MATRIX EXPONENTIALS AND INVERSION OF CONFLUENT
VANDERMONDE MATRICES
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Abstract. For a given matrix A we compute the matrix exponential et under the assumption
that the eigenvalues of A are known, but without determining the eigenvectors. The presented
approach exploits the connection between matrix exponentials and confluent Vandermonde matrices
V. This approach and the resulting methods are very simple and can be regarded as an alternative to
the Jordan canonical form methods. The discussed inversion algorithms for V' as well as the matrix
representation of V1 are of independent interest also in many other applications.
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1. Introduction

Given a (complex) matrix A of order n, the problem of evaluating its matrix
exponential e*4 is important in many applications, e.g., in the fields of dynamical
systems or control theory.

While the matrix exponential is often represented in terms of an infinite series
or by means of the Jordan canonical form our considerations have been inspired by
papers like [6] and [5], where alternative methods are discussed. In an elementary
way we here develop a representation of e/4 which involves only the eigenvalues (but
not the eigenvectors), the first (n — 1) powers of A, and the inverse of a corresponding
confluent Vandermonde matrix V. Such a representation was already given in [4],
where an important motivation was to arrange the approach and the proofs simple
enough to be taught to beginning students of ordinary differential equations. We
here make some slight simplifications by proving such a representation, but we also
concentrate our attention to the problem of developing fast recursive algorithms for
the inversion of the confluent Vandermonde matrix V in the spirit of [4].

There is a large number of papers dealing with algorithms for nonconfluent and
confluent Vandermonde matrices. They mainly utilize the well-known connection of
Vandermonde systems with interpolation problems (see, e.g., [3] and the references
therein). Moreover, in [9], [8] the displacement structure of V' (called there the prin-
ciple of UV-reduction) is used as a main tool.

In the present paper we want to stay within the framework of ordinary differential
equations. Together with some elementary facts of linear algebra, we finally arrive
at a first inversion algorithm which requires the computation of the partial fraction
decomposition of (det(Al — A))~!. This algorithm is in principle the algorithm de-
veloped in a different way in [10]. We here present a second algorithm which can be
considered as an improvement of the first one since the preprocessing of the coeffi-
cients of the partial fraction decomposition is not needed. Both algorithms are fast,
which means that the computational complexity is O(n?). As far as we know the
second algorithm gives a new version for computing V~!. For the sake of simplicity,
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let us here roughly explain the main steps of this algorithm for the nonconfluent case

i1
V= (Ag )Zj:l :
1. Start with the vector h,,_; = (1, 1,---,1)T € C" and do a simple recursion

to get vectors h,,_o, ..., hy and form the matrix H = (hg hy -+ h,_1).

2. Multiply the jth row of V' with the jth row of H to obtain numbers ¢; and
form the diagonal matrix @ = diag(g;)7T .

3. Multiply H from the left by the diagonal matrix P = Q™! to obtain V7.

In the confluent case the diagonal matrix P becomes a block-diagonal matrix with
upper triangular Toeplitz blocks (¢;—;), t, =0 for £ > 0.

Moreover, we show how the inversion algorithms described above lead to a ma-
trix representation of V=1, the main factor of which is just V7. The other factors are
diagonal matrices, a triangular Hankel matrix (s;4;),s¢ = 0 for £ > n , and a block
diagonal matrix with triangular Hankel blocks. For the nonconfluent case such a rep-
resentation is well known (see [11] or, e.g., [9]). Generalizations of representations of
this kind to other classes of matrices such as Cauchy-Vandermonde matrices or gen-
eralized Vandermonde matrices can be found in [2] and [7]. Fast inversion algorithms
for Vandermonde-like matrices involving orthogonal polynomials are designed in [1].

The paper is organized as follows. In Section 2 we discuss the connection of e/
with confluent Vandermonde matrices V' and prove the corresponding representation
of e*4. Section 3 is dedicated to recursive inversion algorithms for V. A matrix repre-
sentation of V! is presented in Section 4. In Section 5 we demonstrate the steps of
our algorithms by means of a matrix A of order 6. Finally, in Section 6 we give some
additional remarks concerning alternative possibilities for proving results of Sections
3 and 4, modified representations of e*4 in terms of finitely many powers of A, and
the determination of analytical functions of A. Moreover, for nonderogatory matrices
our results lead to a possibility to compute their (generalized) eigenvectors with the
help of products of certain matrices.

