main result of this section.
We mention that we do not have to suppose the density of Y O [J A, in X, since
we have already assumed that | J A, is dense in X.

14



Theorem 4.3 Let X;‘ be an approximation space as in FErample 1.7, based on
a quasi-Banach algebra X with unit e. Further, let Y D {e} UJ A, be a quasi-
normed space which is continuously and inversely closed embedded into X and
which satisfies

1/ 7y < Clflly forall fe€YNGX with ||fHx <1, (4.1)

where C' = C(X,Y) is some constant. If (J) and (B) (see Lemma 4.1) hold true
with certain numbers hy > ha > hz > ... > 0 for which, with some o € (0,1),
{hSan} is almost decreasing, then X;‘ is inversely closed in X.

Remark 4.4 Note that we have not assumed the inclusions AnA, C Ag(y) to
hold. Thus, the above theorem is also applicable to approximation spaces which
are no algebras.

We should mention that the condition (4.1) is very restrictive. In many ap-
plications in which several spaces Y satisfying (J) and (B) (with different h,,) are
known, (4.1) means that Y cannot be chosen too small, which implies that only
sufficiently large spaces Xg;l DY, i.e., sufficiently slow increasing sequences A
can be considered. For example, if X = C[a,b] and Y = C()[a,b] (r € N), then
(4.1) is only satisfied for » = 1 and, consequently, only spaces X;‘ bigger than
CM][a, b] can be considered in Theorem 4.3. However, the following trick is often
useful to come from slowly increasing sequences A = {a,} to faster increasing
sequences {n"a,}:

Let X be a quasi-normed algebra with unit e, Y D {e} a quasi-normed space
continuously embedded into X, and suppose that there is a quasi-Banach algebra
Xo between Y and X (with continuous embeddings) such that

i) (Xo,{An}) is an approximation scheme with K(n) = Kn (K € N some
constant),

all assumptions of Theorem 4.3 are satisfied with X replaced by Xg,

)

iii) X is inversely closed in X,
) there exists some r > 0 such that (1.1) is satisfied with Y replaced by Xj,
)

ap, < constn_TH{mram(q)}%ﬂHq for all n € N and {n°a,'} is almost
decreasing for some ¢ > 0. (Later (see (5.3)) we will see that the second
of these two conditions implies the first one, at least if a,, is replaced by
a certain equivalent sequence which has no influence on the considered
approximation spaces because of Remark 1.8.)
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Then AJ(X) C Xo C AL (X) for some p € (0,1] (see [AL1L, Theorem 4.9]) and,
consequently, (A]’;(X));Z4 C (Xo)j;‘ C (AZ;O(X));Z4 Moreover, (Xo)a4 is inversely

closed in X( and, hence, inversely closed in X. But (AI’;(X));Z4 = (AZ;O(X))a4 =

X;nra”} ([Lu, Cor.6.4]) and we conclude that X;nra"} is inversely closed in X.
For example, let X = C[0,27] N {f : f(0) = f(2n)}, Xo = CW[0,27] N X,
Y = C?[0,27] N X, a, = n° with s € (1,2), and let A, be the set of all
trigonometric polynomials of degree less than n. Then (4.1) is satisfied with
Xo instead of Y, but Xy ¢ Xg]“. On the other hand Y C X;‘, but (4.1) is
not satisfied for Y. Thus, Theorem 4.3 cannot be applied directly to obtain the

inverse closedness of X;‘ = Aj(X). But with the above trick this is possible,

since all assumptions i)-v) are satisfied with A = {n*~'} instead of A, h, = n"!,

and r = 1.

5 Applications

We restrict on results of the following type: ”If f is a non-vanishing function with
certain properties, then 1/f has the same properties”. More precisely, we will
consider the inverse closedness of certain spaces of the type X;l (see Example
1.7), where X is an algebra of continuous functions. Although the multiplication
of functions is commutative, we will also need results from Section 4 to interpret
fe X(;l as a smoothness property of f.

5.1 Smoothness of 1/f

In the present subsection we study the inverse closedness of generalized Holder-
Zygmund spaces based on

X=Cou={feCR): f=f(. +2m)}, |[fl=max{[f(z):zeR}.
These spaces are defined with the help of the classical modulus of smoothness

wr(f0) = sup [IALF], - (Aff)() = i(—l)k ( . > fz+(5-k)n)

k=0

as follows:

Hyy! = {f € Con s {ur(£inD)}2, € 17(Al0) }
where the norm in H;}T’q is given by

1 llag = I+ [[{an(@) wr(£:n7 )},
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Here A = {a,} is a sequence as in Example 1.7 (where K(n) = n) such that
n~“ay, is almost decreasing for some constant ¢ > 0

and r € N is chosen sufficiently large such that, for some € > 0,

€

n® "a, is almost decreasing. (5.1)

The following proposition shows that H;}T’q is an approximation space which is
independent of the choice of r (in the sense of equivalent quasi-norms) and that
the classical Hélder-Zygmund space

Hye={f € Cor:wiyp)(fP, ) =0") (t10)}, s=k+v, 0<v<1
corresponds to the case a, = n®, ¢ = co.