2. Connection between matrix exponentials and confluent Van-
dermonde matrices

Let A be a given n X n complex matrix and let
p(A) =det(AM —A) =X"+a, A"+ ... Fa )+ ag (2.1)

be its characteristic polynomial, A1, Ag,..., A, its eigenvalues with the (algebraic)
multiplicities vy, va, ..., Uy, > rvy v; = n. In other words, we associate the polynomial

PO) = A=A oo (A= A)" (2.2)

with the pairs (A\;,v;) (1 = 1,2,...,m). We are going to demonstrate in a very simple
way that the computation of e can be reduced to the inversion of a corresponding
confluent Vandermonde matrix. The only fact we need is well known from a basic
course on ordinary differential equations: Each component of the solution x(t) = e!4v
of the initial value problem

, x(0)=v (2.3)
is a linear combination of the functions

Mt et o giTleMt At germt o prm =l pAmt (2.4)
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Note that these functions are just n fundamental solutions of the ordinary differential
equation

Y () + an 1y () + . +agy(t) =0 (2.5)

the constant coefficients of which are given in (2.1). To be more precise, there is an
n x n matrix C such that

x(t) = Ce(t), (2.6)
where
e(t) = (e’\lt, teMt, Tt et getmt ,t”’”*le)"”t)T.
Now we use x(t) = Ce(t) as an ansatz and determine the unknown matrix C' by
comparing the initial values x(*)(0) = Ce(*)(0) with the given initial values x(*)(0) =
Afv E=0,1,...,n —1:
ce®(0)=A*v, E=01,...,n—1. (2.7)

Considering the vectors e(0), €/(0),...,e1(0) and v, Av, ..., A" 'v as columns of
the matrices V' and Ay, respectively,

V= (e(0) (0) ... "7 D(0)), Ay =(vAv ... A" V), (2.8)
the equalities (2.7) can be rewritten in matrix form
CV =A4A,. (2.9)

We state that V' has the structure of a confluent Vandermonde matrix,

V()\l,ljl)
V()\Q,I/Q)
V= . ; (2.10)
V (A, Vi)
where
1 X A2 A8 . Anl
0 1 2Xx 3X ... (n—1)An=2
V\v) = 0 0 2 6Xx ... (n—1)(n—2)A"=3
0o ... 0 (w=1! ... n=-1)-.-(n—v+1A""

It is easy to see that V' is nonsingular and together with (2.6) and (2.9) we obtain the
following.

Lemma 2.1. The solution x(t) of the initial value problem (2.3) is given by
x(t) = v = A,V le(t), (2.11)

where V, Ay are defined in (2.8).
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Now, taking into account that A,V ~le(t) = Z;:Ol yi(t)Alv, where

n—1 —
(i), =V 'e(t), (2.12)
(2.11) leads to the following expression of e*4.

Theorem 2.2. ([4], (1.10) and (1.15)) The matriz exponential et* can be repre-
sented as

etA :yO(t)I+yl(t)A+"'+yn—1(t)Anilv (213)

where y;(t), 1 =0,1,...,n — 1, are defined in (2.12).

Let us define the multiplication of a row vector (Aj,...,A,) of matrices A; €
C™ "™ and a column vector v = (vq,...,v,)T of scalars v; € C by
(Al,AQ,...,An)V:’UlAl + v Ay + ...+ v, A, (214)

Then (2.12), (2.13) can be rewritten in a more compact form,
et = (I,A A% ..., A" ) y(t), where y(t)=V""e(t). (2.15)

Representation (2.15) is already known (see [4] and the references therein). The proof
given in [4] is nice and, as promised there, it can be appreciated by students in a
course on ordinary differential equations. In this paper the known initial values of e*4
are compared with the initial values of the ansatz

e = (C1,Ca,...,Co) (1), (2.16)

where f(¢) is an arbitrary vector of n fundamental solutions of (2.5) and C; are n x n
matrices. But this requires the application of a formal vector-matrix product defined
for matrices A;, ¢ =1,...,n, and U of order n as follows

(Al,...,An)U: ((Al,...,An)ul,...,(Al,...,An)un) s (217)

where u; denotes the ith column of U.

Possibly, the derivation given above is more natural and easier to understand. In
particular, the special choice f(t) = e(t) is also a simplification and does not mean any
loss of generality. Of course, instead of the vector e(t), one can use any other vector
f(t) of n fundamental solutions of (2.5). But, denoting by Ws the Wronski matrix
of £, W = (f £ ... £~V the equality (2.11) is replaced by e'v = A, V; 'f(t),
where V¢ = W¢(0). This leads to the same representation (2.15) of e, since V; 'f ()
does not depend on the choice of f (compare the proof of Lemma 3.1).

Remark 2.3. Denoting by ey(t) the kth component of e(t) and by vy, the kth column
of V71, then V= te(t) = Y7_, er(t) vi, and we obtain, as a consequence of (2.15),
¢t = (C1,Ca,...,C) e(t), where

Cp= (A A . A" ) vy, (2.18)
In the sense of (2.17) this can be written as

(C1,Cs,...,Cn) = (I,AA?, ..., AV ) VL, (2.19)
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Let us summarize: For an n X n matrix A having the eigenvalues \; with the alge-
braic multiplicities »; the matrix exponential e*4 is given by (2.15), where V! is the
inverse of the confluent Vandermonde matrix corresponding to the pairs (\;,v;), i =
1,...,m, > v;=n.

The special structure of the matrix V' can be used to compute its inverse V=1 in
a much more efficient way than e.g. Gaussian eliminations do. Thus we will proceed
with designing inversion algorithms the computational complexity of which is O(n?).
Such fast algorithms have been already presented and discussed in a large number of
papers (see e.g. [3] and references therein).

On one hand, we want to develop here a new version of such an algorithm, on the
other hand, we intend to follow the spirit of the authors of [4], namely to be simple
enough for a presentation to students of an elementary course on ordinary differential
equations. Thus, we will discuss inversion algorithms exploiting elementary results
of Linear Algebra, but, as far as it is possible, all within the framework of ordinary
differential equations. Consequently, numerical aspects and criteria such as e.g. sta-
bility will be beyond the scope of this paper, but will be discussed in a forthcoming

paper.
3. Recursive algorithms for the inversion of V

Hereafter, let e, be the kth unit vector and Wg_l the kth row of V1, w,{_ =
0

T

e%V*I. We start with developing a recursion for the rows w;

V=1 from its last row wl_, . As a basis we use the following fact.

Lemma 3.1. The vector y(t) = V~te(t) is the solution of the initial value problem

0o 0 -+ 0 —ap
, B 1 0 te 0 —aq
{ y = oY where B = ; : (3.1)
y(0) = e, i :
0 -+ 1 0 —ap—2
0 -+ 0 1 —ap—
and ag, . . .,an—1 are the coefficients of the characteristic polynomial (2.1).

Proof. The matrix B is just the companion matrix of p(A). Moreover, in view of
(e; Be, ... B"le;) = I, we conclude from (2.11) that

etBey =V le(t) = y(t),
which completes the proof. [J

' can be recurrently determined

Corollary 3.2. The components of y(t) = (yk(t))z;o

from the last component y,,—1(t):
Ye-1(t) = yp(t) + aryna(t), k=n—-1,...,1. (3.2)

(For k =0 this is also true if we set y_1 =0.)
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Let us introduce the block-diagonal matrix
J =diag(J1, ..., Jm), (3.3)
where jl = )\; in case v; = 1, otherwise
Ao 1
A 2
~ A 3

Then, taking into account that yi(t) = w}e(t) and €/(t) = JTe(t), we obtain the
following reformulation of (3.2).

Lemma 3.3. The rows Wi ,..., WL _| of V™1 satisfy the recursion
Wk,lzjwk—l—akwn,h k=n-—1,...,0. (3.4)

(For k=0 set w_; =0.)

Now we are left with the problem how to compute the last row w_; of V1. To
solve this we decompose p(\)~! into partial fractions

1 ' Dij
O ) s wrh (35)

Theorem 3.4. The last row wl | of V™1 is given by the coefficients of (3.5) as
follows

T (Pu b2 Pre o Pmio o Dmum
w"—1<0!’ TR A S TR T ’(um—1)!> ' (36)
Proof. Since the function y(t) = (yi(t))!-, satisfies y*)(0) = B*e; = epyy for
k=0,1,...,n—1 (see Lemma 3.1) we obtain, in particular, that the last component
Yn_1(t) = Wl _ e(t) is the solution of the initial value problem
U™ an ™D 4 agy =0 ) (3.7)
y(0) =---=y"2(0) =0, y"V(0) =1. (3-8)

We consider now the Laplace transform of y,,—1(t) defined by

(Cyn_) () = / S ety (1) dt

In view of (3.8), L applied to (3.7) yields

1
(Lyn—1)(s) = )
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which can be decomposed into partial fractions as in (3.5). By applying the back
transform we obtain

m Vi
Dij i1
pr() =3 G _”1)! e

i=1 j=1
P11 P12 P1uvy Pm1 Pmu, )

— (£ e, S o ame 0 PMVm t
(0!’1!’ 7 L TR pa T A OR

and (3.6) is proved. O
Now we are in the position to propose a first inversion algorithm for V.