Proposition 5.1 Take A and A(q) as in Example 1.7 (where K(n) = n) and
let (5.1) be satisfied. Then, in the sense of equivalent quasi-norms,

-1

R (5.2)

H;‘w’q = (CZW);‘({TH}) , where T, = span {eik‘}z
Moreover, for every fized k € Nog (k < r) for which, with some constant € > 0,

n~5=¢a, is almost increasing,

the assertions .
fe H;}T’q and f(k) € Hé{: JAa
are equivalent, where {b,} = {n"*} A is any strictly increasing sequence with
bp=1 and b, ~ n_kan

—k
"~ means equivalent; in view of (5.2) and Remark 1.8, HQ{: MO does not

depend on the choice of by,) and ||f|laq ~ || f] + Hf(k)H{nfk}Ag.
Proof. It is well known (see [DL, Sect. 3.4,7.2]) that, for X = Car, A, = T),, and

Y =C) = Cor nCO®R), | flly = £l + /7]

the assumptions (J) and (B) of Lemma 4.1 are satisfied with h, = n~". Thus,

(ConAUTE) = { £ € Con : [{an@) K (£ )13 |, < o0}
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in the sense of equivalent quasi-norms, where

K= it (1 = gll+ (gl +[lg”]))) -

geCs !

From the estimate ¢[| f|| < (|l — gl + llgl) < Il — gl + tllgl < 2llg = Il + Ll f1],
t € (0,1], and a well known result on the equivalence of K-functionals and moduli
of smoothness (see [DL, Theorem 6.2.4]) it follows

K(f.6)~ it (If = gll+t[g[]) +IFI ~wr (£ +2IF], e (0,1,
g€l

27

Taking into account that the space ® from Lemma 4.1 is a parameter space, i.e.,
I{n"an(q)}|lq < 0o, we conclude (5.2).
To prove the second assertion we choose the sequence b,, in such a way that

b, =n°c, forall neN,

—k—e

where ¢, is an increasing sequence equivalent to n an. In this case we have

n*b,(q) ~ (n*b,)(q), neN. (5.3)

Indeed, n*b,(q) < c¢(n*b,)(q) is obvious. For ¢ = 0o, also the reverse inequality
is clear. If ¢ < oo then we use the mean value theorem In B/A = ¢71(B — A)
(0 < A < ¢ < B) and the monotonicity of n°b;! = ¢, ! to obtain

(n+ 1)kp]
(n+ DMl —nF < (n+ 1)k, In Wnnﬂ

kqpa k b2+4
< (n+1) bn—i—l 1+g In pe
n
k
< ¢n q(bfL_H — b?l).
Together with the known equivalence

H{nkbn(Q)En(f)}zozluq ~ H{bn(Q)En(f(k))}zozl‘

q )

which is proved in [Lu2, Corollary 1] for the case ¢ > 1 and which can be proved in
almost the same way as in [Lu2] for the case 0 < ¢ < 1, (5.3) yields f*) € (CQW)qB
if and only if f € (C’gﬁ)gnkb”} = (0%)34 (see Remark 1.8), where ||f”(02w):1“ ~
LA+ 11LF 9 - =
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From the above proposition and Corollaries 2.5 and 2.6 we conclude the fol-
lowing result. Here we take into account that the condition ag, < ca, (which is
needed because of T,,T;, C Tk, for K(n) = 2n — 1) is automatically satisfied if
(5.1) holds true.

Theorem 5.2 Take A as in Proposition 5.1. Then, H;‘Tr’q s an tnwversely closed
subalgebra of Cor, i.e., f € H;};q and f(z) #0 for all x imply 1/f € H;}T’q.

Proof. It remains to show that 1/f € H;};q for every f € | T, with f(x) # 0 for
all x. This is very easy if we recall that H;}T’q is an interpolation space between

the spaces Y and X from the proof of Proposition 5.1. In particular, ¥ C H;‘W’q.
Clearly, 1/f €Y. O

Remark 5.3 If we consider the case ¢ = oo and if we choose some increasing
function G : (0,1] — (0,00) such that

1
an—m for all n eN,

then the assertion of Theorem 5.2 can be rewritten as follows:

If we(f,t) =O(G(t)) (t10) and f(x) # 0 for all z, then
wr(1/f,1) = O(G(t)) (1 0).