Algorithm I:
1) Compute the coefficients p;; of the partial fraction expansion (3.5) and form
the vector w,_; as in (3.6).
2) Compute the remaining rows of V! via the recursion (3.4).

It is well known that the coefficients in the partial fraction decomposition can be
computed by means of an ansatz and the solution of a corresponding linear system of
equations. This can be organized in such a way that the computational complexity
of Algorithm I is O(n?).

We propose now a further possibility the advantages of which seem to be that
the precomputing of the coefficients p;; is not necessary and that the recursion starts
always with a “convenient” vector. To that aim let us adopt some notational conven-
tion. Introduce the following block-diagonal matrices with upper triangular Toeplitz
blocks,

pk}l/k pk}ljkfl e pk?l
P = diag(Py){, with P, = Pk, - : ’
’ pkl/k—l
0 Pk,
A1 0
J = diag(Jk)ZL:l with  Jp = € CVe*vk
Ak 1
0 Ak
and define the diagonal matrix
D = diag(D)™ ih  Dh — di 1 1 1
- lag( k)k:l wit k. = dlag av i; Y m .

Obviously, D and P are nonsingular matrices.
It is easy to see that

Wp_1 = DP hn—l 3 (39)
where h,,_; is the sum of the unit vectors e,,, ey, 11y, ..., €n, i.€.
hn—l = (07 3071707"’ 70717"' 707"’ 7071)T . (310)
— —— ——

Vi V2 Vm
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We consider the recursion

hy  =Jhg+ath, 1, k=n-1,...,0. (311)

Lemma 3.5. The recursion (3.11) produces the rows wi | of V=1 as follows
Wk_lzDPhk_l s k:n,...,l. (312)
(Putting w_1 = 0 the equality (3.12) is also true for k =0.)

Proof. We have, due to (3.11) and (3.9),
DPhy_y =DPJhy+aywp_1, k=n—1,...,0. (3.13)
Now, it is easy to verify that JD = DJ and JP = P.J . Hence, (3.13) shows that
DPhy_y = JDPhy+axwy_1, k=n-—1,...,0.
We compare this with (3.4) and state that DPh_; = 0 implies h_; = 0, which
completes the proof. [J

The following fact has been already stated in [10].

Corollary 3.6. The transpose of V™1 is given by
v—T =DPH,
where H = (hg hy -+ h,_1).

From Corollary 3.6 it follows that
P'=HVTD.
On the other hand we have, obviously,
P! = diag(Qr)p, with Q= P;"'.

One can easily see that the inverse of a (nonsingular) upper triangular Toeplitz matrix
is again an upper triangular Toeplitz matrix, i.e., that @y has the form

qkuk dk v—1 e qk1
Qi = G : (3.14)
’ qk Vk—l
0 kv,
where @) = (gr1,...,qr, )7 is the last column of Pk_l, i.e. the solution of the

equation P,q*) = e,,. Thus, the matrix Q@ = P! is completely given by that n
elements of HV” = QD! which stand in the last columns of the diagonal blocks of
HVT,

Qe (v — 1)!

HVT = diag e gk (v — 1) . (3.15)

o e =1V ) |,
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With the entries of the vector q'*) we form the matrix Q and compute the solution
(k) — T of
p (pklv"wpkl/k) O

Qp™ =e,,, (3.16)

which gives the matrix Pj.
Now we propose the following second inversion algorithm for V.

Algorithm II:
1) Compute recurrently the columns h;_,, j=1,...,n of H by (3.11).
2) Compute that n elements gx;(vx — 1)! of the product HV7T (see (3.15)) which
determine the blocks Qy, (see (3.14)) of the matrix P~! = diag(Qx)7™,
3) Compute the upper triangular Toeplitz matrices Py by solving (3.16) and
form the matrix P = diag(Px)}" .
4) Compute V~1 = (DPH)T.

In case that the multiplicities v; are small compared with n the computational

complexity of the algorithm is again O(n?).
Our next aim is to develop a matrix representation of V1.

4. Matrix representation of V!

Let us start with the nonconfluent case. Since in this case J = diag(\;)}, the
recursion (3.4) together with (3.6) leads directly to the following representation

a1 e Ap—1 1
V= : - 2 vt diag(pkl)zzl.
Ap—1 1
1 0

(Note that pr1 = p’(Ax)~1.) This means that the inverse of a Vandermonde matrix V/
is closely related to its transpose V7.

Now we are going to show that such a representation is also possible in the
confluent case. Recall that p(A\) = Y i, a;\’, where a,, = 1. Then the matrix H can
be computed as follows.

Lemma 4.1.
n—1

H = Zji by 1(aip1, - s an,0,---,0) . (4.1)
1=0

Proof. Denote the columns of the matrix on the right hand side of (4.1) by hy,
(k=0,1,...,n—1),

n—1 n—k—1
hy, = E J'hy_1(@ig1, 0 5 00,0, ,0) €)1 = E pyit1d .
i=0 i=0

Then, clearly, h,,_; = h,,_1, and we observe that

n—k—1 n—=k
Jhy +aghyoy= Y aprinn /™ oy Faghyoy =) ki oy

=0 =0
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which is just l~1k,1 . Thus, flk satisfies the recursion (3.11) which proves that l~1;C =h;
fork=0,1,...,n—1.0

Let Z,, be the v x vy matrix of counteridentity which has ones on the antidiagonal
and zeros elsewhere. Then we obtain the following matrix representation of V1.

Theorem 4.2.

a1 o Qp—1 1
v-l— : VT diag(Gr),_, » (4.2)
an—1 1 B
1 0

where Gk = DkPkZl,ka .

Before we prove this theorem, let us mention that (up to diagonal matrices) the
blocks of the last factor of (4.2) are triangular Hankel matrices

Pk1 P2 DPkuvpg—1 Pkuy
DPk2 Pk vy,
G, = Dy, Dy .
Pkvip—1 DPkuy
pk?l/k 0

Proof of Theorem 4.2. Since PyZ,, = Z,, Pl the last factor diag(Gk)szl on the
right hand side of (4.2) is equal to
DZP'D, where Z=diag(Z,,), -

The first factor of representation (4.2) can be written as

n—1
Y eiral,
i=0

where a) = (a1, ,an,0,---,0). Consequently, (4.2) is equivalent to
n—1
v~ =DPZDV Z ei1a.
i=0

In view of Corollary 3.6 and Lemma 4.1 it remains to show that

n—1 n—1
> Jh,_a® = 2DV eipqa?. (4.3)
=0 =0

It is easy to see that

J' = diag ((Auly +5,)7) = diag (J’.)Aigjs,ik 7
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where S, denotes the forward shift of order v,

0 1 0
S, =

0 1

0 0

Now, it follows that J*h,_; = (ulT7 e 7uzjn)T with

7 i o v—1 i o
Uy = Z < ) )‘;e_Jsiker- = Z <> )\Z_jeyk_j
i=o i=o

. , . T
_ ¢ i—vp+1 v i—vp+2 LAY
B O R OO

11

(4.4)

One can easily check that the same vector uy can be obtained from the part V (g, vi)

of V' (see (2.10)) by

Z0. DKV (M\is V) €541 -
This means that

J'h, | =ZDVe; 1,

and (4.3) is proved. O

5. Example

Let us compute et4 for the following matrix A of order 6,

3.5 05 -05 —-05 -05 —05
3.5 4.5 1.5 —-15 =35 -—5.5

A— -1 =05 2 1.5 1 0.5
3 1.5 0 0.5 -2 —1.5

-3.5 -2 -0.5 1 4.5 2

5.5 3 0.5 -2 —45 —4

Its characteristic polynomial p(\) = det(AI — A) is

P(A) = A® — 11A% + 45" — 77A% + 2202 4 84X — 72
=(A=32N=23\+1).