Results of this type are surely known, since they can be proved directly with-
out using approximation spaces. For example, if v = 1, then one can use that

AN (1)) (@) = =[f(x+ (h/2)) f(z — (h/2))] ' A} f(z) and, consequently,
wi(1/£,8) < [1/ P (f:1).

If r =2, then A2(1/f) = A} (A}(1/f)) and the above formula for A}(1/f) can
be used to show that

(5.4)

wa(1/f,t) |11/ fIPwa(f, ) +2[11/ flPwr(f, 1)

Together with the Marchaud inequality wi(f,t) < ct ftoo s 2ws(f,s)ds ([DL, The-
orem 2.8.1]) this leads to (5.4) for certain functions G(t). For bigger values of r
the direct proof of (5.4) is involved. So it is more elegant to use the approach via
approximation spaces.

19



5.2 Weighted smoothness of 1/f

Now we study the inverse closedness of weighted Holder-Zygmund type spaces
based on
X =C-L1, |f] = max{|f(z)| : 2 € [-1,1]}.

These spaces are defined with the help of the modulus with step-weight function

o(z) = V1 — 122 (see [DT))

0, otherwise

wl (f,t) = sup ||A} , (AT T) =
o(f:1) 0<h2tH hol s (Appf)(2) {
as follows:

a2 = {f e Cl-1,1] : {w(fn )}, € 1(A) }
where the norm in H:,f‘ " is given by

1 lag = 11+ [{an(@ wl(£n o |, -

Here A = {a,} and r € N have to satisfy the same assumptions as in the preceding
section.

In the proof of (5.2) we have used Lemma 4.1 together with the Jackson
and Bernstein inequalities (J) and (B) for trigonometric polynomials and the
equivalence of unweighted K-functionals and unweighted moduli of smoothness.
To obtain the analogous result for H{p‘l 4 we need (J),(B) for algebraic polynomials
and equivalences between weighted K-functionals and moduli of smoothness.

Lemma 5.4 ([DT], Theorems 7.2.1, 6.1.1, 8.4.7) Let II,, = span{:ck}z;é
and let KC(f,t) be the K —functional with respect to X = C[—1,1] and the space

Y = {f e C[-1,1]: gorf(r) € L>(-1, 1)} with seminorm |f|y = H(p’"f(r)HLoo ,
i.e., K(f,t) =infgey (|f —gll+t|gly). Then, the following assertions hold true:
(1) infp, cm, |g — pnl| < constn™"|gly for allg €Y and alln € N,
(ii) |pn|y < constn”||py|| for all p, € I, and alln € N,
(i) K(f,t") ~ wi(f,t) for all f € C[-1,1] and all t € (0,1].
Agq.

Now it is clear that (5.2) can be proved analogously for the spaces Hj
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Proposition 5.5 Take A and A(q) as in Example 1.7 (where K(n) = n) and
let (5.1) be satisfied. Then, in the sense of equivalent quasi-norms,

HY = Cl-1,1] ({T1,}) . (5.5)

Now one can use Corollaries 2.5 and 2.6 to prove the inverse closedness of the
spaces Hf,f‘ “in C[—1,1]. Alternatively, the known identity

Juf 1 = Plepiyg = nf [1£(cos(.)) = Tlepan, /€ Cl-11]

(see [Nal) leads to the inverse closedness of Hf,ft’q = C[-1, 1];14({Hn}) because of
the inverse closedness of H;};q = (Cgﬂ)j;‘({Tn}):

Theorem 5.6 Toke A as in Proposition 5.5. Then, f € H;fl’q if and only
if f(cos(.)) € H;\ﬂ’q. In particular, Hé’q is an inversely closed subalgebra of
C[—1,1] (compare Theorem 5.2), i.e., f € H:;l’q and f(x) # 0 for all x € [-1,1]
imply 1/f € H:,f"q.

Remark 5.7 An interpretation of the inverse closedness of the approximation
space Hé’q = A(C[-1,1],19(B); {I1,,}) (B = A(q)) is as follows: If f € C[—1,1]

vanishes nowhere on [—1,1] then
{E(f, ) }nlo € 1U(B) <= {E(f,T'n)}inZo € 1(B), (5.6)
where I'y, :=={1/p:p €1l,, and p(t) # 0 for allt € [-1,1]}, n=0,1,---. Indeed,

from the equality
1 1 1
pn<f—>=f<pn—), — e,
Pn f Pn

it follows easily that the sequences {E(f,T'n)}pl,, and {E(1/f,11y)} 02, (o =
no(f) sufficiently large) are equivalent. Thus, (5.6) is only a reformulation of the
equivalence f € H;f\’q s 1/f€ H;‘l’q.