Thus, the corresponding confluent Vandermonde matrix V' is given by

IEED VI C ED - S ¥ A9 1 3 9 27 81
0 1 2\ 3) 4) 5\ 0 1 6 27 108
Lox A2 a8 A A3 |1 2 4 8 16
0 1 22 32 44X 53 || 0o 1 4 12 32
0 0 26Xy 1203 203 0 0 2 12 48
T A3 A2 A )\ A3 1 -1 1 -1 1

243
405
32
80
160
-1
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Let us compute V! with the help of the first inversion algorithm. For this aim we
need the partial fraction decomposition of p(\)~! which is

13 1 1 1 22 1 5 1 1 1 1 1

C16A—3 TA—2 9022 T3 =28 amatl’

4 (A=3)2

Due to (3.6) the last row of V=1 is given by

T 13 1 22 5 1 1
W5 = T IaY gAY e A e o0 |
16°4°27°9°6 432

To compute the other rows wi,--- ,wl of V! we use (3.4),

W4:jW5—11W5, 3 1
W315W4+45W5, 3
~ ~ 2 1
wy = Jwz — 77wy,  where J = 9 9 (5.1)
lejW2+22W5, 2
Wo :jW1+84W5, -1
Starting from below we write wi, w1, ... wl as rows of a matrix and obtain
43 67 1
- 6 - 14 6 -
2 3 6
69 152 37 13
hi _ e 2t —4 i
4 g 9 3 36
ws T w6 T 3 67
V-l — 8 2 27 9 6 216
w32 166 35 919
16 4 9 3 2 144
., e M3 L
4 9 3 2 36
Bl 22 5 o
16 4 27 9 6 432

Now the matrices C; in the representation

et = (C1,C4,C5,Cy,C5,C6) e(t)
= M0y + e’ Cy + ¥ O3 + te®'Cy + t2e*'C5 + e ' Cp

can be computed by formula (2.18):
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4369 103 , 293 ., 27 ., 13 .
Cr=—g I+ p At A - oA oAt - oA
1.5 1 05 0 —05 1
0 0 0 0 0 0
B 0 0 0 0 0 0
- 1 05 0 —05 -1 —05 |
0.5 0 05 1 1.5 0
1 05 0 —05 1 —05
B 7, 21 4 L1
Cy=01-5A- A+ 2 A% —24%+ 2 A
0 0 0 0 0 0
0 0 0 0 0 0
B 0 0 0 0 0 0
1 15 1 05 0 -05 -1 |’
-3 -2 -1 0 1 2
15 1 05 0 -05 -1
67 152 356 166 61 292
AR iy Rty Ry’ |y’ L Wiy’ L
Cs =3 9 o7 g g4 To7
0.5 1 05 0 0.5 1
1 15 0 —05 1 15
B 0 0 1 0 0 0
- 1 05 0 1.5 1 05 |-
0.5 0 —05 -1 05 0
0 0 0 0 0 0
37 76 38 14 5
14— A— — A2+ A3 - A 2 A8
Ca 3 g 4T3 34 Ty
0 —05 1 05 0 05
0.5 1 1.5 0 -05 —1
| -1 -o0s5 0 1.5 1 05
| o5 0 —05 1 —05 o |’
0 0 0 0 0 0
0 0 0 0 0 0
23 9 3 1
— 6T —4A— 2424 243 2 At L A5
Cs =6 5 + > 2 + 5
025 0 -025 —05 —025 0
05 0 0.5 1 05 0
| 025 0 —025 —05 —025 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
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113 67 o, 19 4 1 ., 1
Co=5l g4 o " Tt "
0 0 0 0 0 0
-1 05 0 05 1 15
o 0 0 0 0 0
1 o 0 0 0 0 0
0 0 0 0 0 0
-1 —05 0 05 1 15

In the first step of the above used inversion algorithm for V' we have supposed
that the coefficients

13 1 22 5 1 1
) 62

(pll;p127p21ap22ap237p31):<_167472779737_432

of the partial fraction decomposition of p(A)~! are already computed. If we use the
second algorithm of Section 3, then we do not need these coefficients in advance. Let
us demonstrate this for our example.

First we have to compute the matrix H = (hg --- hs). By (3.10) we have
hs =(0,1,0,0,1, ).

The columns hy, - - -, hy are computed by recurrence (3.11) (analogously to (5.1)):

h, = Jhs — 11h;, 3 1
hs = Jhy + 45 hs, 3 .
hy, = Jhs —77h;s, where J= 9 1
h; = Jhy 4+ 22h; 5
hoZJh1+84h5, -1
We obtain
—8 4 6 -5 1 0
24 —20 —14 21 -8 1
9 3 ) 1 0 0
H = —18 3 13 -7 1 0
36 —24 —23 27 -9 1
—72 156 —134 57 —12 1

Now we compute the last columns of the blocks of HVT (see (3.15)),

1 0 1 0 0 1
3 1 2 1 0o -1
9 6 4 4 2 1

T
HVE=H| o 97 8 12 12 -1
81 108 16 32 48 1
243 405 32 80 160 —1
* 13
4
- * 2
- ~10
6

—432
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From these columns we obtain the matrix Q = diag(Qx)3_, (see (3.14)),

4 13
4
3 =5 1
@= 3 =5
3
—432
It is easy to invert this matrix, which yields
B
4 16
1
4
15 o2
_ 3 9 27
P=01!=
@ 1 5
3 9
1
3
b
432

We remark that just the coefficients (5.2) stand in the last columns of the blocks of

P. Now we may compute (DPH)T, D = diag(1,1,1,1, ,1), to obtain V1.

6. Final remarks

Remark 6.1. The assertion wi_1 — jwk =apwn—1 (k=0,...,n—1) of Lemma
3.8, written in matriz form

VﬁTSn - jV?T - Wn—l(a'07 ag,--- 7an—1)a (61)

where S,, is defined in (4.4), is the so-called displacement equation for V=71 (see [8]).
This equation may also be concluded from the well known equality

BTvT =vT]J, (6.2)
where B is defined in (3.1). Indeed, (6.2) is equivalent to (6.1), since
v-Ts, — Wp_1(ag,a1, -+ ,an_1) = v-TBpT.
Thus, proving Lemma 3.3 by checking (6.2) is an alternative to the proof given in
Section . Moreover, we mention that (6.2) can also be viewed as a direct consequence

of Lemma 3.1, since replacing y in 'y’ = By by its definition y = V~le(t) yields
V-1JTe(t) = BV~ te(t), ice., V- 1JT = BV L.
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Remark 6.2. To prove the assertion of Theorem 3.4 one can use, instead of the
Laplace transformation, the Laurent series expansion at infinity

L e e ] s ey |
A=Xx) (-1 [A;(A) 1 _Z;(j_l) G (1Al > [Adl])-

Indeed, using two representations of p(A\)~*, namely (3.5) and T],(A — X\;)™", we
obtain its Laurent series expansion in two different forms. Comparing the coefficients
of AL AT2, - AT one gets n equations which show that the vector on the right hand
side of (3.6) multiplied by V' from the right yields el

(G-1

Remark 6.3. The last step leading to the matrixz representation (4.2) of V=1 was a
direct proof of J'h,, 1 = ZDVe;y1 (i =0,--- ,n—1). We mention that this can also
be proved by using the well known formula for et applied to h,,_1,

eh,_ =ZDe(t). (6.3)
Indeed, we only have to compare (6.3) with the representation
eh,_1 = (h,_1 Jhyy -+ J" ' h,_) Vle(t)

from Lemma 2.1 to obtain (hp,—y Jh,_y --- J" " h,_1) =ZDV.

Remark 6.4. In Section 2 we have only used that each component of et is a solution
of (2.5). This fact is a consequence of the Cayley-Hamilton theorem p(A) = 0. Hence,

if
g N =AY by AT e A by

is any other polynomial with q(A) = 0, for example the minimal polynomial of A
satisfying N < n, then the components of et are solutions of

y M (@) + by y NI + -+ boy(t) =0 (6.4)

(since the matriz valued function Y (t) = e*4 solves this equation). So we obtain, in
the same way as in Section 2,

etv = (v Av A*v ... ANTly) V. leg(t), (6.5)

where Vy is the confluent Vandermonde matriz corresponding to the zeros of q¢(\) and
e,(t) denotes the vector of the standard fundamental solutions of (6.4). The resulting
representation of etd s

eth = (I,A,Az, e ,ANfl)yq(t), where  yq(t) = quleq(t).

Remark 6.5. Assume for sake of simplicity that all v are equal to v, where v is small
compared with n. Then using representation (4.2) the matriz-vector multiplication
with the inverse of a (confluent) Vandermonde matriz V can be done with O(nlog® n)
computational complexity. Indeed, utilizing FFT techniques then the complezity of
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the multiplication of an n X n triangular Hankel matriz and a vector is O(nlogn).
In particular, this leads to a complezity of O(n) for the matriz vector multiplication
with diag (Gk);nzl. Now, the rows of the matriz VT can be reordered in such a way
that the first m rows form a nonconfluent m x n Vandermonde matriz, the (km+1)th
up to ((k+ 1)m)th rows a nonconfluent Vandermonde matriz multiplied by a diagonal
matriz, k =1,...,v. With the ideas of [2] concerning the nonconfluent case this leads
to a complexity of O(nlog2 n) to multiply VT with a vector.