5.3 Wiener type theorems

We start this section by showing that classical Wiener’s inversion theorem is an
easy corollary of Theorem 2.1.

Theorem 5.8 (N. Wiener, (see [K])) Let us assume that f € C(T) is a con-
tinuous function defined on the unit circle T which vanishes mowhere on T.
If the Fourier coefficients of f satisfy {cx(f)} € IN(Z) then 1/f also satisfies

{ee(1/£)} €11(2)
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Proof. We apply Theorem 2.1 to

B=C(T), |fls=max|f(), and

A={fel) {a(N} '@}, Iflla=Her(H)}ne -

Clearly, A is isometrically isomorphic to the Banach algebra [!(Z), where the
product in [!(Z) is the convolution of sequences. The subalgebra

Ag = span{zF : k € 7}

of A corresponds to the dense subalgebra {{cx} : ¢t # 0 only for finitely many k}
of I1(Z). Hence, Ag is dense in A. Tt is well known that A is also dense in B.
Thus, A is a dense subalgebra of B. Clearly, the embedding A C B is continuous.
It remains to show that 1/f € A for every f € Ay without zeros on T. For
this end, we recall that g(t) := 1/f(e'?) belongs to all spaces H;}r’q considered in
Section 5.1 (see the proof of Theorem 5.2). In particular, E(g,T,) = O(n™?*) for
every fixed s > 0. If we take into account that

1 27 . 1 27 )
1/f)=— “Wg(t)dt = — K g(t) — gu(t)) dt
/) = 5= [0t = 5 [T ) - )
for all gi € Tjy), then we obtain |cx(1/f)| = O(|k|~%) (|k| — oo) for every fixed
s > 0, which implies {cx(1/f)} € I1(Z). O

The above proof can be written down word by word with 1(Z) replaced by a
general sequence space S satisfying certain assumptions. In this way we obtain
the following main result of this section.

Theorem 5.9 Let S be a subalgebra of I'(Z) (where the multiplication in 1*(Z)
is the convolution of sequences) and assume that {ci}rez € S for all {cy} which
satisfy, for every fized s > 0, |cx| = O(|k|™®) (k| — o0). Further, suppose
that there is a quasi-norm on S such that S is a quasi-Banach algebra which
is continuously embedded into I'(Z) and in which the set of all finite sequences
(i.e. sequences having only finitely many non-zero entries) is dense. If f € C(T)

vanishes nowhere on T and {cx(f)} € S, then {ck(1/f)} € S.
Remark 5.10 Theorem 5.9 says that the subalgebra

W(S) ={f € C(T) : {x(/)} € 5}
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of C(T) is inversely closed. We mention that, if S has the property {cx} € S <
{lex|} € S, W(S) is an approzimation space based on the Wiener algebra

W=wW(02), |flw=I{ex()}nez-

Indeed, the absolute values of the Fourier coefficients of f € W can be obtained
from the errors EYY (f) of best approzimation in the norm of W by elements
of Ay, where Ay = span{1}, Ay = span{l,z}, A3z = span{z=1,1,2,}, Ay =
span{z~1,1,2,2%}, ..., as follows:

le-n(N)l = B3 (f) = B3l (f), n€No, [en(f)] = B _1(f) = B3/ (f), neN.

If we use these equations to define a corresponding linear operator A mapping
sequences with index set Ny into sequences with index set Z, then we obtain
W(S) = AW,S), where S = {{an}22, : A{an} € S}. Consequently, for
certain spaces S also Theorem 2.4 can be used to prove the inverse closedness of

W(S) in C(T) (using the inverse closedness of W in C(T)). But, clearly, the

direct application of Theorem 2.1 is more elegant.

We finish this section with giving a concrete class of sequence spaces S for
which the assumptions of Theorem 5.9 are satisfied.

Example 5.11 Let {b;}rez be a sequence of positive numbers satisfying byy; <
const bpby for all k,l € Z and 0 < const < by, = O(|k|*) (k| — o) for a certain
constant o > 0. Then it is easy to prove that

S = {{Ck}kez Herdls = D lerlbr < 00}
k=—o0

satisfies the assumptions of Theorem 5.9.
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