Remark 6.6. The matriz representation (4.2) of V' suggests a third inversion algo-
rithm for V: Let us denote the first and the last factor on the right hand side of (4.2)
by H(a) and G, respectively. Up to diagonal matrices, the blocks of G are triangular
Hankel matrices. This implies that the inverse G~ has the same structure. Thus,
G=! = VH(a)VT is completely determined by n entries of the product VH(a)VT.
Using a fast algorithm for the application of H(a), these entries can be determined
with O(n?logn) operations. Now, the resulting matriz can be inverted efficiently to
obtain G.

Remark 6.7. The exponential of the companion matriz B (see (3.1)) is given by
eF = (y(t) YO -y, y(t) =V le(t). (6.6)

This follows from y(t) = e'Pe;. Let us assume that A is nonderogatory, i.e. that
there exists a nonsingular matriz U such that AU = UB. Let v be the first column of
U. Then

Av =UBe;, =Uey, ... ,A" v =Ue,,

which means that U = Ay, where Ay is defined in (2.8). On the other hand, if there
1s a v such that Ay is nonsingular, then

AyB = A, ST — A, ()=, T
= (Av - A" v 0)—(0 -+ 0 p(A)v—A"v) = AA,,

which shows that A is nonderogatory. To sum up, we can state that A is nonderogatory
if and only if there exists a v such that Ay is invertible. In this case we have

et =4, (y(t) ¥'t) -y TIW) AT

Remark 6.8. If A is nonderogatory, i.e. if there is a vector v such that Ay is
invertible (see Remark 6.7), then the matrices Ay and HT (or V1) can be used to
compute a linearly independent system of n generalized eigenvectors of A. Indeed, for
the matriz B two of such systems are given by the columns of HT (since, by (3.11)
and assertion h_1 = 0 of Lemma 3.5, HBT = JH) and the columns of V™1 (see
(6.2)), so that (6.7) shows that AyHT and A,V = consist of generalized eigenvectors
of A, more precisely,

AAVHT = AGHTJT and AAV 1= AV 1T,
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If one wants to transform A into its Jordan canonical form J, then one has only to
take into account that JT D=1 = D=YJT, JTZ = ZJ (see the proofs of Lemma 3.5
and Theorem 4.2) and, consequently,

AAVHTZ = AyHYZJ and AAV D 'Z=AV D7 'ZJ. (6.8)

(This is also true if Ay is singular. But in this case the columns of AyH'Z and
AV ID7YZ, respectively, are not linearly independent.) These equations are simple
algebraic facts and surely known. But one can use the matriz representation (4.2)
of V™1 together with the obuvious equality JP = PJ to obtain the following nice
reformulation of (6.8),

AA H(Q)VTD = A H(@)VIDJ,

where H(a) denotes the first factor on the right hand side of (4.2). Now we see that
no matriz has to be inverted to obtain generalized eigenvectors of A. One only has to
compute the product AyH(a)VTD (= AyHT Z).

Remark 6.9. For f(z) = €* we have f(A) = (I,A,--- ,A"™1) . f(B)e; (since
y(t) = etBey). We mention that this is also true for an arbitrary power series

f(2) =Y am(z—z)"
m=0

with convergence radius R > 0 and its corresponding matriz valued function
[e ]
FA) =" am(A— 2™, AeC™, max|X\i(A) - 2| < R.
K3
m=0

Indeed, if we compare the initial values of both sides of the equation e~ *otet4 =

(I,A,--- JA"71) . em#tetBey | then we obtain
(A—20)™ = (I, A,-- A" ') - (B — zI) ey,
which yields the assertion. For the application to an vector this means
f(A)v=A,f(B)e;.

We remark that the vector (By,--- ,Bn_1)T = f(B)ey is just the coefficient vector of
the Hermite interpolation polynomial P(z) = Zz;é Br 2% of f(z) with respect to the
eigenvalues \; of A and their algebraic multiplicities v;. This follows from (6.2):

Vi(Blei =Vf(B)V Ve, = f(VBV Ve, = f(JT)Ve,
- (f(/\l)v f/(Al)v e 7f(V171)(>‘1)3 e 7f()‘m)7 e 7f(ymil)(>‘m))T ’
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